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THE INVESTIGATION OF THE STRONGLY GENERALIZED SOLUTION OF
AN ONE-DIMENSIONAL MIXED PROBLEM FOR A CLASS OF POLYLINEAR
DIFFERENTIAL EQUATIONS IN ROBOT-TECHNIQUE .I1.

Abstract

The existence and uniqueness of the local and global generalized solution of a
mixed problem for a class of nonlinear differential equation are proved.

The work is devoted to the studying of existence and uniqueness problems (both
in the small and on the whole) of the strongly generalized solution of the following one-
dimensional mixed problem:

(U, @, x)+ 22U, (t,x)+ U__ (t,x)=
=F (r,x,U(r,x), U, (t,x), U, (t, x), U, (t, x), U, (t, x),
<U,(t,x),Uu(t,x),Um(r,x)) (0<sesT,0sx<n) )]
U(o, x)= ofx) (0<xs7) U, 0,%)=w(x) (0<x<7), 2)
(Ult.0)=Ult.7)=U,(t,0)=U, (.r)=0 {0=¢<T), €}

where « >1 is a fixed number; 0 <7 <+4<0; F,@,i are given functions, and U (t,x] isa

desired function, and under the strongly generalized solution of the problem (1}-(3) we
understand the function U{r, x) , possessing the properties:

a) Ul x) U, (t, WU ., ) U . (6,20 U o (%),

U x)U, (.20 U,, (t.x)e C([O,T]x [O,x]);

U e 23U e (t,x) e €0, T} L, (0, 7))
b) the conditions (2) and (3) are satisfied in an ordinary sense;
c) itis fulfilled the integral identity

(0062 7+ 00 ) 60UVl

+F(U(t,x))-V(t,x)}dxdt+’j'y/(x)-V(O,x)dx+2a’;[(p(4)(x)-V(O,x)dx::() @

for any function of ¥ (¢, x) possessing the properties
v, x)e CQ0.7EL, (0,70 V. (. x) e 0T} L, (0,2, ¥ (T,x)=0 ne. 6(0,7), (5)
where
F (U(r,x)) s F(t, x,U{t, x), U, (r, x\U,, (t, x\U,, (t,x),
Um(t,x),U, (r,x),U& (r,x),U,ﬂ (t,x)).
To investigate the problem (1)-(3) consider the set B2 _ consisting of all functions of
Ult,x) of the form

(6)




-

o
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U(t,x)=§U,,(t)sinnx,

considered on [0,T]x [0,r] for which all functions U, ()e ¢W([0,T]) and

J(U)= g{i(p‘* -%§¥|U,Ef)(:])"* }7’7 <40, (7

where /20 is an integer, a, >0 (z':_(),_f), 1£4,<2 (z‘:ﬁﬁ). We define the norm in this
set as follows:
' )=, @©).
1t is known that (see [1]), all these spaces are Banach ones.
Later on, for the functions U/ (t,x)e B"'“ r we shall use the denotations:

g {l(n"‘“gggivﬁ"’(rﬂﬁ’}z (0se<T). ®)

It is obvious that each strongly generalized solution of the problem (1)-(3) has
the form: Uft, x)= ZU ()sinnx, where U (t)-— _[U(t x)sinnxdx. After formal

n=l
application of the Fourier method scheme the ﬁndmg of Fourier coefficients
U, () (n=1,2,...) of the desired strongly generalized solution U/(f,x) of the problem (1)-

(3) is reduced to the solution of the following denumerable system of nonlinear integral-
differential equations:

v (r)_Zn wla nt ~1
- W ”F(U(r,x) suu»:uc{e"‘(r ) g Al ’)}dxdr(n 1,2...t €0, TD

where

- - 1 - -
(zl,,e e 1.,!).% _,_m.(e " _ g A,.:).% +

&)

A, =ant +rniatnt —1,  p =mont ~n*ain' -1, (10)
0, = %;:Jcp(x)sinnxdr, ¥ E%?V(x)sinm&, (i1)
the operator F has been defined by the relation (6); besides, it is obtained that
0< y, <4,; 4, > +x, ,u,,—)ﬁ—;ﬂ} for n>w, _ (12)
In this paper along with the system (9) under assumption
FUt, e co,T]x [O,xD,Eax-{F(U(l,x))}e co,7}L,0,7))

FUE) o= FUGEX),o =0 vrel0,7]

we use the following system obtained from the system (9) by integrating on parts with
respect to x for once at its right hand side,

(13)

N S PR S ) L o).
vl 2n’ an4—1 (l,,e‘“ . )¢n+2nzm (e‘""’ e""') Vnt
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2 pU )¢ e} _ ymlt-0) gy
+ e [T o i
(r=12,.,:€[0,7]). (14)

Starting from the definition of the strongly generalized solution of the problem
{1)<3), it is proved the following

Lemma. If U (t,x)-—- YU, (t)sinnx is any strongly generalized solution of the

n=l
problem (1)~(3), the functions U,(¢) (n=1,2,...) satisfy the system (9 on [0.T].
The following uniquencss theorem (on the whole) of the strongly generalized
solution of the problem (1)<(3) is proved by means of Bellman’s inequality.

Theorem 1. Let F(t xU,. ,US)EC([O T]x O:rr] (._m oo)’) and YR>0 in

[0.71x[0,7]x [~ R, R}

|FlexUynUg)~ Flt3, U | < 20 6)- ZIU -, ap)eL,0.7).

i=1

Then the problem (1)«(3) may have no more that one strongly generalized
solution.

Further, by combining the generalized oblite mappings principle with Shauder’s
fixed point principle, the following theorem on the existence in the smali of the strongly
generalized solution of the problem (1)-(3), is proved.

Theorem 2. Let

1 g(x)e C(0.7]), 0V (x) € L, (0,7) and 9(0) = 9(r) = ¢"0) = ¢"(x) = ¢} 0) = o)) = 0
w(xye COQ,x)y (x)e L,0.7)andy (0)=y(z) =y "(0)=y"(z)=0.

2. F(t.Lorbyrnl W Fy (L Ji = 08)e [0, 71 [0,2]x (0,00} ).

3. F(,0,0,£,,0,£,,0,0,£,,0)= Flt,7,0,£,,0,£,,0,0,£,,0)=0

vee[o, T} &.¢0é e(-ww).
Then the strongly generalized solution of the problem (1)-(3) exists in the small.
Proof. for each fixed U B, we define in B3, the operator (with respect to
V) E:

B, F.x)=F )= 37, (i, 1)
n=l
where
( —#d __e_j"!t)_w +

y e e = A"e"“"'-— A =&, ., +_{_ﬂ__.___
() s}an‘—l ( Hnt )(P 2ntJain® -1 ¢ "
\/_— jjd)U(V(r,x))cosnx{e ~Ht-5) _ gnle ‘}}drdr (r=12,. L1e[o, TD (16)

@y (t,x)) GUlx)+ UG Vet 3)+ 2, UG x) Voo lex),  (17)
UG, x)= Fy (6. x,U.x)U, . x)\U,, (t,x),Um(t,x],
Um(t,x),U,(t,x),Uk(r,x),Um(t,x)), (1%)
- (U(t, x)) = F;. (t,x, U (t,x), U, (r, x), U (1',1:),![}’m (t, x).
U 33U, 02V U, 20 U, (%)), (19)
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G0t = Ll N85 Va9 8200065) Ven60), @0)

and the operator F has been defined by the relation (6).
Using the relations (15), (16) and Bessel’s inequality we can easily obtain that
for any fixed U € B> YV eB)3, and tef0,T]:

12,0 Yy, <3+ 2L T, P, oy

Ci E%{(H wWe? -1 ] “q’(s)( lllq'{mr) (2\[;2 Ja } “W(a}(xﬂlqm } -

Further, by virtue of the structure of spaces B, and
B3, YU eB,.VeBy gT and ¢ €[0,7] we have:

8'U(e,x) o

A <[V, (i=02). (23)
aH}U(t,x) ] . B =
S - e (=02), e

\__...,ﬁi

Veelt s =% z{w OF <2, <2,

v, @

L

Vel ar= TSmO <TI0, <5y, <5V, 00
and we have used the denotations

O =(0,7)x (0,7} Ult,x)= ZU ()sinnx; ¥{t,x)= ZV {t)sinnx. 27

=1 n=l1

Using the estimates (23), (24) and obvious forms of G{U(t,x)), g,{U (t, x)), g U {, x)), we
can easily obtain that YU e B} :

"G(U("’x)]lc(@) s C(U) Ll + 6HUI'B,fi?T ) ’ 28)

le, @, x)}]C@) <c) (=12), (29)

where

)= max{[F, 5V, W 2l DU o5,
Um(t,x), U, (653U (20U, 5o f (30)

and &, (z' = 0—,8) are denotations of corresponding arguments of functions F(t,&,,&,....&; ).

Then using the estimates (28), (29), (25), (26) and relation (17}, we obtain from
(21) that for each fixed U € B} the operator Py, acts on the space B33, restrictedly,

Now, using the relations (15)-(20), denotation (30), and estimates (25), {26) {for
V =¥, —V,), similar to (21), by the mathematical induction method we get that for any

fixed Ue B'S YV,V,eBi3, and ¢te[0,T]:
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aZ

k
2 2 &
|- RO, s{ T+ 2 -cZ(U)} W-nly, s 6o

where & is any positive integer.
Thus, for any fixed U e B, V¥,V,€B33;:

2
“P(} (V!)— Pt; (sz B2, S gy (U) HVI - Vz "Bi'%,r > (32)

where

£
0.0)=-7 {(‘/_+‘/—)z C*)- T} - (3)
1t is obvious that under large & = k() ¢, (U)<1 . For such k, the operator P
is found to be compressed in the space B33, . Then by virtue of the generalized principle
of compressed mappings, the unique fixed point ¥ of the operator P in B33, is also
the unique fixed point of the operator P, in B;3,:
V=P V) VeB;. (34)
Thus, associated to each U e B{ffr the unique fixed point V' of the operator £,
in Bzz’r Generate the operator H : :
HU)=V =P, (V) (35)
acting form B, in B33 ..
Further we show that the operator H acts from B Lip in B2 AT completely

continuously. Besides for any fixed R> 7—; «Cy , where the number € is defined by the

relation (22), the closed ball K, of radius R and with the center in zero under
sufficiently small values of 7" is into transformed. Thus, by virtue of Shauder s fixed
point principle, under sufficiently small values of T, the point H has in B} 15 at least
one fixed point U: H{UU)=U .

Since U = H{U)=V = B,(V), then U =¥ and,

U=HU)=8,),

and U/ € By , since as it is said above, the operator H acts from Bj}}. in Bj3 .. Then,
it is obvious that

@, (U)= —-{ ()
and, consequently for the found fixed pomt
U=Ult,x)= ZUn(t)sinm:

n=1

the functions U,(t){(n=12,.) satisfy the (14) on [0,T]. And since for the found
functions U(t,x)e B3, the conditions (13) are fulfilled, then it is obvious that the
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functions U, (r)(n = 1,2,...) satisfy on [O,T] and the system (9). Using this we can easily
verify that U (t, x) € Bj"g; is the strongly generalized solution of the problem (1)-(3). The

proof of the theorem is completed.

Remark 1. Since from the condition 2 of theorem 2, the fulfillment of theorem 1
follows, then under the conditions of theorem 2, the strongly generalized solution of the
problem (1)-(3) not only exists in the small, but it is also unique on the whole.

Finally, by means of Shauder’s strong principle on a fixed point the following
theorem on the existence of the strong generalized solution of the problem (1)-(3) on the
whole is proved.

Theorem 3. Let
1. All conditions of theorem 2 be fulfilled

2. B[O, T]x [0, :r] x (- o, co)s
IF (2,0 Us < clt)- L+ U] + o+ U5 (36)

o, (xUenUg)sel) (=18} cl)eL,0.7). 37

Then the problem (1)~(3) has a unique strongly generalized solution.

Proof. Let H be an operator appearing in the proof of theorem 2. As we said
above, the operator H acts in the space Bl‘f;} completely contimous. By definition of
the operator H

VU e By HU)=V =B,(),
where the operator F, (V) is defined by the relations (15)-(20).

Now in By;} consider the equation

U=2H({U) 0<Agl, (38)
and estimate a priori their all possible solutions U in B} Since
U=AH{U)=4, V=4P,{¥), (39)

then using the inequalities (36), (37), quite similar to (21), V¢ & [0,7] we have:
“U“ig;g, =faH (Ulrsg_-g, = H"'V“i;‘-;,, =|e, (V]‘;g_-g_, <

a3 ‘5 i ;j_z_“ : ﬁ{@U(V(r,x))}z dxdr <

ccp AT 2] o M ) e

+ Uf(r,x)+ Uf,(r,x)+ Uﬁu(r,x)+ Uim(t,x)+ Uim(r,x)+ Uf (r,x)+
+UL(0,)+ U2, (5, 0)+ U2, (7, x)ldndr . (40)
By virtus of the structure of the space B33, it is obvious that V¢ e [0,T):

{2l -2 S0 0F <, <2, <210ty G=53). @
5{6—8%1} =T 0f Sk, <20k, <2ty (=53 @

<A4ct
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Using the estimates (41) and (42), we get from (40) that V¢ &[0,T]:

SINT + 22 255JF J2af !
s e A

[v “;;;;, <Cy+ et ]|11(a 7)

Applying Bellman’s inequality from (43) we get:

Ut -{c2 LRSI (r)nml rv{z“( Toda] ), rln.,(m}

a
So, ali possible solutions U of equauons (38) in B,’jf,. are a priori restricted in
B-f;r and the more in B“T, since ][U“ @ e J‘”U"B;’ . Then, by virtue of Shauder’s

strong principle or non-zero rotation principle, then operator H has a fixed point U in
B that belongs to the space B}, and it is a strong generalized solution of the

problem {1)-(3). And the uniqueness of the strong generalized solution of the problem
(1)-(3) follows from the above remark 1. The theorem is proved.

Remark 2. We are to note that this paper is the continuation of papers [2]-[4]
where the existence and uniqueness problems of the weak generalized solutlon of the
problem (1)-(3) have been studied.
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