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Nazim A. NEYMATOV

THEOREMS ON INTERPOLATION OF BESOV
TYPE SPACES

Abstract

In the paper, two theorems of Riesz-Torin type are proved for the spaces

N A;"éi"NS(G, ©%), i.e. some properties of functions belonging to intersection
ieQ
of spaces

mi,Ni’ i
ﬂ A;,ei >(G>S0 )
i€Q

are studied from the point of view of imbedding theory.

Introduction. In the paper, two theorems of Riesz-Torin type are proved for
the spaces

N AN (G,
1€Q

i.e. some properties of functions belonging to intersection of spaces

.ﬂQ AN (G (A= 1,2, ..., M)
1€

are studied from the point of view of imbedding theory.

Note that imbedding theorems for the spaces [ A;";Z:’NS(G, ¢") (in the case
i€Q
A = 1) were studied in the paper [8], while the spaces [ A;;n’N>(G) were deter-
i€Q

mined and studied in the papers of A.J. Jabrailov and M.Aliyev. The proof of the
theorem in the considered paper is carried out by the integral representations method
obtained in the paper [6]. The similar theorems for another functional spaces were
proved in the papers [3], [6], [9], [10], [11].

Let @ be a set of all possible vectors ¢ = (iy,...,is), with the coordinates
ir € {0,1,2,....,n} (k = 1,2,...,s), and notice that the number of all possible vec-

S
tors i = (i1,...,1s) € @ equals |Q| = [] (1 + ng),therefore (n+ 1) < |Q| < 2", (n =
k=1

ni,...,ns) and let the vectors m! = (my',...,m%) and N* = (N{',..., N’*) with inte-
ger non-negative coordi'nate—vecto‘rs myf = (s amyl, ). NG :‘(N,?jl, e N
(k=1,2,..,s), ie. m¥ >0, NJ* >0 (k= 1,2,...,8); [m!| = [m{'| +--- + |m¥],

D™if(x) = D;nll e D;"is f(x1,...,x5), and the mixed difference
ANt @)gla) = AN (Dg(a) = AV (1) - AN (8)g(a)

be constructed on the vertices of a polyhedron entirely lying in the domain G' C E,,
otherwise we assume AN (t; G)g(z) = 0.
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Introduce a semi-norm in the space [ A;,TZ%’NZ>(G, ©') (in the special case a
i€Q 7
norm) by the equality

gzt = 8l <

where the sum is taken over all possible vectors i = (iy,...,i5) € Q. Notice that for
any i = (i1,...,15) € Q

0; i
AN (£:G) D™ £() &
Hf”A<mi,Ni>(G ¢z) = ik ? <0
P05 ’ ElENi‘ Hk’GENi HjEE i ¢k,](zk7.7)
M Lpi(c)

if1<6;, <o0o(i€Q),and

T T S
= —
z Rl 4
kEENi j€e iy k.g
Ny

in the case 0; = oo (i € @) it is assumed that

N
ersm HjeENik ¢ij(2k,j)
k

vrat sup

1f ||A§i%i’Ni>(G,¢i) s

|€Ni|
LPi(G')

~ Notice that (for any i = (i1, ...,4s) € Q) the vector function
¢'(t) = (7' (t1), .-, #5 (ts)), with coordinate vector-functions ‘
O () = (d)Zkl(tkl),,gzﬁ;fnk(tknk)) (k = 1,2,..,5), is such that ¢;*;(ty,;) > 0 for
tr; # 0, and ¢Zlfj(tk,j) LOforty; L0 =12..,n) (k=12,..,s), the set
E\am\ = ersm E‘EN%‘ for any
k

E|a i | = %k S Enk; Zkj = 0(] = {1,2,...,nk}\6 7.k) s
Nk Ny,

therewith the set ¢ = suppN,i’“ is a support of the coordinate-vector

Nk
N = (N,i’“l,...,N,zknk), i.e. this is a set of second indices of the coordinates of

a vector for which the corresponding coordinate IV, ;kj # 0, consequently

ENi = {kz €es =11,2,...,s}h € ik # Q)}.

Let H = (Hy,...,Hs), H, > 0(k € es) be positive vector 0 = (01,09, ...,04)
with coordinate-vectors o, = (0k,1,...,0kn,) (k € €5), le. 055 > 0(j = 1,2,...,np,
Tk
k € es), and the vector H = (HY', ..., HJ*), where HJ* = (H ", ...,Hkk’ *) for all
k € es.
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The subdomain 2 C G is said to be a subdomain satisfying the o-semi-horm con-
dition if there exists a vector § = (41, ..., §5) with cordinate vectors 65 = (k1 .-, Ok,n, )
(k € es), therewith d; =1 or 0 j = —1(j =1,2,...,n4, k € e,), for which

4+ Rs(H) =2+ |J {yeR% e <
O<vk§hk

< yk,jék,‘y < c;j (.7 = 1727 ey TS k€ 65)} cG
for all z € Q.
It is said that the domain G € C.(o,H) = C.(H?) satisfies the "strong o-

horn condition” if G C U G, and it holds the condition G C U G e, where
=1

Gue ={y :y € Gy, (y,G\G ) > €}, i.e.the set of points y € GM, dlstant from
G\Gp by p(y,G\G,) > ¢ > 0.

Main results. Let’s prove two theorems of Riesz-Torin type for the functions
from the spaces () A<m1 N> (G, ¢Y).

iEQ 20
By 1 _ %8By ik _ eh g i
Let B}\>O Zﬂ)\—l, i Z f_;lﬁ, mk,j:)\zlﬁkmk,j'

Theorem 1. Let G e Ca (h)) 1<p’\<q)‘<o<> 1<p) <0} <oo(\=
WwM,ieQ); v=(vi,..,vs) be an integer non-negative vector with coordinate-
vectors v = V1, ..., Vi) (K =1,2,...,8), satisfy the condition in the case i, =0,

Vij > m%j —I—Ng’j (G = 1,2,...,n;); in the case iy # 0 vy ; > m;” N““ (j #

i)Wk, < mzkj + N Zk- (j =ix) for all k =1,2,....;s and for any i = (i1, ..., s) €Q

M N .
and f€ N N AimA >(G,<pl).
A=1ieQ Pifi
Further, for each fized © € Q it is assumed the finiteness of the integral expres-

sion

Hy i, (hy) =
hie | A 5 I T i day i, (vy)
= [T tans = ST el (araton) p TEE TS (1)
o |5 oy ki (Vk)

i
k
Nk

as soon as iy # 0 at corresponding k.
Then in the domain G C E, there exist generalized derivatives DY f, and the
following inequalities are valid

1D fllpye) <C (H Hy, i, (hy) ) TLIAI7 e i ) (2)
k=1 ’

ieQ P60
where the sum is taken over all possible vectors i € @ and for some hg = (ho 1, ..., ho,s),
0<hy<hoyr (k=1,2,...,5), C is independent of f and hg, and in the case

Nk

Hio(h) = [ (ans (i) =250 b T o, (s () (3)

j=1 JEEN;?
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Proof. Letf € ML, Mico A5 ™ "2 (G,0) = Micg AT N2 (GLp) —

o P07} P07
A;W;; NG, 1) (A= 1,2, ..., M), then the existence of the generalized derivative

follows from theorem 1 [8], and for almost each point z € G it is valid the integral
representation of differentiable functions f = f(x) with respect to k-th bundle of
variables x = (z1, ..., z5) € E, in the form

D'j(w) = 32 Bisf ), (4)

where the sum is taken over all possible vectors i = (i1, ..., i5) € @, with the coordi-
nate i € {0,1,2,....,n;} (k=1,2,...,5), and

Bisf(xz) = Briys, -+ Bsioo, f (@155 5) (0= (i1, -..,6) € Q).

The integral standing at the right side of equality (4) has the form

h arp\v
Buaf (@) = Aupl) [ 40(0) TT © k(on)

keel Ok (Uk)

d T mi
X /E|6Ni| s (RJZ'E|&NZ-> /n {AN (%) D f(x-l-y)} X

(Y2 dy
XBis (a(-)’ a<‘>> mes(Ry - Ey)’ ©)

where e! = suppi is the support of the vector i = (i,...,is) € @, therefore
el Ces=1{1,2,....s}.

Note that in the integral expressions determined by equalities (5), the following
notation are used:

5! mi -V n mik,—y .
1) Aei(fu) = HkEEi {(—1)| & klck,ik H]’il(ak(vk)) k,j k,j}
P n 0 —UVL 4
2) Acpei(h) = Tlieene {(‘Ulm%ﬂj’“lck,o 1% (ag,j (i)™ ’W}
3) mes <R5 . E|€NZ.|) = ersm mes <R5k : E|€N;k > =

mes <R5k . E8N0|> from i = 0,
/) h
r where i = (i1, ...,15) € @, and

= HkEE i
N mes (R(;k 'E|5Nik ) from iy # 0,
Vi

k
eni = {k € €’; €yic = suppN,i’“ # 0},
k
Notice that the support of the integral representation of differentiable functions
f = f(x), given by equalities (4), (5) is "a(h)-semi-horn”
z + Rs(a(h)) C G,

with a vertex at the point z € F,,.
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The kernel of the integral operator (5) is determined by the equality

oe(2y5)- [T ()

keel

< 1 (I)kwk( k(P ’%?%)) ’

kees\e

for each i = (i1, ...,75) € Q, where

Yk < Yk, Yk,ng > % _ < 21 2k >
ap(vg) a1 (Vi) g, (b)) ag(vk) ap1(Vk) 7 gy, (V)
for v € (0,hi] (k=1,2,...,5s).

Then by means of integral identities (4), (5), we contsruct a set of auxiliary

functions
fv.GutRsn (T) = Z Bi st q+ Ry [ (2), (6)
i=(i1,0.vi5)EQ

determined on all E, and coinciding on corresponding G, + Rsu(a(h)) C G
(p=1,2,...,N) with the function D" f(x).

In (6) the integral operators standing at the right side of these equalities are
determined by the formulae;

dak ’Lk (’Uk) %

Bz 0 ,.Gu+Rsp f( es\ez / A ag (Uk)
ik

i

d 7
) /EsNi mes (RMZ. E‘6N1‘> /En {AN <NZ7G —|—R5u) D™ f($+y)}

y z dy
X P, —_—— | —— 7
o (g atr) st By g
for each i = (i1, ...,i5) € Q and for p=1,2,...,N.
Notice that when the vector N* is a zero vector, for some i € ), instead of the

function
Ni
AN (o

under the integral we have the function

G+ RM) ™ (@ +y) = D™ f(z +y)

X(Gy+ Row)D™ f(z +y),

where X = X (G, + Rse) is a characteristic function of the set G, + Rgn.
The construction of auxiliary functions (6), (7) provides the following cycle of
integral inequalities

N

1D L, < €Y M fvptronllny@) <
pn=1
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N
<cd . Y Bisncurrm flli e (8)

p=1i=(i1,...,i5)€EQ

whence it follows that the proof of the theorem is reduced to estimation of integral
operators (7). On the other hand,

day ;, (vg)

h
1Bio#:GtRon [l Ly(G) < IAes\eil/a [ Aci (O FillLy(c) ) (9)

Fi = Bl ;| mes <Riz, E\ENH) /n {ANi (%’G“ +R5") Dmlf(x +y)} %

(o2 Ay
xPis <a(.)’a(-)> mes(Ror - )’ (10)

Applying the Holder inequality for |F'(z,v)| by the exponents

0 M 1 Mﬁ
=2 =120 (Y —=¢) P =1
Q) ( 9 Ly ey ) ( ay q ay )

45, A=1

we get
1
q

M
10l <€ | [ T] 1RGN ds | <
G A=1

1y Ba

ax

M M
<o ] / |Fi(,0)|da —a[UFa>. a1

Represent the subintegrand function (10) in the form

N ym? p?‘ s A N ym? p.A Yy é_q% s %*
= (18D gl )™ (1aY D™ 11 (oo (1Digl™)*

1 1 1
where — = 1——+ —, apply again for |F;| the Holder inequality with the following
s p q

1+<1 1>+<1 1>_1
o \p s ’

X is a characteristic function of the set S(®;s). Then taking into account (11) in
relation (9), we get

y"‘

exponents

s M
1Byt () < € {H Hk,ik<hk>} LA i )
A=1

G R vt
k=1 Pf‘af’{\ ( pt st50t)

Hence by means of inequalities (8) and (12) we get the required inequality (2).
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Theorem 2. Let all the conditions of theorem 1 be satisfied, and further morel =
(l1, .y ls), 7 = (11, ...,75)-be an integer non-negative vector with coordinate vectors
Iy = (k1 oo legng)s Tk = (Th1s s Thony,)» Ie =0, 7 > 0 and supp (I, + 1) D {ik} for
ik #0 (k=1,2,.. 5)9<01;andalsoukj+lkj2m2j+N,8j (G =1,2,..,ng,

ir=0), vij +lk; > mpk NZ’“ for all iy, #0 (j # ix); l/k,j—i—lk,j<mkj Nzk

(k=1,2,....,8) i € Q, and the mﬁmteness of the inetgral expression

Hy i, (hig, ly) =

& = 141 . d .
:/ 1_[(6%,;'(%))ZA Vit Bawn =g gl [T ¢ (ars(on) M
0 |= ier ag,ir, (Vi)

i
Ny

for ix # 0 be assumed.
Then in the domain G there exist generalized derivatives DY f, for which the
inequalities

| D” fHA<l "> (G) < CZ (H Hy, Zk (Ps L ) H HfHBanA N, A> o) (13)
ZEQ Ae)\

are valid.
Proof. For obtaining estimation (13), it suffices to estimate the norm

17 (2,6) D" £l 0.

Similar to inequality (8), we have

17 (2,6) D" £l 0 <cZZHN( G) Biy Gimn Ly (14)

n=1ieQ

where Ewu,guﬂgwf are obtained from B;su ¢, +Rs, [ if instead of v we take v + 1.
As in the proof of theorem 1 we get

M
r z ~ r z n B
A (;,G) Bi st cutrsn fllLg@) < C}:[ 1A (;’G> Biﬁ“’Gquwa”LZA(G)‘ (15)

Applying the Holder inequality with the exponents a; =
we get
Z ~
[|A" (;, G) Bist GutrsufllL (@) <

z

<Ci H Hi iy (b, 1) || AN (ﬁv
k=1

G/J + RE“) szf‘ |p£‘7GH+R5u :
Substituting this inequality in inequalities (14) and (15), for 6; < 0 (i € Q), we
get the required inequality.
The theorem is proved.
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