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AKBAROYV 8.D., SOLTANOVA S.M,

- ON DETERMINATION OF STRESS CONDITION IN THE INFINITE
ANISOTROP BODY CONTAINING TWO NEIGHBOURING PERIODICALLY
CURVED FIBERS.

Abstract

In [1,2] the method for investigation of the stress state in the infinite body
containing a single curved fiber was proposed. In this paper this method is developed for
the case where the infinite body contains two neighbouring periodically curved fibers. It
is supposed that the materials of the fibers and the matrix are transversal - isotrop and
homogeneous. Introducing the small parameter characterizing the curving degree of the
fibers the solution of the corresponding problems is reduced to the solution of the
subsequental boundary problems for the canonic many-bonded areas. The solution of
each aof these problems is reduced to the solution of the system of the infinite algebraic
equations whose coefficients contain different complex combinations of Bessel's
Sfunctions. It is proved that the determinants of these infinite systems are the normal type
determinants.

1. Formulation of the problem.

We consider an infinite body (matrix) containing two non-intersecting
neighbouring periodically curved fibers. The values related to the fibers are denoted by
upper index (2)m, where m shows the number of a fiber, and the values related to the
matrix by upper index (1). We associate Cartesian system of coordinates o, X, X,, Xy,

and a cylindrical system of coordinates o,r,#,X,, with the m-th fiber. We will assume
that the fibers lie along the 8_x;, axis and X3 = Xy, = X;.

We examine the case where the middle line of the fiber (fig.1) lies on the
QmX:nX3m plane and the materials of the matrix and the fibers are transversal — isotrop
whose isotropy axis coincides with o, x,, axis.

Thus, we write the equilibrium equation, Hook’s law and the Cauchy relations
within the limits of the fibers and the matrix,

do, 1do,,
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In (1) the conventional notation is used. Moreover in (1) the upper indices which
are omitted will be taken into account when we apply these equations.
We assume that there is complete cohesion in the fiber - matrix interfaces S :
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where n",n(",n] are the components of the unite normal vector to the surface §,, in the

cylindrical system of coordinates q ,1,,¢ X3y, -
The equation of the middle line of the m-th fiber is written as:

X = ASin(27c;|0) = £- A|fsin(2m3[z) = fesin(2mo|l), x, =0 3
&= Alt is the dimensionless parameter, A< ¢, & E[O,l) )

2. Method of solution. _ i

We will seek the quantities characterizing the stress-strain state of the matrix and
fiber in the form of series in positive powers of the small parameter & -

ol = S paglima | b S e lima
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We suppose that the cross sections of the fiber normal to the middie line of the
fiber are circles with constant radius R, along the entire length of the fiber.

Remaking the operations given in [1,2] for each fiber we obtain the following
expressions for coordinates of the surfaces S, and for orto-normals:

P‘ ——Rm +qu ram Rms 5t3)9
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g=1
= i&'qbsq (legstj)°

g=l
According to fig.1 we can write the following relations:
X3 =Xy = X3, Xy EXyg Xy = Ry 43y,

rcos8, =r,c050,,sinf =R, +r,siné, . (6)

We assume that the middle line of the fibers lies on the plane x,; =x,, =0 and
consider the followmg cases:

1) the curving of the fibers is co-phase, i.e. the equation of the middle lines is taken as

follows:
Xy = &8(x;), x;, =0 for the 1-st fiber

xy =£8(x;), x, =0 forthe2-nd fiber  (fig.1) @)
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Fig. 1.

2) the curving of the fibers is anti-phase,
Xy = 55(x3), x,, =0 for the I-st fiber ;
Xy =—&8(x;), %, =0 forthe 2-nd fiber  (fig2) (8)
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Fig. 2.
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We will consider the periodic curving of the fibers and therefore the expresszons
for the parameter & and for the function d(x3) are taken as

8=-§», 5(x,)=4¢sine x,, )]

where L<f, a=2x/¢ L and £ are respectively the amplitude and length of the

periodic curving form., :

Repeating the operations performed in [1,2] we obtain the contact relations for
each approximation. Due to linearity of the governing equations we obtain a closed
system of equations for each approximation separately.

We consider the determmatlon of the values of the zeroth and the first
approximations.

The zeroth approxlmatlon The determination of this approximation is reduced
to the investigation of the generalized plane strain state in the infinite plane containing
two neighbouring circular inclusions. This investigation must be made in the case where

u = a0 = U120 = 0, = (:) (10)
It should be noted that the method of solution for such problems has been improved by
many researches; the list of contributors can be found in [1,2] and elsewhere. Tt follows
from the resuits of these investigations that the stresses arising under (10) in the matrix
(plane) and in the fibers (in each circular inclusion) can be represented as follows:

{g(z)mo @m0, (2)m0 oo, oo, (110}

( O V(Z)){,(z)m 0. (2)m 0. (2}m 0. (1),0 s, (1),0}. (11
The relation (11) shows that in the cases where
W =) (12)

the zeroth approximation corresponds to the homogeneous stress state and only the
stresses

(2)2,0 E;E )

o_g},o =P, Ug)l o =y (; (13)

remain non-zero.

For simplicity we assume that the relation (12) hoids, no great difficulties arise if
it does not hold.

The first approximation. We consider only the co-phase curving case (fig, 1)
and note that the anti-phase case (fig.2) can be analyzed similarly. Thus, for the first
approximation we obtain the following contact conditions.

01 _ _{2)m _ o f (2)»-1 -
(0’5,. rr ](R-G--*s) =0, (0-’9 Cre x(r,a_,g) =0,
(o - @, . =22{0D° ~ oD")cosat, sing,
(5~ oy =00 m=12. (14)

In addition to the conditions (14) we impose the attenuation and limitation conditions
{a,(:)";...; o0 ug’)’l}lm_m -0,
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Thus the determnat:on of the first approximation is reduced to the solution of the system
of equations (1), (2), (3) satisfied within each fiber and matrix separately in the
framework of the conditions (14) and (15). For the solution to this problem we use the
representation [5]

(2)m 1| | (2)m,1

},_,0 <M, M=const. (15)

14 &
. X;
“=2 " " aréx,
é 1 &
=-..-—\P._........
ue ﬁ‘ r 53(5’)53 ’
-1 &
3
p=Z 1,1 (16)

ot ra P or
Note that the functions ¥ and y satisfy the following equations

(AI+ X )‘P 0,
Ox?
(17)
(A1+52 52][5 + &2 52];; 0
Ox} Ox

3 3
The expressions of the constants &’ (i =1,2,3) were given in [5].

According to the contact conditions (14) we select the solution of the equations
in the following form:

sina x,
8), i=J-1 : 18
{cosa xs},,gf" (@r)exp(ing), i=-1. (18)
Substituting (18) into equations (17) we obtain the corresponding Bessel equation to
determine the functions f,(zzr). The selection of the solutions of latter equations
2 2
depends on the sign and character (real or complex) of the constants (nf,(z)”’) and (5{{1) ) .

We assume that & >0, & #& . Taking this situation and the conditions (15} into
account we obtain the following solution of the equation (17).

For fibers:
O _ gsinax, Z g (5(2) )exp(mﬂ )s
Z{z)m = COSCUS E {A,Ez)mf,,(é(z)arm)'i'Bf}mf ( (2} )]exp(gng ) (19)
For matrix: )

| ) .
P = gsinax, > ZCP"‘ K, ( l(l)w-,,,)exp(inﬂm),

M=lnx—o

7V =cosax E Z[Am"'K .F)ar ) B,?)’“K,,( War, )]exp(fnem). (20)

m=lnm—o
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In (19) and (20) 7,(x) is a Bessel function of a purely imaginary argument, X, (x) isa
McDonald function, 40", B"™ and ¢ (k=12; m=12) are unknown constants.
Note that to obtain the solution (20) for the matrix, it is considered as multi - connected
(two-connected) regions and the solution is constructed by summing the solutions to the
corresponding single-connected regions.

As it follows from (19), (20), (16) and (1) the selected solution satisfies the
conditions (15). Now we attempt to satisfy the contact condition (14). For this purpose
we must represent the expressions {19), (20) in the m-th cylindrical coordinate system to
satisfy the contact conditions on the m-th fiber-matrix interface §,,. The expressions (19)
have already been presented in the m-th cylindrical system of coordinates. To make these
operations for the expressions (20) we use the summation theorem {3 for the X,(X)
function, which can be written for the case at hand as follows:
r,expid, = R, expigp,, +r,expif,,

K (Cr,)expive, = E(-— 1)’ 1,(Cr,)K, . (CR,, )exp[i(v - n)p,, |expike,,,
]

21
mn=1221, mn=12, C=const,
T Iz
Tu <R Rp=Ry, @12—2: "P—"i‘-

Thus applying the summation theorem (21) to the solutions (20), we obtain the
following expressions for each cylindrical system of coordinates.
In the On8,x,, coordinate system:

o0 = gsinar, 3 {C,(,I)IK,,(J_,’,(I)WI) +
+1, (cf,(l)m'l) § 1" exp[i(v - n)—g—} CQ)EKH(Q{')aR,z )}exp iné,,
2= cosaxy 314K, (00 J+ BO'K, (0ar, )+
=

+1,(E%) S -1y exp[i(v-—n)%] 22)

vax—ob

[ASPK&'—:: (‘f‘?)aRll )+ Bt('l)sz—u ( 3(1)aR|2 )]}EXpin 61 .
In the 0,76,x,, coordinate system:

20 = gsinaw, 3 {C,(,')ZK,, (¢%ar,}+1, (&%)

> (-1 exp[f(v-n)%z]cﬁ”‘K v (é‘"a&z)}exp iné,,

gm = COS 00Xy f {A,(,I)ZK u (é.f) or, ) + B,(,mK n (é(‘)w-z) +

A=t

o) e et )

+BDg, (c,g("afeu)]} exping,,

C
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rn<R,. (23)
According to the form of the expressions (19) and (20) the unknown constants
AR plEm ang clm (k=1,2;m=1,2) must be taken as complex numbers and must
satisfy the following relations:
AP = fEm gl gl ol ol
C ImAP" =0, mBM™ =0, InCc¥¥ =0,
where the overline indicates complex conjugate. Thus, using (22), (23), (19) and (14) we

obtain an infinite system of algebraic equations with respect to the unknown constanis
(24). Introducing the notation

O (40) = 0" islhn, AR (03] 0% 50,
B0 (03] = 07 50, O (60} = 0" 4

24

nl

AL {E08) < e p B (05) <

el e
20 =] 5 =b ), Dl =it} D <]t
el i @)

E o[ fO o)), FE =78 (), m=12; ris=123, x= %‘3. _
We can write this infinite system of equations in the following form:

zM 5 f:D,(,“,}szp + D'z <,
v=0

- (26)
Z02 4 3 pz0n | plrzR -,
v=0
K+ S EPTO 4 EOYE 2228360 - o),
0 @7
1% + L EITY + FPr = 2082(0 )0 - o),
y=0
where
1 ifn=3
- 3
n=0L12,..,%0, & {0 3 (28)

Note that the equations (26) and (27) are obtained for the co-phase curving of the fibers
(fig. 1). For the anti-phase case {fig. 2) the equations (26) remain valid and instead of
equations (27) the following ones are obtained:

K S P O 2o o)
v=0

{702+ 5 FD YO 1 EP20R = 252 (01 - of220), (29)
=0

n= 0,1,2,.. 0
[
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We omit the detailed expressions for F", p@» plim 4nq plim,
The equation (26) shows that for both co-phase and anti-phase fiber curving
=0, k=12, m=12. (30)

Moreover, as crg)] A= a?)”’ then according to the mechanical consideration and
according to the equations (27), (28) we write the following relations.

For the co-phase curving
B =FR | (31
For the anti-phase curving _
Taking {31) and (32) into account we reduce the equation (27) to the equation
I SR BT =2 o) 6y
=0
and equation (29} to the form:
| P - 3P 4 O = 25830l - o). (34)

v=0
3. Foundation of the proposed method.

For numerical investigations the infinite system of algebraic equations (32) and
(33) must be substituted by a finite system. To validate such a substitution it must be
shown that the determinant of these infinite systems of equations must be normal type
[4]; this holds if we can prove the convergence of the series

(35)
n=0=0

For investigation of the series (35) we use the following asymptotic estimates of
the functions I,(x) and X, (x):

- IL(x)<e— (MJ ¢, = const,
(x)ascz(n——l)[l Jd] , = COnst . (36) .

These hold for barge n and fixed x. Moreover we use the following inequality

p=R.52, 37)
12
which means that the fibers do not touch.

Note, that elements of .F;,(l)z have the following charactensttc forms

constyl,,(crR) + const, L (crRY K, (c7R, ) £ K (e )Y K (c1R);
1, n+l (C' ?‘R)

consty ( + consty. N (38)
c
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Taking (38) and (36) into account we obtain the following estimate for the series (35)
M<e, 2 n%(p~1)", ¢330 =const. - (39)
n=0 ’

As the series on the right-hand side of (39) converges, so does (35). Thus, the
determinant of the infinite system of equations (33), (34) is normal and the infinite
systems can be replaced by finite system for numerical purposes. The requisite number of
equations in these finite systems must be determined from the convergence of the
mumerical results. :

This concludes discussion of the first approximation. Subsequent approximations
can be found likewise.
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