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Nazim A. NEYMATOV

THEOREMS ON INTERPOLATION OF BESOV
TYPE SPACES

Abstract

In the paper, two theorems of Riesz-Torin type are proved for the spaces∩
i∈Q

Λ<mi,Ni>
pi,θi

(G,φi), i.e. some properties of functions belonging to intersection

of spaces ∩
i∈Q

Λ<mi,Ni>
pi,θi

(G,φi)

are studied from the point of view of imbedding theory.

Introduction. In the paper, two theorems of Riesz-Torin type are proved for
the spaces ∩

i∈Q
Λ<m

i,N i>
pi,θi

(G,φi),

i.e. some properties of functions belonging to intersection of spaces∩
i∈Q

Λ<m
i,N i>

pi,θi
(G,φi)(λ = 1, 2, ...,M)

are studied from the point of view of imbedding theory.

Note that imbedding theorems for the spaces
∩
i∈Q

Λ<m
i,N i>

pi,θi
(G,φi) (in the case

λ = 1) were studied in the paper [8], while the spaces
∩
i∈Q

Λ<m,N>p,θ (G) were deter-

mined and studied in the papers of A.J. Jabrailov and M.Aliyev. The proof of the
theorem in the considered paper is carried out by the integral representations method
obtained in the paper [6]. The similar theorems for another functional spaces were
proved in the papers [3], [6], [9], [10], [11].

Let Q be a set of all possible vectors i = (i1, ..., is), with the coordinates
ik ∈ {0, 1, 2, ..., nk} (k = 1, 2, ..., s), and notice that the number of all possible vec-

tors i = (i1, ..., is) ∈ Q equals |Q| =
s∏

k=1

(1 + nk),therefore (n+ 1) ≤ |Q| ≤ 2n, (n =

n1, ..., ns) and let the vectors mi = (mi1
1 , ...,m

is
s ) and N i = (N i1

1 , ..., N is
s ) with inte-

ger non-negative coordinate-vectors mik
k = (mik

k,1, ...,m
ik
k,nk

). N ik
k = (N ik

k,1, ..., N
ik
k,nk

)

(k = 1, 2, ..., s), i.e. mik
k ≥ 0, N ik

k ≥ 0 (k = 1, 2, ..., s); |mi| = |mi1
1 | + · · · + |mis

s |,

Dmif(x) = D
m

i1
1

1 · · ·Dm
is
s

s f(x1, ..., xs), and the mixed difference

∆N i
(t; G)g(x) = ∆N i

(t)g(x) = ∆N i1

1 (t1) · · ·∆N is

s (ts)g(x)

be constructed on the vertices of a polyhedron entirely lying in the domain G ⊂ En,
otherwise we assume ∆N i

(t; G)g(x) = 0.
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Introduce a semi-norm in the space
∩
i∈Q

Λ<m
i,N i>

pi,θi
(G,φi) (in the special case a

norm) by the equality

||f ||
QΛ<mi,Ni>

pi ,θi

=
∑
i∈Q

||f ||
Λ<mi,Ni>
pi,θi

(G,ϕi)
< ∞

where the sum is taken over all possible vectors i = (i1, ..., is) ∈ Q. Notice that for
any i = (i1, ..., is) ∈ Q

||f ||
Λ<mi,Ni>
pi ,θi

(G,ϕi)
=


∫
E|ε

Ni |

∥∥∥∥∥∥∥
∆N i ( z

N i ;G
)
Dmi

f(·)∏
k∈εNi

∏
j∈ε

N
i
k

k

ϕikk,j(zk,j)

∥∥∥∥∥∥∥
θi

Lpi(G)

dz

z


1
θi

< ∞

if 1 ≤ θi < ∞ (i ∈ Q), and

dz

z
=
∏
k∈εNi

∏
j∈ε

N
i
k

k

dzk,j
zk,j

,

in the case θi = ∞ (i ∈ Q) it is assumed that

||f ||
Λ<mi,Ni>
pi ,θi

(G,ϕi)
= vrai

z∈E|εNi |
sup

∥∥∥∥∥∥∥
∆N i ( z

N i ;G
)
Dmi

f(·)∏
k∈εNi

∏
j∈ε

N
ik
k

ϕikk,j(zk,j)

∥∥∥∥∥∥∥
Lpi(G)

.

Notice that (for any i = (i1, ..., is) ∈ Q) the vector function
ϕi(t) = (ϕi11 (t1), ..., ϕ

is
s (ts)), with coordinate vector-functions

ϕikk (tk) = (ϕikk,1(tk,1), ..., ϕ
ik
k,nk

(tk,nk
)) (k = 1, 2, ..., s), is such that ϕikk,j(tk,j) > 0 for

tk,j ̸= 0, and ϕikk,j(tk,j) ↓ 0 for tk,j ↓ 0 (j = 1, 2, ..., nk) (k = 1, 2, ..., s), the set
E|εNi | =

∏
k∈εNi

E|ε
N

ik
k

| for any

E|ε
N

i
k

k

| =
{
zk ∈ Enk

; zk,j = 0 (j = {1, 2, ..., nk}\εN ik
k

)
}
,

therewith the set ε
N

ik
k

= suppN ik
k is a support of the coordinate-vector

N ik
k = (N ik

k,1, ..., N
ik
k,nk

), i.e. this is a set of second indices of the coordinates of

a vector for which the corresponding coordinate N ik
k,j ̸= 0, consequently

εN i =
{
k ∈ es = {1, 2, ..., s}; ε

N
ik
k

̸= ∅
}
.

Let H = (H1, ..., Hs), Hk > 0 (k ∈ es) be positive vector σ = (σ1, σ2, ..., σs)
with coordinate-vectors σk = (σk,1, ..., σk,nk

) (k ∈ es), i.e. σk,j > 0 (j = 1, 2, ..., nk,

k ∈ es), and the vector Hσ = (Hσ1
1 , ..., Hσs

s ), where Hσk
k = (H

σk,1

k , ..., H
σk,n

k
k ) for all

k ∈ es.
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The subdomain Ω ⊂ G is said to be a subdomain satisfying the σ-semi-horm con-
dition if there exists a vector δ = (δ1, ..., δs) with cordinate vectors δk = (δk,1, ..., δk,n

k
)

(k ∈ es), therewith δk,j = 1 or δk,j = −1 (j = 1, 2, ..., nk, k ∈ es), for which

x+Rδ(H
σ) = x+

∪
0<υ

k
≤h

k

{y ∈ Rn; ck,jν
σ
k,1

k ≤

≤ yk,jδk,j ≤ c∗k,j (j = 1, 2, ..., n ; k ∈ es)} ⊂ G

for all x ∈ Ω.
It is said that the domain G ∈ Cε(σ,H) = Cε(H

σ) satisfies the ”strong σ-

horn condition” if G ⊂
N∪
µ=1

Gµ and it holds the condition G ⊂
N∪
µ=1

Gµ,ε, where

Gµ,ε = {y : y ∈ Gµ, ρ(y,G\Gµ) > ε}, i.e.the set of points y ∈ Gµ, distant from
G\Gµ by ρ(y,G\Gµ) > ε > 0.

Main results. Let’s prove two theorems of Riesz-Torin type for the functions

from the spaces
∩
i∈Q

Λ<m
i,N i>

pλi ,θi
(G,φi).

Let βλ ≥ 0,
M∑
λ=1

βλ = 1, 1
pi

=
M∑
λ=1

βλ

pλi
, 1
θi

=
M∑
λ=1

βλ

θλi
, mik

k,j =
M∑
λ=1

βλm
iλk
k,j .

Theorem 1. Let G ∈ Cε(a(h)), 1 ≤ pλi ≤ qλi ≤ ∞, 1 ≤ pλi ≤ θλi ≤ ∞ (λ =
1, 2, ...,M , i ∈ Q); ν = (ν1, ..., νs) be an integer non-negative vector with coordinate-
vectors νk = (νk,1, ..., νk,nk

) (k = 1, 2, ..., s), satisfy the condition in the case ik = 0,

νk,j ≥ m0
k,j + N0

k,j (j = 1, 2, ..., nk); in the case ik ̸= 0 νk,j ≥ mik
k,j + N ik

k,j (j ̸=
ik),νk,j < mik

k,j +N ik
k,j (j = ik) for all k = 1, 2, ..., s and for any i = (i1, ..., is) ∈ Q

and f ∈
M∩
λ=1

∩
i∈Q

Λ<m
iλ ,N iλ>

pλi ,θ
λ
i

(G,φi).

Further, for each fixed i ∈ Q it is assumed the finiteness of the integral expres-
sion

Hk,ik(hk) =

=

∫ hk

0


nk∏
j=1

(ak,j(hk))

M∑
λ=1

m
ik,λ

k,j βλ−νk,j− 1
pi

+ 1
qi

∏
j∈E

N
ik
k

φikk,j (ak,j(υk))


dak,ik(υk)

ak,ik(υk)
(1)

as soon as ik ̸= 0 at corresponding k.
Then in the domain G ⊂ En there exist generalized derivatives Dνf , and the

following inequalities are valid

∥Dνf∥Lq(G) ≤ C
∑
i∈Q

(
s∏

k=1

Hk,ik(hk)

)
M∏
λ=1

∥f∥βλ

Λ<mi,λ,Ni,λ>

pλ
i
,θλ

i

(G,φi)
(2)

where the sum is taken over all possible vectors i ∈ Q and for some h0 = (h0,1, ..., h0,s),
0 < hk < h0,k (k = 1, 2, ..., s), C is independent of f and h0, and in the case

Hk,0(hk) =

nk∏
j=1

(ak,j(hk))
∑M

λ=1m
0,λ
k,j−νk,j+

1
pλ

+ 1
qλ

∏
j∈E

N0
k

φ0
k,j (ak,j(hk)) (3)
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Proof. Letf ∈
∩M
λ=1

∩
i∈Q Λ<m

i,λ,N i,λ>

pλi ,θ
λ
i

(G,φi) →
∩
i∈Q Λ<m

i,λ,N i,λ>

pλi ,θ
λ
i

(G,φi) →

Λ<m
i,λ,N i,λ>

pλi ,θ
λ
i

(G,φi) (λ = 1, 2, ...,M), then the existence of the generalized derivative

follows from theorem 1 [8], and for almost each point x ∈ G it is valid the integral
representation of differentiable functions f = f(x) with respect to k-th bundle of
variables x = (x1, ..., xs) ∈ En in the form

Dνf(x) =
∑
i∈Q

Bi,δf(x), (4)

where the sum is taken over all possible vectors i = (i1, ..., is) ∈ Q, with the coordi-
nate ik ∈ {0, 1, 2, ..., nk} (k = 1, 2, ..., s), and

Bi,δf(x) = B1,i1,δ1 · · ·Bs,is,δsf(x1, ..., xs) (i = (i1, ..., is) ∈ Q).

The integral standing at the right side of equality (4) has the form

Bi,δf(x) = Aes\ei (⃗h)

∫ h⃗

0⃗
Aei(υ⃗)

∏
k∈ei

dak(υk)

ak(υk)
×

×
∫
E|ε

Ni |

dz

mes
(
Rδ · E|εNi |

) ∫
En

{
∆N i

( z

N i

)
Dmi

f(x+ y)
}
×

×Φi,δ

(
y

a(·)
,

z

a(·)

)
dy

mes(Rδ · En)
, (5)

where ei = supp i is the support of the vector i = (i1, ..., is) ∈ Q, therefore
ei ⊂ es = {1, 2, ..., s}.

Note that in the integral expressions determined by equalities (5), the following
notation are used:

1) Aei(υ⃗) =
∏
k∈ei

{
(−1)|m

i
k
k −νk|ck,ik

∏nk
j=1(ak(υk))

m
i
k
k,j−νk,j

}
2) Aes\ei (⃗h) =

∏
k∈es\e

{
(−1)|m

0
k−νk|ck,0

∏nk
j=1(ak,j(hk))

m0
k,j−νk,j

}
3) mes

(
Rδ · E|εNi |

)
=
∏
k∈εNi

mes

(
Rδk · E|ε

N
i
k

k

|

)
=

=
∏
k∈εNi


mes

(
Rδk · E|ε

N0
k
|

)
hk

from ik = 0,

mes

(
Rδk · E|ε

N
i
k

k

|

)
υk

from ik ̸= 0,
where i = (i1, ..., is) ∈ Q, and

εN i = {k ∈ ei; ε
N

i
k

k

= suppN ik
k ̸= Ø}.

Notice that the support of the integral representation of differentiable functions
f = f(x), given by equalities (4), (5) is ”a(h)-semi-horn”

x+Rδ(a(h)) ⊂ G,

with a vertex at the point x ∈ En.
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The kernel of the integral operator (5) is determined by the equality

Φi,δ

(
y

a(·)
,

z

a(·)

)
=

∏
k∈ei

Φk,ik,δk

(
yk

ak(υk)
,

zk
ak(υk)

)×

×

 ∏
k∈es\ei

Φk,0,δk

(
yk

ak(hk)
,

zk
ak(hk)

) ,

for each i = (i1, ..., is) ∈ Q, where

yk
ak(υk)

=

(
yk,1

ak,1(υk)
, ...,

yk,nk

ak,nk
(hk)

)
,

zk
ak(υk)

=

(
zk,1

ak,1(υk)
, ...,

zk,nk

ak,nk
(υk)

)
for υk ∈ (0, hk] (k = 1, 2, ..., s).

Then by means of integral identities (4), (5), we contsruct a set of auxiliary
functions

fν,Gµ+Rδµ
(x) =

∑
i=(i1,...,is)∈Q

Bi,δµ,Gµ+Rδµ
f(x), (6)

determined on all En and coinciding on corresponding Gµ + Rδµ(a(h)) ⊂ G
(µ = 1, 2, ..., N) with the function Dνf(x).

In (6) the integral operators standing at the right side of these equalities are
determined by the formulae;

Bi,δµ,Gµ+Rδµ
f(x) = Aes\ei (⃗h)

∫ h⃗

0⃗
Aei(υ⃗)

∏
k∈ei

dak,ik(υk)

ak,ik(υk)
×

×
∫
E|ε

Ni |

dz

mes
(
Rδµ · E|εNi |

) ∫
En

{
∆N i

( z

N i
, Gµ +Rδµ

)
Dmi

f(x+ y)
}
×

×Φi,δµ

(
y

a(·)
,

z

a(·)

)
dy

mes(Rδµ · En)
, (7)

for each i = (i1, ..., is) ∈ Q and for µ = 1, 2, ..., N .
Notice that when the vector N i is a zero vector, for some i ∈ Q, instead of the

function

∆N i
( z

N i
, Gµ +Rδµ

)
Dmi

f(x+ y) = Dmi
f(x+ y)

under the integral we have the function

X(Gµ +Rδµ)D
mi

f(x+ y),

where X = X(Gµ +Rδµ) is a characteristic function of the set Gµ +Rδµ .
The construction of auxiliary functions (6), (7) provides the following cycle of

integral inequalities

||Dνf ||Lq(G) ≤ c

N∑
µ=1

||fν,Gµ+Rδµ
||Lq(G) ≤
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≤ c
N∑
µ=1

∑
i=(i1,...,is)∈Q

||Bi,δµ;Gµ+Rδµ
f ||Lq(G) (8)

whence it follows that the proof of the theorem is reduced to estimation of integral
operators (7). On the other hand,

||Bi,δµ;Gµ+Rδµ
f ||Lq(G) ≤ |Aes\ei |

∫ h⃗

0⃗
|Aei(υ⃗)| ||Fi||Lq(G)

dak,ik(υk)

ak,ik(υk)
, (9)

Fi =

∫
E|ε

Ni |

dz

mes
(
Rδµ · E|εNi |

) ∫
En

{
∆N i

( z

N i
, Gµ +Rδµ

)
Dmi

f(x+ y)
}
×

×Φi,δµ

(
y

a(·)
,

z

a(·)

)
dy

mes(Rδµ · En)
. (10)

Applying the Holder inequality for |F (x, υ)| by the exponents

αλ =
qλ
qβλ

(λ = 1, 2, ...,M)

(
M∑
λ=1

1

αλ
= q

M∑
λ=1

βλ
αλ

= 1

)

we get

||Fi(·, υ)||Lq(G) ≤ C

∫
G

M∏
λ=1

{|Fi(x, υ)|}qβλ dx

 1
q

≤

≤ C1

M∏
λ=1


∫
G

|Fi(x, υ)|qλdx

 1
qλ


βλ

= C1

M∏
λ=1

{||Fi||qλ,G}
βλ . (11)

Represent the subintegrand function (10) in the form

|∆N i
Dmi

fΦi,δ| =

=
(
|∆N i

Dmi
f |pλi |Φi,δ|sλ

)qλ (
|∆N i

Dmi
f |pλi χ

(
y

a(υ)

)) 1

pλ
i

− 1

qλ

(|Φi,δ|sλ)
1

sλ
− 1

qλ ,

where
1

sλ
= 1− 1

pλi
+

1

qλ
, apply again for |Fi| the Holder inequality with the following

exponents
1

qλ
+

(
1

pλi
− 1

qλ

)
+

(
1

sλ
− 1

qλ

)
= 1,

χ is a characteristic function of the set S(Φi,δ). Then taking into account (11) in
relation (9), we get

||Bi,δµ;Gµ+Rδµ
f ||Lq(G) ≤ C

{
s∏

k=1

Hk,ik(hk)

}
M∏
λ=1

||f ||βλ

Λ<mi,λ;Ni,λ>

pλ
i
,θλ

i

(Gµ+Rδµ ;φi)
. (12)

Hence by means of inequalities (8) and (12) we get the required inequality (2).
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Theorem 2. Let all the conditions of theorem 1 be satisfied, and further more l =
(l1, ..., ls), r = (r1, ..., rs)-be an integer non-negative vector with coordinate vectors
lk = (lk,1, ..., lk,nk

), rk = (rk,1, ..., rk,nk
), lk ≥ 0, rk ≥ 0 and supp (lk + rk) ⊃ {ik} for

ik ̸= 0 (k = 1, 2, ..., s), θi ≤ θ1; and also νk,j + lk,j ≥ m0
k,j + N0

k,j (j = 1, 2, ..., nk,

ik = 0), νk,j + lk,j ≥ mik
k,j + N ik

k,j for all ik ̸= 0 (j ̸= ik); νk,j + lk,j < mik
k,j + N ik

k,j

(k = 1, 2, ..., s) i ∈ Q, and the infiniteness of the inetgral expression

Hk,ik(hk, lk) =

=

∫ hk

0


nk∏
j=1

(ak,j(υk))
∑M

λ=1m
ik,λ

k,j βλ−νk,j− 1
pi

+ 1
q
−|lk|

∏
j∈E

N
ik
k

φikk,j (ak,j(υk))


dak,ik(υk)

ak,ik(υk)
,

for ik ̸= 0 be assumed.
Then in the domain G there exist generalized derivatives Dνf , for which the

inequalities

∥Dνf∥
Λ<l,r>
q,θ (G,ψ)

≤ C
∑
i∈Q

(
s∏

k=1

Hk,ik(hk, lk)

)
M∏
λ=1

∥f∥βλ

Λ<mi,λ,Ni,λ>

pλ
i
,θλ

i

(G,φi)
. (13)

are valid.
Proof. For obtaining estimation (13), it suffices to estimate the norm

||∆r
(z
r
,G
)
Dν+lf ||Lq(G).

Similar to inequality (8), we have

||∆r
(z
r
,G
)
Dν+lf ||Lq(G) ≤ C

N∑
µ=1

∑
i∈Q

||∆r
(z
r
,G
)
B̃i,δµ,Gµ+Rδµ

f ||Lq(G), (14)

where B̃i,δµ,Gµ+Rδµ
f are obtained from Bi,δµ,Gµ+Rδµ

f if instead of ν we take ν + l.
As in the proof of theorem 1 we get

||∆r
(z
r
,G
)
B̃i,δµ,Gµ+Rδµ

f ||Lq(G) ≤ C

M∏
λ=1

||∆r
(z
r
,G
)
B̃i,δµ,Gµ+Rδµ

f ||βλ

L
qλ

(G). (15)

Applying the Holder inequality with the exponents α1 =
qλpλi
qλ−pλi

, α2 = qλ, α3 =
pλi
pλi −1

,

we get

||∆r
(z
r
,G
)
B̃i,δµ,Gµ+Rδµ

f ||L
qλ

(G) ≤

≤ C1

s∏
k=1

Hk,ik(hk, lk)||∆
N i
( z

N i
, Gµ +Rδµ

)
Dmi

f ||pλi ,Gµ+Rδµ
.

Substituting this inequality in inequalities (14) and (15), for θi ≤ θ (i ∈ Q), we
get the required inequality.

The theorem is proved.
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