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ASYMPTOTICS OF THE NATURAL FREQUENCIES OF OSSILATIONS OF
THE TRANSTROP HOLLOW CYLINDER

Abstract

On the base of one of the variants of the asymptotic method based on the
homogeneous solutions of equations on the dynamic theory of elasticity the free
oscillation of the transtrop hollow cylinder is investigated. The asymptotic process for
finding of the frequencies of free axial symmetric oscillations of the transtrop hollow
cylinder is suggested with any beforehand given precision.

1. Let us consider the axial symmetric dynamic problem of the theory of
elasticity for the transtrop hollow cylinder. The cylinder is in the cylindrical coordinate
system r,@,z changing within following limits o

R Sr<R, 0<@<2m, -I<z<l. - (1.1)
The motion equations in dlsplacements have a v1ew
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Here (p,é’,up,ué)z R\ (r.2,u,,4,), Ry :-%(R, +R,) is the radius of the mean surface,
g is density of the material; mb, =2G0(1 - vlvz)' mib13 =2Gyw, (l + v); mbyy =

dimensionless quantities; G,G,,v,v,,v;,E,E;, are the elasticity constants;

m=1-v-2yv,, Ao—-?Z— i-—-‘—?—
P pép

It is supposed that the following boundary-valued conditions are fulfilled on the
bounds

Uy =0, 7,,=0 for §=1i,, {1.3)
0,=0, 7,,=0 for p=p,,(n=1,2).' (1.4)
We construct the solution of the system (1.2)<(1.3) in the form
u, =u(p)sin pZe™ ,u, =w(p)cos p&e'®* (1.5)
p= i;k-? s = -};: , @-vibration frequency.

Substituting (1.5) into (1.2)-(1.4) we obtain

1
bn[“ +;“ "'p_) (’1'2 4 )" (b, +)pw' =0,
(1.6)
-~ +1)p2(u'+£-]+w'+-1—w'+agw=0,
p P
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. b ) _ |
b o' + —==u+ bw =0,
[ p o an

(w’ - pzu)pgp’ =0
A* = gR2G;'»? is the frequency parameter.
Let note that in (1.7) the elasticity correlations for the transtrop cylinder have

been used.
Not detailing let us give the final solution of equation (1.6)

u(p)= (ag - alz}zl (a,p)+ (“g -a; )ZI (@p),

w(p)= (b3, Ialzo (@ )+ e,2, (azp) .
Here aj = 2> by, p*, Z,(ap) = ¢,J, (ap) + ¢, Y, (ap), the functions J,(ap), ¥,(ap) are
the linear independent solutions of Bessel’s equations; c¢,,¢, are arbitrary constants,

(1.8)

a, = ‘/t_,,- , ¢, are the roots of the quadratic equation.
1 -2q¢t+q,=0, (1.9

@ =b|_11{(bu +1)A? ‘(bnbss — by "2513)1192’
0 =5 (7 - p*lat 4, =18,

S, =y -1V ai g
From the condition (1.7) we obtain the frequency equation with respect to A°
A(J\'«z s Pr P15 P2 )= 8 ha0,8,8, +
+ (b —ah, fag, [Ile (@) + Lo (e, Ly e ) -
a8 [Ile (@) + b Ly (o )Ly (@ )} -
~(a:8) "atbz)z(Ple)—}Ln(“l)Lu(az)"'
+aia,8,8, Lo (0 o (@, )+ Ly, (@)Ll )] -
- “zzglsz(allLu(“z)“ a,zggl.m(az)[" (9'1)= 0’_

(1.10)

where
a,=-p’ (ag + btaa: ): b, =-2G, (a§ - a:) ,

& = a:l[_ Bopz + bll(j'2 - a,f)], In = (anpn)_] s
By =byyby — blzl =b;,
Ly(x)= T (=), (322 ) = I (xpa )t (xen), (57 =01).
2. The left-hand side of equation (1.10) as the whole function of parameter A?
has the countable set of zeros with the thickening point at infinity. For effective studying

of its roots as in the isotropy case [2] let us have some assumptions with respect to the
geometrical parameters of the cylihder. Assume

R, - R — ﬁ

R, R
We consider that £ is the small parameter. Substituting (2.1) into (1.10) we obtain
qi‘zspsg)=A(’123p,plgpz)=0- (2.2)

p=l-g p=lteg 2= 2.1




194 Azorbaycan EA-nin xeberleri
[Mehdiyev M.F., Fomina N.I.}

The case p=0 is considered separately. As in the isotropy case [2] with respect to zeros

D(Az,p, 5) we can formulate the following statement: for any finite

P(P: O(gﬂ ), Bz0 for = 0) the function D(.-’Lz, p,s) has a finite number of zeros
with the following asymptotic properties

Ac=0fs") g0 [# = 2 (1+9)" 2],
Let give the scheme of the proof of this statement. For that let us decompose D(j.2 D s)
into the series by &:

D(#,p,¢)= Aez[boDu(Az, p)+ %Dl(z?, p)e + %Dz (2. 0)e* +} =0, (23)
where
A=1280 +vP oG, (et - o2 F alby (b, +1);
By == vy, Dy (42, p)= W2(G, — B2+ EiG, (A2 - G, Jp?;
D,(2,p)=~{EoGo)’ p* + 254G} {A‘* [0 - 267" - (1+)] -

- 2(1 + ")Go (EI}GB - )}p4 - {91’9E0G§ +
+ :zc;c,[zv1 (14 v)+ vy +497(1+ Gy ) + (¥ ~ 3)8, - 2+ 3)EOGD]A2 +

+ [4(1 + v)boEGGO(Z +b! ) +G; (b ~v, ~w,) ]A“ } P+

+9BoGoA? + 28, [2m — 28, )G, + by m® — 4m - 25, A% +
+2(1+v)p G"[ZGO +1-v=2u,(1+G, ]Aﬁ-,
D,{2, p)= 801+ v} (E,G, — v, )E2G2p*
Let assume that the main terms of asymptotic 4, and p have the forms
Ap=As", p=pe’, A= 0(1) B = O(l) g20, f20. 2.4)
Substituting (2.4) into (2.3) from the incontradictoriness condition of the
constructed asymptotic process we obtain that here only the cases ¢g=0 and g= 8 are
possible.

Let note that here and further sometimes we will divide the general interval of
changing of the parameters ¢ and £ into the subintervals so as by virtue are ¢ and 3,

the zeros in D(}t2 , Ps s) have different asymptotic representations.

In the first case (q =0,p=pe”.0> {)) we seek A, (k = l) in the form

=Ayp P A+, 2.5)
After substitution (2.5) into (2.3) we obtain
Azki] = Gobgl s Mgy = (2Akobo)—l R]z"lszoGu (0 <fi< 1) s
Ay, = (2;\,,0110)“[v,vz}soﬁ,2 + M]GU =1,
Q

Az = (v, +4v+1)Gy(6A,68) " p>1.
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In the second case (g = §) we seek 4, (k=2) in the form
Ay =8 (Mg + Ape™ 4. (2.6)
Then from (2.3) we obtain
Azko = EoGoPoZ; Ap= _(2Ak0)_lvlsz§Goﬂ4 .

These frequencies are the frequencies of so called extremely-low-frequencies oscillations

(3].
Finally, let consider the case when g = §=0. We seek 4, in the form

Ap=App+ & A+ (£=12). v3))
Substituting (2.7) into (2.3) we obtain
-1
DofAsor7) =0, Aga =60 so( EsGoP* + Go =2y )] Dy(A o P).-
Thus, it has been proved that for the fixed finite P there are two frequencies of natural

oscillations. Let consider the case when P is the boundlessly grows for £ — 0. Here we
will consider the following limit cases: Pe—> 0 for £ > 0; Pg— const for £ 0;

Ps—y oo for £~ 0. Let determine first such 4, (k=12) when P¢— 0 for £— 0. For

that we use again the decomposition (2.3). Assume that the main terms of the asymptotics
A, and p have the form:

Ay = Ayt P=PRe™ A = O(1) B, = O()
(0sg<1,0<B<1). _
It is not difficult to prove that ¢ < £, We will consider separately the cases when ¢g=0

2.8

and g=p. In the first case from (2.3) we obtain 0<ﬂ<%. The case ﬁ:% is

considered separately, We seek 4, (k=1) in the forms:

A, =A, +6¥A,, +....(0< ﬂs%), @.9)
Ap=Ag +87%A . G< ﬁ<-;—). (2.10)
After substitution of these decompositions into (2.3) we obtain
- _ 1
Azm =Gy; Ay =_(2Ak0E0) l"1";:611‘?“02 (ﬁ*a-),
Akz = GD ..E..O_P: .__.......vlvz ‘Po_z (ﬁ:..l.) ,
2A,0 [ 35, E, 3
G,E 1 1
Aoy =Gy Ay, =—20 p¢ (—< <-—).
k0 1] k2 6b0Ako I] 3 ﬂ 2
In the case when ¢ =0, ﬁ:-;— we obtain
A=A +ehy+.. (k=2), (1Y)

A= Go|:l + % P()4i|,

(1]
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Ays =-(10E,G, ) {58,(2G, - 1)+ 10EG,G]" -

-~ 10w, (1 + v)G{l - 8(1 + VXJF.',,('r‘{j - )]Asm +
+ G5 +16(1+ VXA = 5G, XEyGy ~ )~ 10,G ~10G, E,G; + 10w, (1 +v)|A, +

+120+ V)G (E,G, - v, )AL 152,
By analogy in the case ¢ = § from (2.3) we obtain

Ay=Ae? +A,67 +..0 <ﬁs% ,
. (2.12)
Ap=Ape? + Ape® 4 7 <A<l k=2,

Koo =BGl B . Ay =(2hsoby) " wiviGy 0<p <.21 ,
Aps = Q@A by Y 6,6y + 4) B = .;
Az = (27400 ) " 4, -21- <p<l,
4, = (38} )" EoGo By {bu[b0(2G, - 1) +
+2Go B\ Gy = 2,1+ V)G — 41+ V) EGo L+ By )] +

+ 21+ V)Egm - Gy (B, ~ v, - wl)"}

In case g+ 0, g <, substituting (2.8) into (2.3) and remaining only the main terms for
Ayo we obtain the following limit equations

D, p.e)= ANE,G, A2 8, P +
+ Olmax(s27-29, 5% )|+ %{- EXG2PS + @.13)
+ Omax(g27-21, 5227 ls2-65 _ g
Hence we obtain g =28~ 1. And from the condition g>0 we have ﬁ>%. Therefore,

%<ﬁ<1.Nowwe seek A, in the form

Ay =87 (Mg + Ay ) (k=1) (2.14)
After substitution in to (2.13) we get
ALy =(38)) EoGoBf, Ay =B B22/3
Ap =B, +(2A,)"G,
B, =107 A’;,o[loboﬁgl +10EG]! -
~ 10w, (1 + V)5 = 8(1+ V)(EoG, — v\ )Eq'G5' —5b,E;' Gy ]P(;z.

Let consider the second case when Pg—> const for £— 0. In principle it is possible the
case
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P=Pe™, 2=0(1) (P>> ) for £ 0. (2.15)
However, as it was remarked in [4] in dependence on the properties of the material
v,%,,v,,G, and the frequency parameter A the parameters g,,g, in equation (1.9) admit
various values that calls the different writings of the solutions through the Bessel’s
functions. And it reduces to the different asymptotically representations of Bessel’s
function.
Let note that in this case

q, = bﬁl(bnbss - 5123 - an)ﬁ)z: ‘?13}2
. 9, '—'b\_llbsapod '_'52‘004 ,

Let consider the following possible cases
a) § >0,§) -4, #0a, =15P,a;, =15,R,

Sz = ‘?11\’?12‘@“2, 512>'?1Hz’
S, =N+iy=\q tiy@, -9 , § <@y

b} The roots of the characteristic equation are divisible
My =034 7 OFy.q, > 09612 -q,=0,0= JE‘I. ;
¢) §,<0, &' -§, #0,
a,, =4S\ By, ay, =+iS B,

Sy2 = I&lli\l@“f -4, gt >4,
S1.2= @'"1|’—'fv§zz-§1 ’z)v'l2<§2;
d) §,<0 g7 -, =0, @,z = &4 =i0R, 5=JIET-

In the cases a) and b) after substitution (2.15) into (1.10) and its transform with
help of the asymptotic decompositions J, (x), A (x) for £, correspondingly we obtain

(S, - 5,)sin(S, + 5,)P, £ (S, + 5,)sin(S, - )7 =0, (2.16)
Nsin2yF, =y ShNF, =0, (2.17)
sin28F, £26F, =0, (2.18)

What about the cases ¢) and d) then for them the results are obtained from the cases a)
and b) by formal substitution of §,,5,,6 by iS,,iS,,i5. As it is known [4,5}, these
equations have only the complex roots. So the real parameter F, can not be the solution
of these equations. So in this case the shell can make only forced oscillations and
D2, p,2)=0.

Let consider the case when Pe—> const, Az - const for £ > 0. We seek 4,
(n=k-2, k=34,..}) in the form

A, =878, +0(s), P=Pe (n=12,.). (2.19)

After substitution (2.19) into (1.10) and its transform with help of the asymptotic
decompositions of finctions J,(x), ¥,(x) for big values of the argument for 5, we get
the equation
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{H,N,, sin By, cos oy, ~ HyyNyg sin Hy, cosHy, )

. . (2.20)
x (H\R,, cos H,, sin H,, = H,, N, sin H,, cos H,, )=0,
where :
H, =.t,, T, are the roots of the quadratic equation
byt? "[(bubaa - “2b13)312 +(&, +1)6k]""‘" @.21)

+{B2 + 52)b,,P2 + 62)=0,
Ry =(buiby — B3 B + 62 )+ 8,67 -
Under conclusion of the formulas (2.19) it was supposed that the roots of the equation

(2.21) are real and simple. As above by analogy the other cases are considered. For given
P the transcendent equation (2.20) determines the countable set of roots &, . Let note

that equation (2.20) in the isotropy case completely passes over the frequency equation
by Reley-Lamb {2]. In the case 3) denoting £4 by X, & by ¥ in the first term of the
asymptotics we obtain again the equation (2.20) remains valid. Therefore, and in the case
B >1 the equation (2.20) remains valid. In the case P =0 the boundary-valued problem

is devided into two problems:

u, =as(p)e'™, u, =0 (v, =0}, (2.22)
u, =0, u, =by(p)e'”, (0, =0, =0,=0), 2.23)
2

ar+la s (;— - iz)ao =0, (2.24)

£ n P2
(bna{] + b‘—zac) =0, (2.25)

p p::pﬂ
b+ Loy + a2, =0, (2.26)
p

b(;[p, 5 =0. (2.27)

The boundary-valued problems (2.24)-(2.25) and (2.26)-(2.27) describe the
thickness oscillations of the shell and with precision up to the constant factor they
coincide with the analogous-boundary valued problems in the 1sotropy case [2]. So we
will not consider them in details,
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