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Studying elastic equilibrium of a small thickness isotropic cylinder with
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Abstract. Based on asymptotic integration of elasticity theory equations, we study axially-symmetric
problem of elasticity theory for a radially-inhomogeneous cylinder of small thickness. We consider a case
when the elasticity modulus changes in radius by the linear law. It is assumed that the lateral part of the
cylinder is fixed, and on the ends of the cylinder the stresses leaving the cylinder in equilibrium, are given.

Asymptotical formulas for displacements and stresses are written. It is shown that the stress-strain
state was made up only from the solution of a boundary layer character and equivalent to the Sanit-
Venanat edge effect of theory of inhomogeneous plates.
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1 Introduction

Study of inhomogeneous shells occupies one of the special places in shell theory. Analysis
of inhomogeneous shells on the basis of three-dimensional equations of elasticity theory is
a very difficult problem.

Therefore, it is necessary to use different approximate methods allowing to simplify cal-
culation of shells. Complex nature of phenomena arising in deformation of inhomogeneous
shells, reduced to formation of a lot of applied theories each of which was constructed on
the basis of definite system of assumptions. In modern engineering there arise such new
shell constructions whose calculation within the existing applied theories, is impossible.

To establish applicability fields of the existing applied theories of inhomogeneous shells
and to create new, more specified applied theories, it is required to analyse the stress-strain
state of inhomogeneous shells from the position of three-dimensional equations of elasticity
theory.

The asymptotic method [11-14] plays an important role in solving three-dimensional
problems of elasticity theory. Frist in the paper [4], spartial problem of elasticity theory was
studied for an isotropic, small thickness cylinder and asymptotic solutions were compared
with the solutions obtained by applied theories. In [12] three-dimensional asymptotic theory
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of a small-thickness transversally-isotropic cylinder was developed. An axially-symmetric
problem of elasticity theory for a radially-laminated cylinder with alternating rigid and soft
layers, was studied in [1]. In [5] an axially-symmetric problem of elasticity theory is ana-
lyzed for a radially-inhomogeneous, small thickness hollow cylinder, when the lateral sur-
face of the cylinder is free from stressess . In [10] a semi-analytical method is offered for
solving the Almanci-Mitchell problem for an inhomogeneous anisotropic cylinder. The in-
ghunce of inhomogeneity of the material on the stress-strain state of a cylinder was studied
in [7,8].

2 Statement of boundary-value problems for a radially- inhomogeneous cylinder

We consider an axially-symmetric problem of elasticity theory for an inhomogeneous, isotropic,
hollow, small thickness cylinder. In the cylindrical system of coordinates, we denote the do-
main occupied with the cylinder, by

I'={re[r;r,p €0,27],2 € [-L; L]} .
Assume that alternation of the elasticity modules in radius ucurs by the linear law
G(’I") = G*Ta A(T) = )\*T7

where G, A\, are constant variables.
The equilibrium equations in displacements have the form:

(Lo + 01 Ly + 07 Lo)u = 0. (2.1)

Here @ = u(p,&) = (uy(p, &), ue(p, €)', Ly are matrix differential operators of the
form:

LOZH@GW+MXW+f®—QGw2 0 H

0 G0(82+58)
Lo — 0 ecP [E(GO—F)\o)a—FEz/\o)]
07 || [€2(2G0 + Xo)e(Go + Xo)0) 0 ’
Lo — €2G0€5p 0
2= 0 (2Go+ Xo)e2e? ||’
01 = %;8% = 59—52;8 = %;p = %ln (%),{ = % are new pure variables; ¢ =

% In (%) is a small parameter characterizing the thickness of the cylinder; rg = /r172,& €

=L, p € [-1;1],1 = %;)\0 = A5—:0,6?0 = GG*—? are pure variables and G is a charac-
teristic parameter having dimension of shear modulus. Suppose that the lateral side of the

cylinder is rigidly fixed:
w(p,&) =0 for p==+1. (2.2)
Assume that on the ends of the cylinder the following boundary conditions are given

O'p£|g:il = f1s(p), U££|§:ﬂ = fas(p). (2.3)

Here f15(p), fos(p)(s = 1,2) are rather smooth functions satisfying the equilibrium condi-
tions.
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3 Constructing homogeneous solutions for a radially- inhomogeneous, small
thickness cylinder

We look for the solution of (2.1), (2.2) in the form:

u(p, &) = alp)e, (3.1)

where .
a(p) = (u(p),w(p))” -
Substituting (3.1) in (2.1), (2.2), we have:
9 v =
{ (_L() + 04£/1_+ o LQ)CL =0, 32)
a|p:jEl =0.

For solving (3.2) as € — 0 we use the asymptotic method [2,3,6 ], based on two iterative
processes.

Trivial solutions correspond to the first iterative process . There are no solutions with
edge effect character, corresponding to the second iterative process for a radially-inhomogeneous
cylinder with a fixed lateral surface.

According to the third iteative process , we have

a) ay=¢c"" (Bok + Bk + -..) -

= 3Go + A
1) — ; _2=0T Ao ;
u,’) =€ kg_l Ty [(6% sin By Go M cos 5%) sin(Bokp)+

+Bokp cos Box cos(Borp) + O(e)] exp (i(ﬁozc + bk + )5) , (3.3)

uél) =&Y TiBok [p cos Bok sin(Bokp) — sin Bok cos(Borp)+
k=1

1
+ O(e)] exp (5 (Bok + €Bik + ---) {) .
Here [y, is the solution of the equation

2(Go + Mo)
3Gy + Ao

The stresses corresponding to the solutions (3.3) are of the form:

sin 280k — Box = O. (3.4)

ull = e Z T Bok [(QGO + o) (6% sin Bo —

k=1

Gof—o)\o COs ﬁ%) COS(ﬁOka)_

—2GoBokp - cos Bok sin(Boxp) — Aofok sin Box cos(Boxp) + O(e)] x

X exp <i (Bok + €B1k + --.) 5) )

Up(?? =Gy Z T Bok [cos Bok (sin (Bokp) + 2Bokp - cos(Bokp))+
k=1

. 3Go + A
+ <250k sin fop — 20

m Ccos B0k> Sin(ﬁOkP)"‘
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+ O(e)] exp (i (Bok + €bik + --.) §> , (3.5)
U&) = Z Ty Bok [2GoBokp cos Bo sin (Borp) — (2G0Bok sin SBor+
k=1
GoA
G20 j_ )(\]0 cos 50k> cos(Bokp) + O(e)] x

X exp <i (Bok + Bk + -..) §> )

3 26\
(1 — T B 0o ; }
Tpp ; kBok [ Go+ Mo cos Bor cos(Borp) + O(e) | x

X exp <i (Bok +€Bik + -..) 5) )
b) o = e ! (BOIC + Bk + ) .

— A
ulp) = —¢ ; Fy, [(M sin Box + Bok cos 50k) cos(Bokp)+

+Bokp sin Box sin(Bokp) + O(€)] exp (i(ﬁOk + eBik + ...)§> : (3.6)
u?) =&Y Fifok [~ cos Bor sin(Bokp) + pcos( Bokp) sin Box+
k=1

1
+ 0N exp (£ (B +u+ .)€
Here [y, is the solution of the equation

Q(Go + )\0)
3Gy + Ao

The stresses corresponding to the solutions (3.6) have the form:

sin 25y + Bor = 0. (3.7)

uE)Q) = Z Fk’BOk‘ |:(2GO + )\0) </80k‘ Ccos 50]6’ +
k=1

Gozio)\o sin ﬁOk) sin(Bokp)—

—2GoBokp sin Bor cos(Bokp) — AoBok cos Por sin(Boxp) + O(e) } X

X exp (i(ﬁok + Bk + )5) ;

0% = GoY_ FiuBox [sin fok(cos (Bop) — 2Bokp - sin(Bokp))—
k=1
3G + Mo

— cos(Bokp) (25014 cos Box, + m

sin /BOk) +
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+ O(e)] exp (i (Bok + €bik + --.) §> , (3.8)

- 2GoA
@ _N\N"p 0Ao . : 0 ]
prs ; % Bok [Go o sin Bog sin(Boxp) + O(e) | x

X exp <i (Bok + bk + ) §> )

Ué? _ Z Fy.Box [2Go Bok.p sin Box cos(Bokp)+
k=1

2
(G220 sin . — 26 cos o ) sin(Gop) +

+ O(e)] exp (i (Bok + Bk + ---) £> .

The general solution (3.2) will be the sum of solutions (3.3), (3.6):

up(p, €) = ul) +ul ue(p, €) = ug? +uf. (3.9)
For stress tensor components we have:

_ .M 2 _ (M 2) _ (1) (2)

Opp = O e + Ul()p)japg =0 + 0,000 = a( ) + prg,agg = 0Oge T 0 - (3.10)
The solutions(3.9) are of boundary layer character and their first term equivalent to the
Saint-Venant edge effect of an inhomogeneous isotropic plate [14]. When deleting from the
ends of the cylinder inside the domain occupied by the cylinder, the solution (3.9) exponen-
tially decreases.

4 Satisfaction of boundary conditions of the cylinder’s ends

To determine the unknown constants T, Fi(k = 1,2, ...) , we use the Lagrange variational
principle [9].Since the solutions satisfy the equilibrium equation and boundary conditions
on the lateral surface, the variational principle has the following form [11,12]:

s=1

5 1
Z/ Ope — f1s) 0up + (0ge — fas) Oue] e*Pdp = 0. 4.1)
21

e=+l

Substituting (3.9), (3.10) in (4.1) and assuming 67}, 6 F as independent variations, from
(4.1) we get the following system of linear algebraic equations:

> M Tho = doj; (j = T,0) 4.2)

ZngFko—doj,( = 1,00

~—

, 4.3)
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where
1

M, = Bor / (Go [cos Bok (sin(Borp) + 2Bokp cos(Boxp)) +
‘1
3Gy + Ao
Go + o
. 3Go + A .
X |:<50j Sin B(]j — ﬁ CcOs BUj) Sln(ﬂojp)jL
+Bo;p cos Bo; cos(Bojp)] + Boj [2Go Borp cos Bok sin(Boxp)—

- <2G050k sin Box, + GQOGJOF/\;] cos Boz:) COS(ﬁokP)] X
X [pcos Boj sin(Bo;p) — sin Bo; cos(Bojp)]) dpx
15
- L sGhed \ L
&, - /1 > {00 (o s g — 502 o oy ) s+
+B0;p cos Bo; cos(Bojp)] + fas(p)Boj <
X [pcos Bo; sin(Bojp) — sin Bo; cos(Bo;p)] } dp exp ((_1)55(&)31) )

+ (25% sin Bor, — cos /80k> Sin(ﬁokﬂ)] x

3Gy + Ao

1
Qjr = Bok / (Go [(25014: cos Box + Got o

sin 50k:) cos(Boxp)—

— sin Sox(cos(Bokp) — 2B80kp sin(Bokp)) } X

3Gy + Ao . ) .
X Kﬁog‘ cos Boj + ﬁ sin 50]') cos(Bojp) + Pojpsin fo; Sln(ﬁogﬂ)] +
_l’_

. 2GoNy .
<QGoﬁokP sin Bor cos(Boxp) — (2GoBok cos Bor — o JOF )(\)0 sin ﬁ%) X

x sin(Boxp)] B o [psin Boj cos(Bojp) — cos Boj sin(Bojp)]) dpx

o o N |
)
. Go+ A
do; = —/Zl {fls(P) [(%j cos Boj + ?)GOO;F/\OOSiDBOj> cos(fojp)—
—_1 5=
—Bojpsin foj sin(Bojp)] + fas(p)Boj [psin Boj cos(Bojp)—
— cos fy; sin(Bo;jp)]} dp exp ((—1)56(:[> :

Definition of the constants T}y, Fi,(p = 1,2, ...) is un variably reduced to the systems

whose matrices coincide with the matrices of systems(4.2), (4.3).

The system of infinite linear algebraic equations(4.2), (4.3) is positive definite the energy
space and therefore it is always solvable in physically meaningful conditions imposed on
the right hand side [4]. Solvability and convergence of the reduction method for (4.2), (4.3)

was proved in [13,14].
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