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THE BOUNDARY VALUE PROBLEM IN THE CLASS OF GENERALIZED
ANALYTIC FUNCTIONS-JUMP PROBLEM

Abstract

In the class of generalized analytic functions the solution of classical Reimann
problem - jump problem is found in the form of generalized integral of Cauchy-Stiltjes.

Consider the class of generated analytic functions u,,,(4, B,G) in the IN.Vecua
sense, i.e. the class of regular solutions of equations (see [1], p.158)

8, F(2)+ A(2)F(z)+ B(z)F (z)=0, 1)
where Az} B(z)e L,(G), p>2,0;= %(é%“" f%) .

Let G be a finite domain (simple connected} bounded by Jordan rectifiable
curve I'.

Let w(z) e u},,z(A,B, C). Denote by w* (t) = limw(z wo (r) = limw(z) by non-
26 126
tangent paths, where 7 e I' is fix point.

The statement of problem is:

To find generalized analytic function w(z) from the class u_,,'z(A,B,E /T} equal to zero
at infinity and satisfying to boundary condition:

w*{t)—w (t) = 4'(t) almost everywhere on T, )
where p(t) is given function with bounded variation on T’ and E is finite complex
plane. ' _

In the class of analytic functions such problem is considered for the first time.
Similar problem in the class of analytic functions is the component of general boundary
value Riemann problem, which is also called jump problem.

In the class of analytic function mentioned problem was investigated by
F.D.Gahov and his scholars (see {3]), A.A.Babayev and his scholars (see [4]) and etc.

In present paper the solution of stated problem (2) will be found in the form of
generalized integral of Cauchy-Stiltjes.

Now we will solve this problem.

Definition 1. The following expression

F)=5- [0,0)t)- s i) @)

we will call integral of Cauchy-Stiltjes type, where Ql(z, t) and nz(z,t) are normalized
kernels of class u,, (4, B,G), ult) is function with bounded variation on T

Property. Integral (3) is generalized analytic function out of I, ie.
F(z)eu,,(4,B,E\T) and F(x)=0.

Definition 2. Let point ¢, €Y and s, is corresponding to t, value on the arc
(0<s<l,1 is the length of I'). Denote by T, the arc, the ends of which are points
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t(s, ~£)t(s, +¢&) and which doesn’t contain t,. The finite limit of the following
expression (if it is exist)

= [0, )it} [0, M)~

L 0 Ml) [0 ).

If in particular dp(t) = g/t )\dt, then integral of Cauchy-Stiltjes type is called integral of

Cauchy-Lebesgue type.
Taking into account that at the point ¢, there exists tangent to I", we will draw

the normal to I" at this point and we will take point z on the straight line zf, to angle of

(4)

vo,0 2y <% to normal. Point z can be inside and outside of G . Let the distance zt,

isequal to ¢.
Theorem 1. If at the point t, = {(s,) the curve T have tangent, function u(s)

dt
and its variation v(s) have finite derivatives, and ’El =1, then expression
F=2n

E% l:!Ql (z.1)dule)- l__[ﬂz (Z:')dﬁ(t)‘; rJ‘Ql (g, 1)dule) - Ijﬂz (’n»‘)dﬂ_‘(’):, (5)

tends to limit é— #(t,) ( :I:% ,u'(to), if z > ¢, outside of G, ~ ?12- 2) ifzo t, outside

of G ). Tendency to limit is uniform with respect to y,,, ;Vn| < %8,9 <1.

So as u'(s) and v'(s) exist almost everywhere on I' and curve T is rectifiable

and have almost at all points the tangent, moreover, Eﬁ—‘ =1, then the presence in (5) of

limit + -21- 4'{t,) takes place almost everywhere on T,

Show the short proof.
by virtue formula (see (1], p.179)

q(z,t)=i+0ﬁz—t|“) Qz(z,t)=002—t|“l a=%;p>2;

. (6)
1
Q,(Z,f)?_'—z-F MI(Z,I), Qz(z,t)= Mz(z,t) 5

where M,(z,1)= %}, Mz(z,t) = T—l’h(%i:—) are contintous functions on z and ¢
zZ- z ~

everywhere, except that points for which z =¢, and m, and m, uniformly bounded by z

and 7. '

Taking into account (6) into (5), we cbtain
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é[lﬁl (z,0)dulr) - JQZ(ZJ)dﬁ(f)— IJQ; {t0,1)dult) - rjgz (. ‘)dﬁ("):l =
- L [ Ic:p(i) Id.u(z)jl [ M, (e, ) - _fM (o, )it } @
+ EIEL‘[ M, {8, )da(t) - l:|'M2(z,t)dp(r)} =J +Jy+J;.

Each of three expressions in square brackets investigates separately.
‘Consider the first difference:

Jy=— - l:fdﬂ(z) Idﬂ(z):' (®)

-z t ro
By virtue of the main lemma of LIPrivalov for ordinary integrals of Cauchy-Stiltjes

type, J, tends to i-;-y'(ro) for £-0 (+-21-,u'(.'0) if z—>1, zeG;é—;—y'(t) if

z3t;, 2z€G). For that the tendency to limit is uniformly with respect to y,,

(w < 32‘-9,< 1] (see [2], p.184).
Consequently, for complete proof of theorem it is enough to verify that second
and third expressions in square brackets in (7), (which denoted by J, and J;)

correspondingly, tends to zero for £ — 0 uniformly with respect to y,.
We have

[fml(z,:m(z) [rate r)dp(z)}
27:1

lz—¢° |r to|"

&)
-] Joer-an bt o)

f .so—s

where by M,(z,#) we denote the ratio M, (z,t)— m(z,¢) . Using the property of M,(z,7)

="

and p{t) we can prove that J, 5 0 for £ 5 0. We use the following relations

|M,(z,2)- M, (t, 1] —=2>50 and j'M (z,0)du(t) —2> 0.

l'(:a-s)
Theorem 2. Let z=1 +igeow) gt =1, —ige" Vo) The difference of values
of integral of Cauchy-Stiltjes type at the points z and 2", placed inside and ourszde of T

_[ [ (e)le)— 2, e, )ae) -
- Joule” -, (Z'J)dﬁ(t)] S 4l

when £ - 0 for all 1, of the line T except maybe the points of set of measure zero.

{10)
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Proof. Transform J by the following way:

J= ﬁ[ rjnl (2, 2)dplt) - O, =, M (e)- rjnl (to,f)dﬂ(‘)‘“gz(‘o.-‘)dﬁ(f)}"
+§;{r;nl(ro,r)dp(:)- (6, )0 [ (z:r)du(:)-nz(z:r}m(r)] =Ji+J;.

According to the theorem 1 J, —» -%- 2(6), Jy > {——;— p'(ru)] = —;— #().

Remark 1. Denotation F*(¢) and F~(f) means that F*(t)-F~(t)—> /().
Theorem 3. Let u(t) be given function with bounded variation on T'. The
solution of the jump problem is integral of Cauchy-Stiltjes type with measure ,u(r) :

|
F(2)= o [0z, )dule)- 0z, 1)ame).
T
Really, consider integral of Cauchy-Stiltjes type with measure u(f):

1
Fle)= > o2, 1) - 0 e, ) ).
r
By virtue of property F(z)eu,,(4,B,E\T) and F(o)=0. If point t, €T and

at this point there exists tangent to I', then by theorem 2 F*{¢)- F~ (t)= (). Also
from theorem 1 it follows that the last relation provides almost at all points of T,

Remark 2. At the present statement of the problem, generally speaking, the
solution is not unique. But if I' is smooth curve (then at these points exist tangent) and
u(t) is absolutely continuous, then the solution of given problem is unique.
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