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RZAYEV RM.

ON SOME MAXIMAL FUNCTIONS, MEASURING SMOOTHNESS,
AND METRIC CHARACTERISTICS

Abstract

In present paper some local metric characteristics of locally summably functions
and maximal functions measuring smoothness are introduced and relationships between
them are investigated.

Let x=(x,,%;,..,%, ) €R", v={v),v5,0,¥,) X' =20 02, Y=y 49y +
v, ¥ (:'=1,2,...,n) be non-negative integers. We shall consider that the power
functions {x"}, M< &, where k e NU{0} , have such an arrangement order: x” precedes

x* if either |v| < |,u’ , OF |v[ = | 4, but the first different from zero differences v, ~ g is

negative. Such an order we call partially lexicographic. Apply the orthogonalization .
process with respeci to the scalar product

(-p=latoay” [romon

to the system of power functions {x"},

of the ball B(a,r):= {x 3% :|x - a! < r} . The result of the orthogonalization process we
denote by {@,},|M< k. The system {g,},|\|<% is orthogonal and normed.

By LZ (R”) (1= p <) we denote a class of all locally summable in p— th
power functions and by L}, (R") - a class of all locally bounded functions defined on in
R".

Let f EL}“(R”). Put (see [1], [2])-

Ao b= B s 170055 (29,

P,,'B(a_,') J/ is polynomial of degrce at most k. The totality of all polynomials in R" of
degree not higher than & denote by Py . Thus, F, 5, ./ €P;.

For the functions £ e LZ, (R") (1gp< co) we denote

(f B(a,l‘)) [|B(a, )IB(I |f P B(a,r)f()‘ JP (1$p< oo),
Q,,(f,B(a,r))w:*—- esssupﬂf 1)~ B, 15(ar) f(r)]: t eB(a,r)} ,
O,‘(f,B(a,r))P:=]B(a,r)|§ -Qk(f,B(a,r))p (1spsw).
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Q, ( S ,B(a,r))ﬁ {18 p< ) is the mean oscillation of the k-th order of the function f

in the ball B(a, r) in the metrics I” (see [3]). Introduce some local metric characteristics
of the function f e 7 (R"). Denote

m}(x;é‘)P:= smp{QJlt (f,B(x,r))P:r < 6‘} (x. eR", 5> 0),
p}(x;é')p::sup{O*(f,B(x,r))p:rsﬁ} (x eR”, §>0).
Let xeR",k e N and for any v, with condition | < & — 1, there exits limit

lim D*B, ) f ()= D, f(x).
Denote

Py S(1)= !vg,_Dpf (x)( )

n}(x;5)p:=su |B(x,?')l—;||f ~FS

where vl=v lv, L.y, ! and

L,.(B(”)): rsé'} (x ER",6>0),

oM g
KB . B
Let @ be a class of all positive monotonically increasing in (0,+oo) functions,

Dg=

¢ .
and @, (ke N) be a class of all functions ¢ e® such that ?i(;l almost decreases .
H

NowletfeL}fw(R”), 1< p<wo, ped,, keN. Denote
1

»
fkwp() m] ¥y [B(x, B(I |f(f k-lB{xr)f(tH dt)_ , XeR",

Ny g pf(x)=sup—— ; (,Bx )’ .ﬂf Pt-uf(tﬂpdt)i xeR”,

r>0

with corresponding modification in the case p=co. Maximal functions f;', ,(x) and

Ny, pf(x) in case @(t)=¢* (+>0;c >0) have been considered in papers [1] and [4]

respectively.
In [3] it has been proved

Proposition 1. Let f eL‘,‘;c(R"), 1< p<w, keN, g e®,. Then it is valid the

* The positive function h(r), H E(O,-+-oo) is called alinost decreasing, if
Fe>0 Vit €(0q00) (1, <t = H1y) 2 - M1, ))
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m (x; r) .
equality £, ,(x}= Sup——~=> ) x eR".
The following statements are proved similarly.

Proposition 2. Let f eLﬂc(R"), 1S psw, keN, pe®,. Then it holds the
equality
; Juf(x’ ) »”
Fee =7, up— - (),xeR ,

ni2

_r
F(f + 1)
2

Proposition 3. Let f e L] {R"), 1< p<ew, k eN. Then the relation
Tor

where y, = is the volume of the umit ball in R" .

1 k
> #y(xr)
k p n
mp(x8) =y, F-sup———=2L, xeR",6>0
f( )p 4 o«fﬁ i
is valid.
By means of lemma 1.1 from [5] we can get
m}(x;é')psc-n;(x,c?)p, §>0, xeR", ¢}

where a constant ¢> 0 doesn’tdependon f,5,x and p.
Theorem 1. Let f e L2, ( ") 1<p<w, keN and

j'r"‘mf(x £) dt <o, 2)
Then it is valid the r'nequakq;
k k k-1 y m; (x;t)p
nf(x;J)P < mf(x;J)P +6 I-m-t-;——-dt , 3)
0 _ _

where ¢> 0 doesn't dependon f,6 and x.
Proof If the condltlon (2) is fulfilled, the condition

Ir e x,t)ldt<+ao 4)

is also fulfilled.
It is known {2] that if 0 <77 <& <+, it is valid the inequality

"&”LB(::,;)f(t ) -PB B(s, ,,)f(t 1 <

”{[‘[15']] oy ,[ (5 xi]"}mfi,y)l } o

where # eR", and a constant ¢> 0 doesn’t depend on 1,€,f,t and x. By virtue of the
Markov’s inequality (see [1]), by considering (5) we have
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||D" (‘PI:-—I.B(x,{)f — B sl 1} (52) <

sc-& + u%-. ,3(,‘¢}f ot t»»I,B(x.'r)ﬁ 12(B(x,£)) =

£
< o - g_l"! [?ﬂ;- (x; 6)1 + ék_] Iy—k ] m} (x;y)ldyJ ) (6)
’ 7

It is easy to show that if the condition (4) is fulfilled, then m¥ (x;£), = o(g"‘1 ) £ 0.
Considering this, by means of the inequality (6) we establish the existence of the limit
limD”F,_y g, S (x) =D, 5 (), p{sk-1. (7)
Further, we get from (6), by considering (7), that for [v|< & -1
D'Fy yxn S (x)-D.r (x)l <c.r ™ (m} (J__r; r)p +r* ]t"‘ -my (x; t)pdt) , (8)
)

where ¢ doesn’t depend on p, f,7 and x.
Denote

P k—l,xf (t ):

Then for 1< p <o we have

1 o :};
[mmﬂ{ €)=8..70) ] : ®

‘Rl:—l,B(x,r)f - Pk—l.xf L"(B(x.r)}'
If t € B(x,r), by means of the inequality (8) we get

Zva(x}(-t—;);.

) [Ms&-1

= m;‘f (x;r)p +

<

M
[Pessens OBt} 4§_1|D"a.1,s(x,r)f(x)-va(le‘ A

\ )
< c(m} (x;r)p +473 j vy mh(x; y)P aj)}
Q

where ¢> 0 doesn’t depend on r,x and f.

Taking this into account by virtue of (9) we get the required inequality (3} in the
case 1< p <. The arguments for the case p=w are analogous. The theorem is proved.

Proposition 4 is preved similar to proposition 1.

Proposition 4. Let f e L};,(R"), 1sp<w, keN, p eD,. Then it is valid
the equality '

n* (x-r
_ fxrettp n
Nklg,mf(x)—s’gg go(r-) ,xeR",

Theorem 2.LetfeL;§:w(R"), 1Sp<w, keN, pe®, and

st j’#dr =0{e(5)) (6>9). (10)
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Then there exist numbers ¢, >0, ¢, > 0 such that

e fio @SN, f()<c, - £, () xeR", (11)
where constants ¢, and ¢, don’t depend onf and x .
Proof. By virtue of propositions 1 and 4, and the inequality (1) we have

m} (x; r)p - ny (x r)

f -:V’,P (x) = SEEW sc sr‘:()p (D(!‘) ¢ N, k.o, pf (X)
or '
S X se-N, f(x), xeR”, (12)

where a constant ¢>0 doesn’t depend on f,x, p and @ . On the other hand, by applying
the inequality (3) we get
nt (x;r)

Nk,v‘pf(x)=5rtl(1]3 fgv(r) sc- 5“13 (){’"f(x ?‘) +
+rét ]m}?:;t)p } ‘{fkpp(x)'f‘ sup (0(:)? qui'z;)‘) ] ';’(r)dt} (13)

0 >0

seft(x ){1+sup Z)'Icv(r)d,} ,

where a constant ¢>0 doesn’t depend on f,x and ¢ . By virtue of the condition (10)
the required proof is obtained from (12) and (13). The theorem is proved.
Note that the relation (11) in the case qo(é') 8¢ (6>0), k-I<a<k,is

proved in [1].
It also holds the following

Lemma. Let f EL}W(R”), B(x,r)c B(xo,R), 0<r<R<+w. Then it is valid

the relation

] 2R k+l( ,2f
Vi e B(x, 7} ‘Pk',,(x.,) I~ Prsger) f(tjs.c j————-d

where a constant ¢ > depends only on n and the system {qa,,} .
We introduce for f e L}, (R") the denotation

B(fs 2= fx+h)- £(x), A5(f3x)y=A4(44(£35)).
By means of the lemma it is proved
Theorem 3. Let f eL}x(R"), k€N, heR". Then for almost all x €R" it is

valid the inequality
TR APy b (x + im2e),

k
e g [T,
where a constant ¢ >0 doesn tdepend on f,x and h.

By means of proposition 1 we get from this theorem




Transactions of AS Azerbaijan 123
[On some maximal functions)

Corollary. Let feL}w(R”), keN, pe®,, heR", Then for almost all
x €R" it is valid the inequality

a4 (f:5) s - {Zf“,l(x+lh} ]l‘p(y) (14)

where a constant ¢> 0 doesn’t depend on f,x and 4.
Now intreduce some denotations:

Che:= {f (R} AL, eLP(R*')}, (keN, 1< p<wo, ped,);
A ese =Ny + s HL,(R.. ;
w(6), —ls:l:pa”A AR o) (feL"(R") 1spse, keN)

H;“”:={feLP( ”).faf( )P=O(¢(5)),5>0} (keN,lSpSno,gaeCDk).

@} (8)
Wlagn = ey +s00—225

6 0 gp(é')
We get from the inequality (14)
e
0N 2 Vi 22
and hence
)
4@ se[ftnl,, P50, 1s)

We get from this inequality that, if f eCj"’ , then wfr(cS)P = Oy (56 >0), where

d
w(&)= Iy" -@{y)dy . Besides, by means of the inequality (15) we have
!

Je>0Vfe C;’w ; ||f ”H;-" < c”f "C_f," :

Thus, it is proved
§
Theorem 4. Let k€N, 1<p<w, pe®,, y(6)= |1 -p(f)yr. Then it holds

0
the imbedding

k k,
C,PcHY.
In the case p(6) = 5% (6>0), k-1<a <k this result exists in [1].
Remark 1. It follows from the results of [6] that, if ¥(8)=0{(p(0)) (5>9),
then
Ct® = HY®,
(The case p(d)=4°, k—1<a<k,seealso [1]).
2. In [1] it is shown that if ¢{6)=6%, k~1<a<k, 1Sp<cw, then
Ch? 2 HE®,




124 Azarbaycan EA-nmin xeberleri
[Rzayev R-M.]

References

[1]. DeVore R., Sharpley R. Maximal functions measuring smoothness. Memoir. Amer. Math.
Soc., 1984, v.47, Ne293, p.1-115,

{2)- P3aaeB P.M. Muoeomepneiii cunzynipruii unmezpaibHuili onepamop & RPoCHpPaHCIEEX,
OnPEOEIREMBIX YCAOBUAMU HA CPEOHIOI0 OCYIARRYUTO K-20 noproka. Jokn. PAH, 1997,
T.356, Ne$, ¢.602-604,

{3]. P3aes P.M. Jokarsrsie caoficmsa CUHYARPHBIX HHMESDANO8 8 MEDMURAX CDEONED
ocyumayuy. Tpyast UMM AH Asep6., 1998, 1.8, ¢.179-185.

[4]. Calderon A.P. Estimates for singular integral aperators in terms of maximal functions.
Studia Math., 1972, v.44, p.167-186.

[5]. Pazaee P.M, O nexamaopeix ceoticmear nomenyuara Pucca ¢ mepmunar cpedneli ocywuinun

. sutcuiezo nopsdxa. Tpyns HMM AH Azep6., 1996, 1.4, ©.89-99,
[6]. P3aes P.M. Bumezpanonvie onepamops 8 RpOCMPAHCMEBAN, ONPe0eniemulXx YEAOBUAMU HA
cpednionn ocyumnaywio @ysxyull u nexomopwie npuncxcenun. Jluce. JloxTopa ¢us.-Mar.
Hayr, Baxy, 1998, 285 ¢. '

Rzayev R.M.
Azerbaijan State Economic Institute,
6, Istiglaliyat str., 370001, Baku, Azerbaijan.

Received October 28, 1999; Revised December 27, 1999,
Translated by Aliyeva E.T.






