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NAMAZOV GK.
DEFINITION OF THE UNKNOWN COEYFICIENT OF A PARABOLIC
EQUATION WITH NON-LOCAL BOUNDARY AND COMPLEMENTARY
CONDITIONS i
Abstract

The inverse non-selfadjoint boundary value problem is investigated for linear
parabolic equations.

Consider on the domain @ =(0,1}x (0,7’) the problem

u(t,x)—u_(t,x)+ altult,x)= Ft,x), '9))
u(O,x) = gv(x), 0=sxsl, 2)
u(t0)=0,u,(r,0)=u_(1.1), 0<isT, 3)
u,(t,0)+ pult))=glt), 0s¢<T, “

where 0<T <+o0; F,p, g are given functions, £ is a given number, and u(r,x), a(t)
are desired functions ([1], [2], [3], [4], {S]).
Definition. Under the classic solution of the problem (1)-(4) we understand the
pair {u(t, x), a(r)} of functions u(r, x), a(t) possessing the properties:
aj u(t,x), u, (t,x), u,x(r,x)e C@)
b alt)ec{oT):
¢} all conditions of (1)-(4) are saiisfied in a classic sense.
To investigate the problem (1)-(4) we must study the following spectral problem

X"(x)+ AX(x)=0, 0sx<1, (5)

{X(0)=0, x'(0)=x(). ©)

It is clear that the problem (5), (6) is non-selfadjoint. Corresponding conjugate
problem has the form

Y"(x)+ AY(x)=0, (7

{Y(O)zl-’(l), Y'({)=0. (8)

It is obvious that the problem (5), (6) has eigen values
A =Qnk)l, k=012,...
and eigen-functions _
Xy (x)=x, X.(x)=sin2zkx, k=12,.... )]
A system of eigen functions X, (x), (£ =0,1,2....) doesn’t form a basis in L,(0,1)

(12]). Complement the cigen functions X, (x), (k=0,1,2,...) with respect to the whole
system by the adjoined functions

Xe(x)=xcos2zke, k=12,.. (10)
of the boundary value problem (5), (6).
Over denote the functions systems (9) and (10) as follows
Xolx)=x, Xy (x)=xcos2rke, X, (x)=sin2rkc, k=12,... (11)

Further, we find eigen and adjoint functions of the problem (7), (8) and over denote as
follows: :
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I{,(x): 2, Yy (x)=4dcos2nix, Y, (x)=4(1~ x)sin27 kx,
(12)
k=12, ...
It is easy to calculate that sequences (11} and (12) form a boirthogonal system of
functions on the interval (0,1}, i.e.

(x,,v,)= ]'Xi(x)la-(x)dt=5§ . (13)

Here &, is a Kronecker’s symbol.

Thus, the system (11) forms a basis in 1,(0,1) and the system (12) forms a
biorhogonal system of functions in Z,{(0,1), and it is obvious that for each classic solution
fuft,x), alt)} of the problem (1)-(4) its first component u(t,x) has the form

u(r,x)=§uk(t)){k(x), (14)
where . |
1
up ()= [l x)Y, ()le,  k=0,1,.... (15)
0

By multiplying both sides of the equality (1) by 7,(x) (£=0]2,..) and by
integrating with respect to x from zero to the unit we obtain the following equation
system with respect to #,(f)(k =0,1,2,...):

1)+ aleho () = R ), (16)
uwhe (O)+ 1(273' kY +alt )j"zk-l (€)= Fy.. (). (17)
e 0+ |27 K + @) €)+ 47 by, ()= i (), k=12,..., (18)
where

F)= [Pl (), k=012,.... (19)

Fa

By solving the equation system (16), (17) and (18) we get
’ ~falshts ¢ -‘a(s)ﬁ .
1y (r)= Aqje ! + ff-}, (r)e ! dr, (20)
' 0
“akPrfalds ¢ LorkP (e jales
Uy s (£)= Ay e ’ + IF 2 (Tle © dr, (21)
0

2k Pfals)s

uy ()=[Ay, ~4mkay, 1} +

¢ Lok Pl olo)is
+ HFZk(T)“4”kF2t-1(7X’—7)]9 « dr, k=12,...
1]

where 4, (n=0,1,2,..) are arbitrary constants. By using the representation (11) and
initial condition (2} we get

u(o,x)=§.ouk (o)x,(x)=§%xt(x)=¢(x), 23)

,  (22)
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where @, =j¢(x)n(xw.

It follows from (23) that
4,0)=0,, k=012,.. (24)
Using the initial condition (24), appearing in (20}(22) determine the constants
4, (k=0,,2,...) in the form

A, =p,, k=012,.... (25)
It follows from (14), (20)-(22) and (25) that

«j'a{s)dr ¢ *jﬂ(!]ﬁ

u(t, x) - ':%e o + JFO (r)e . dr:IX o (x) +

+2, ° + Jsz—l @

&=l

w[ —(Zxk):t—i'a(a}df t —(Zxk)z(t—r)—ia(s)ds :|
Pyy 1€ T drix

, (26)
. kP afedas
X X g (x) + Z{{%k ~ AT kgt ]‘-’ : +

k=]

-{Zxk)z{l-—f}-j als)ds

+ :![th () - 4zkle - )P, ()l dr}X 2 (x).

To determine the second component a(t) of the solution, by using (4) we find

,(6,0)+ Bu (t.1)=g'().
Hence we shall have

£0)+ ael)= 6+ DR, )+ Sl ks () + (8+ Do 1 e 0)]-

o @k Fe-falel
- Z[@’r kY o +(B+ 32 k)z%k-l ~ 2027 k) 19, ] e ’ -

k=l

-3 [lerkP ) + (8+ 3Yex kP By, 207K = )P, ()

k=tg

@7

-(2xk}’(r—r)-ia[:}dr

xe dr.

It is valid the following
Theorem, Let
D elx)ec’(01). p(0)=p"0)=9" 0)=0, ¢'(0)=¢'Q). ¢"(0)=¢"(1);
2 glecor), gl)=0 veelo,r);
3) F(x0)eC(Q) and at each fixed t <[0T}
F(,x)eC”[01]), F(.,0)= Fu(-0)= Four(-10)=0, F.(-0)=F.(-)),
F.(-0)=F_(.1).
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Then under sufficiently small values of T the problem (1)-(4) has a classic
solution.

Proof. Write (27) in the form of the operator equation
alt)= P[a(t)] (28)
It is obvious that for any a{t) from the space C{[0,T]), Pla(t)le c(0,T], i.e.
P:c([o,r])-c(fo.r]).
Now prove the compressibility of the operator P,
Let alt) b(r)e C([0,T]).
Then

|Pfae)] - Pl6()]] ;[ﬁtjg {(2xk)’|¢,,,| +{(+3)enkf + 27 (rk) )’%H[}x

—j'a{.s)rb —jb(.r)ds

Xle® —-e?®

NECT.

e * —-e " dr.

x |F 2kt (71]

By ¢, (i = m) denote positive constants independent on ¢.
By virtue of conditions 1)-3)

i{(z;'rk)’|¢2k| + ((ﬂ +3) 27 k) + 2T(2:rk)4)|¢)2,,_,| }s ¢,
Tj{i [(2:: kY |y () + ((ﬂ +32nkf +47(2n k)‘ |y (2} ] }df <c,,

o ik

max =¢
oslglr)

B PAVERE RS
e ! -e ! <e, -T@aéqa(t)—b(t],

Jalsds  ~foledas
e * -e" S T%Mr)— b(t].

Then
&agx|P[a(t)]— Pl{)] | < esleres +cpes y%l“(‘) -b{f)|.
Choosing T sufficiently small, we obtain that
c;(eiey + 0,0 M =g <1,

Consequently, P[a(t)] is a compressible operator. Then by a fixed-point theorem, the
equation (28) has a unique solution aft) from C{[0,7]).

Substituting the found solution (27) in (26) we find the first component u(t, x) of
the solution {u{t,x)alf)}. It is easy to prove that the pair {u(t,x),a(t}} satisfies (1)-(4).




Transactions of AS Azerbaijan 117
{Definition of the unknown coefficient]

References

[1}. Hamaszor I'.K. Ofipamruvte 3adavu meoptiu ypasnenui mamemamureckoti pusuru. baky,
AT'Y, 1934, c.128. .

[2]. Horxaa HH. Pewenne odnoii kpaeaoii 3adauu meoptiu menjonposooumMuocmy ¢ Hexraccy-
yecKim xpaegum yeaosuem. Jud.yp, 1.13, Ne2, 1977, ¢.294-304.

[3]. Hamazos I'.K., Merpaimen S.T. 06 oonoti ob6pamnoil 3adaye dnn napaboruneckozo ypasre-
Hus emopoze nopadxa. Jen. B Az HAMHTH, 1988, Nel1002, ¢.20,

[4]. Hamazor I'.K. Ofpamuan 3a0a%a ¢ HeAOKANLHOIMU YCROGUSMY ORR 00NO20 KIACCG Jughhe-
PERYUAROHBIX YPAGHEHWY € YACMHBIMY NPOUIB00RBIMY SLICOK020 hopadxa. BectHux BI'V,
cep. (u3.-Mar.HayK, 1999, Nel, c.110-119.

[5). Xynarepaues K.1., Hemamnos AH. O xraccuvecxoi paspessumocms € MaioM 0OROMepRot
oOpamuoii kpaesoll 3adauu ORR GOHO20 KRGCCA RORYAURESINGIX dughbdepenyuanouux ypasHe-
il mpemvezo nopadxa. Becranx BI'Y, cep.dm3.-Mar. Hayk, 1998, Net, ¢.98-115.

Namazov G.K.
Baku State University named after M.Rasul-zadeh,
23, Z.1 Khaiilov str., 370148, Baku, Azerbaijan.

Received October 29, 1999; Revised December 30, 1999,
Translated by Aliyeva E.T.






