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MARCINKIEWICZ INTEGRAL ON GENERALIZED
WEIGHTED MORREY SPACES

Abstract

In this paper, we study the boundedness of the Marcinkiewicz operators piq
and their commutators p, o on generalized weighted Morrey spaces M, ,(w).
We find the sufficient conditions on the pair (1, py) with w € A,(R™) which
ensures the boundedness of the operators ugq from one generalized weighted Mor-
rey space My, (w) to another M, ,, (w) for 1 < p < oco. In all cases the condi-
tions for the boundedness of the operator g, is given in terms of Zygmund-type
integral inequalities on (py,ps) and w, which do not assume any assumption
on monotonicity of @, (x,1), wo(x,r) in r.

1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [27] to study
the local behavior of solutions to second order elliptic partial differential equations.
For the properties and applications of classical Morrey spaces, we refer the read-
ers to [12, 13, 17, 27]. Recently, Komori and Shirai [24] considered the weighted
Morrey spaces LP*(w) and studied the boundedness of some classical operators
such as the Hardy-Littlewood maximal operator, the Calderén-Zygmund operator
on these spaces. Also, Guliyev [18] introduced the generalized weighted Morrey
spaces M, ,(w) and studied the boundedness of the classical operators and its com-
mutators in this spaces M, ,(w), see also Guliyev et al [18, 21, 23].

Let S"~! = {x € R" : |z| = 1} is the unit sphere of R" (n > 2) equipped with the
normalized Lebesgue measure do = do(z’). Suppose that € satisfies the following
conditions.

(i) € is a homogeneous function of degree zero on R™. That is,

Qtr) = Q(z) (1)

forall £ >0 and x € R".
(ii) € has mean zero on S"~!. That is,

/ Q' )do(2!) = 0, (2)
Sn—l

where 2’ = z/|z| for any x # 0.
The Marcinkiewicz integral operator of higher dimension ug is defined by

o)) = ([ rFQ,t<f><x>Pf§)1/2,
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where

Fouw)= [ 2=y

eyt [T — g f(y)dy.

It is well known that the Littlewood-Paley g-function is a very important tool in
harmonic analysis and the Marcinkiewicz integral is essentially a Littlewood-Paley
g-function. In this paper, we will also consider the com- mutator g, ;, which is given

by the following expression

() 1/2
onf@) = ([ 1R 0PE)

Y () = /| U ZY) 1y ()] ().

z—y|<t |.%' - y|n—1
On the other hand, the study of Schrédinger operator L = —A 4 V' recently
attracted much attention. In particular, Shen [29] considered Lp estimates for

where

Schrédinger operators L with certain potentials which include Schrodinger Riesz
transforms RJL = a%jL_%, j = 1,...,n. Then, Dziubanniski and Zienkiewicz [11]
introduced the Hardy type space Hi (R™) associated with the Schrédinger operator
L, which is larger than the classical Hardy space H!(R").

Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz
functions ;o associated with the Schrédinger operator L by

phof(z) = /0 h

where KJL(aj,y) = KJL(:L‘,y)|a: — y| and /Igjz(aj,y) is the kernel of R; = %L‘é,

2 1/2

dt
[ Jee-nisteniwa) &)
T—Y|>

j=1,...,n. In particular, when V =0, KjA(x,y) = K]-A(a:,y)|a; —y| = %

and Kf(x,y) is the kernel of R; = %Afé, j=1,...,n. In this paper, we write
Kj(z,y) = K2 (x,y) and

:uj,Qf(w) = /OOO

Let f € LP¢(R™). The maximal operator with rough kernel Mg, is defined by

9 1/2
dt
3

/| ot = I ) )y

Mof(@) = sup B0 [ j0 = y)]17)ldy
t>0 B(z,t)

It is obvious that when 2 = 1, Mg is the Hardy-Littlewood maximal operator M.
Obviously, p; o are classical Marcinkiewicz functions with rough kernel. Therefore,
it will be an interesting thing to study the property of MJLQ The main purpose of
this paper is to show that Marcinkiewicz operators with rough kernel associated with
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Schrédinger operators ,uﬁﬂ, j=1,...,n are bounded from one generalized weighted

Morrey space My, (w) to another M, ,, (w) for Q € Loo(S" ) and 1 < p < oc.

2.Preliminaries

We say that Q € Lip,(S"!), 0 < a < 1 if there exists a constant C' > 0 such
that |Q(z") — Q)| < Clz’ — /|« for all 2,y € S"~L.

The operator ug was first defined by Stein [31]. And Stein proved that if is
continuous and satisfies a Lip, (S™ 1)(0 < a < 1) condition, then p(, is an operator
of type (p,p) (1 < p < 2) and of weak type (1,1). In [4], Benedek, Calderén and
Panzone proved that if Q € C1(S"71), then ug is bounded on L,(R™) for 1 < p < oo.
The L, boundedness of s, has been studied extensively. See [4, 22, 31, 32], among
others. A survey of past studies can be found in [6]. Ding, Fan and Pan [7] proved
the weighted L, (R"™) boundedness with A, weighs for a class of rough Marcinkiewicz
integrals. Recently, Ding, Fan and Pan [8] improved the results mentioned above
and showed that if Q € H'(S"™1), the Hardy space on the unit sphere, then g, is
still a bounded operator on L,(R") for 1 < p < oco. In [33], Xu, Chen and Ying
proved the same result as [8] using a different method.

Theorem 2.1. ([10]) Suppose that Q be satisfies the conditions (1) and Q €
Loo(S™1). Then for every 1 < p < oo and w € Ay(R"), there is a constant C
independent of f such that

”MQ(f)HLp,w S CHfHLp,w'

Theorem 2.2. ([7]) Suppose that Q be satisfies the conditions (1), (2) and
Q € Loo(S™ ). Then for every 1 < p < co and w € A,(R™), there is a constant C
independent of f such that

HMQ(f)HLp,w S CHf”Lp,w

Note that a nonnegative locally L, integrable function V(z) on R” is said to
belong to B, (1 < ¢ < oo) if there exists C' > 0 such that the reverse Holder

inequality
1 1/q )

holds for every ball z € R™ and r > 0, where B(x,r) denotes the open ball centered
at = with radius r; see [29]. It is worth pointing out that the B, class is that, if
V € B, for some ¢ > 1, then there exists ¢ > 0, which depends only n and the
constant C' in (3), such that V' € By,.. Throughout this paper, we always assume
that 0 £V € B,,.

We will use the following statement on the boundedness of the weighted Hardy
operator

Hg(t) := /toog(s)w(s)ds, 0<t< oo,
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where w is a weight.

The following theorem in the case w = 1 was proved in [5].

Theorem 2.3. Let vy, vy and w be weights on (0,00) and vi(t) be bounded
outside a neighborhood of the origin. The inequality

ess sup va(t)H,g(t) < Cess sup vy (t)g(t) (4)
>0 >0

holds for some C' > 0 for all non-negative and non-decreasing g on (0,00) if and

only if

oo
d
B :=ess supvg(t)/ _wis)ds < 0. (5)
>0 ; esssupvi(T)
s<T<00

Moreover, the value C' = B is the best constant for (4).
1
Remark 2.4. In (4) and (5) it is assumed that — =0 and 0 - co = 0.
00
By A < B we mean that A < C'B with some positive constant C' independent of

appropriate quantities. If A < B and B < A, we write A = B and say that A and
B are equivalent.

3. Generalized weighted Morrey spaces

The classical Morrey spaces M,  were originally introduced by Morrey in [27]
to study the local behavior of solutions to second order elliptic partial differential
equations. For the properties and applications of classical Morrey spaces, we refer
the readers to [15, 25].

We denote by M,y = M, \(R") the Morrey space, the space of all functions
f € L¢(R™) with finite quasinorm

2
||f”MP7A=x€I§}}p 2| fllL,B@r)

, >0

where 1 <p<oocand 0 < X\ < n.

Note that M,o = L,(R") and M,, = Lo(R"). If A < 0 or A > n, then
M, » = ©, where © is the set of all functions equivalent to 0 on R".

We recall that a weight function w is in the Muckenhoupt’s class A,(R™) [28],
1 <p<oo,if

(w]a, : = S%p[w]Ap(B)

capy o) (G frores

where the sup is taken with respect to all the balls B and % + % = 1. Note that, for
all balls B by Holder’s inequality

1 — 1 _
[w]A/:(B) = |B| 1HwHL/1’EB) [Jw 1/pHLp/(B) > 1L (7)

For p = 1, the class A; is defined by the condition Mw(z) < Cw(x) with [w]a, =

Muw(x) _ ny _ n _
:cseuﬂgl w@a) o and for p = oo Aco(R™) = Uy <peoo Ap(R™) and [w]a,, = 1§1;1<foo[w]14p.
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Definition 3.1. Let ¢(x,r) be a positive measurable function on R™ x (0,00)
and 1 < p < oo. We denote by M, , = M, ,(R") the generalized Morrey space, the
space of all functions f € L},OC(]R”) with finite quasinorm

_1
£ty = sup (e, )" B, )| 7 | fllL, B
zeR™,r>0
Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all
functions f € WL;)OC(]R”) for which

_1
Ifllwa,, = sup  @(x,r) " [B(z,r)| "7 | fllwe,Bar) < o0
zeR™,r>0
where W L, (B(x,r)) denotes the weak Ly-space consisting of all measurable functions
f for which

I lw LB = 1 X0, lwe, @ < oo

Also the spaces L;OC(R") and WL},OC(]R”) endowed with the natural topology are de-
fined as the set of all functions f such that fx, € Ly(R") and fx, € WL,(R") for
all balls B C R™, respectively.

According to this definition, we recover the space M,  under the choice p(z,r) =
A=n

ror o

My = My >z,
plar)=r7

WM, = WMZW’ .
e(z,r)=r P

We define the generalized weighed Morrey spaces as follows.

Definition 3.2. Let 1 < p < o0, ¢ be a positive measurable function on
R™ x (0,00) and w be non-negative measurable function on R™. We denote by
M, o(w) the generalized weighted Morrey space, the space of all functions f €
L;)?SU(R”) with finite norm

1
10y ) = sup (@, r) " w(B(@,r) 7 | fllL, . (Br)
z€R™ r>0
where Ly, (B(z,r)) denotes the weighted L,-space of measurable functions f for
which

1
P
1w (B = 1 X000 1w @) = (/B( \f(y)\pw(y)dy> :

z,r)
Furthermore, by WM, ,(w) we denote the weak generalized weighted Morrey
space of all functions f € WLPS (R") for which

_1
1 fllw s, (w) = G]Egpww(%?“)_lw(B(%T)) PN W L (B < 00
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where WL, ,(B(z,r)) denotes the weak Ly .,-space of measurable functions f for
which

P
W lwe, wB@)) = 1X,. WL, ..@e) =supt (/ w(y)dy> :
pou(Ber) s IWEnw @D =0\ S yeB@n: 11>t

Remark 3.3. (1) If w =1, then M, (1) = M, is the generalized Morrey
space. .

(2) If o(z,r) =w(B(x,r)) 7 , then My (w) = Ly (w) is the weighted Morrey
space.

(3) If p(z,r) = v(B(w,r))%w(B(:v, 7’))7%, then M, ,(w) = L, (v, w) is the two
weighted Morrey space.

(4) Ifw=1and p(z,r) = PP with 0 < A < n, then M, ,(w) = L, \(R") is
the classical Morrey space and WM, ,(w) = WL, »(R") is the weak Morrey space.

(5) If p(x,r) = w(B(a:,r))_%, then M, (w) = Lp,(R") is the weighted
Lebesgue space.

Suppose that T represents a linear or a sublinear operator, which satisfies that
for any f € Li(R™) with compact support and = ¢ suppf

ITf(2)] < co / v =y |£()\dy, (8)
Rn

where ¢g is independent of f and z.

We point out that the condition (8) was first introduced by Soria and Weiss
in [30]. The condition (8) are satisfied by many interesting operators in harmonic
analysis, such as the Calderén-Zygmund operators, Carleson’s maximal operator,
Hardy—Littlewood maximal operator, C. Fefferman’s singular multipliers, R. Feffer-
man’s singular integrals, Ricci-Stein’s oscillatory singular integrals, the Bochner—
Riesz means and so on (see [26], [30] for details).

The following statement, was proved in [23], see also [18, 21].

Theorem 3.4. Let 1 <p < oo, w e Ay and (py,py) satisfy the condition

fereco — < 0902(‘%77”)7 (9)

/Oo ess inf801($77)w(3($77))% dt
r w(B(l‘,t))% b

where C does not depend on x and r. LetT be a sublinear operator satisfying condi-
tion (8) bounded on Ly ,(R™) for p > 1, and bounded from Ly ,,(R™) to W Ly ,,(R™).
Then the operator T is bounded from My , (w) to My, (w) for p > 1 and from
My, (w) to WMy, (w).

The following statement, was proved in [21], see also [18].

Note that, in the case w = 1 Theorem 3.4 was proved in [19] and for the opera-
tors M and K in [1].
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4. Marcinkiewicz operator s in the spaces M, ,(w)
Lemma 4.1.Suppose that §) be satisfies the conditions (1), (2) and Q2 € Loo(S™71).
Then for every 1 < p < oo and w € Ap(R™) the inequality

1 [ _1dt
”:U’Q(f)HLp,w(B(xo,r)) S w(B(l'o,T))P/ HfHLp,w(B(xo,t))w(B(xOﬂt)) P 7

2r

holds for any ball B(xo,r), and for all f € L;,O’fv(R”).
Proof. Let (2 be satisfies the conditions (1), (2) and € Lo, (S™1).

For arbitrary o € R™, set B = B(xg,r) for the ball centered at 2y and of radius
r, 2B = B(xg, 2r). We represent f as

f=h+te Aly)=FWxaW), foly) =Wxeyy @), r>0  (10)
and have
I z,.08) < lra(fillz,..B) + lra(f)lL,..8)-

Since fi € Lpw(R™), po (fi) € Lpw(R™) and from the boundedness of pq in
L, (R™) for w € A,(R™) (see Theorem 2.2) it follows that

1
e (F) L wmy < llig (F) N, W@y S 120 c(sn-) [w]R, I1f1llL,. @)
1
~ 1 Lo sy (w4, 11112y (2) -

It’s clear that € B, y € C(2B) implies £|zg — y| < |z —y| < 3|z — y[. Then by
the Minkowski inequality and conditions on €2, we get

|zg — y|™

By Fubini’s theorem we have

26— Il ) -
/3(2]3) |zg — y|™ dy’\'ﬁ Qz = )| [f (W) |tn+1dy

|z—y

— dy——

dt
< 19501 / / (1) ldyor
Z'(),

By applying Hélder’s inequality for w € A,(R™), we get

12z —y)[ /()] > i@t
/’(23) dy < 19z — )| Lo (B(zo,t)) 1|21 (B(o.t)) ol

|$0 - y|n 2r

dt

S sy /2 1 £11 2y 0 (B(zo,)) Hw_l/pHLp/(B(a:o,t)) pres

1 > 1 dt
S 19 Lo (sm-1y [W]ﬁp/ £ 2.0 (Bat)) w(B(z0,t)) pIB(:vo,t)ltnﬁ

2r
1 oo Ldt
190 0, | 1, wiaenoyo(Blan )7 5. (1)
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Moreover, for all p € (1,00) the inequality

dt

B =
Sl

e (f2) 2p.0B) S QU Lo (571 [w]ipw(B) /2 1 £1 2 (B(zo,t)) w(B(z0,t))

is valid. Thus
1
ey S 190 zcqsnsy bl (1112, e
1 _1dt
W B [ 18wt (Bl 1) ).

On the other hand,

Hﬂ%mm%WWN%me

r

> dt
tn-i-l

- o0 dt
~ |B‘ . ||f||Lp,w(B($()7t ) tnt+l
r

L dt
SwB) o Pl [ 170 ise00

1) n+1 tn+1

1 o0 _ /p dt
Sw(B)r , 1 £11 2w (B(zo,t)) W HLP/(B(aso,t))W

: 1 _1dt
S ol 0B [ 11y e w(Blan, )5 5

Thus

RSl

1 © _1dt
e (L) S 19 Lo (sn-1) W]} w(B) 1 F Ly o (Bao,t)) W(B (w0, ) 7 —.
P 9 t

T

Thus we complete the proof of Lemma 4.1.

Theorem 4.2. Suppose that Q be satisfies the conditions (1), (2) and Q €
Loo(S™ Y. Let also, 1 < p < 0o, w € Ap(R™) and the pair (¢q,ps) satisfy the
condition (9). Then the operator pg is bounded from M, , (w) to My, (w) for
p > 1. Moreover

i)ty < 1t )

1

Proof. By Lemma 4.1 and Theorem 2.3 with v1(r) = ¢, (z,7) " w(B(x,t)) " »,
1
va(r) = py(x,7)~ and w(r) = w(B(x,t))” » we have for p > 1

_1
k(2.0 (w) = €§3p>0<ﬂ2(9€77“)_1w(3($77")) P o ()| Ly w(Bar))

A

sup %wm*/|w%wmm<mmmi

z€R™ r>0

_1
sup gy (,7) "t w(B(,7)) 7 | fllL, . Bl
z€R™ r>0

dt
t

N

= 121y, (w)-

Remark 4.3. Note that, in the case w = 1 the boundedness of the parametric
Marcinkiewicz operator on generalized Morrey spaces were study in [20].
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5. Marcinkiewicz operator p} in the spaces M, ,(w)
In this section, we prove the boundedness of the Marcinkiewicz operator ,uJL on
M, ,(w) spaces. For x € R", the function my () is defined by

1
p(z) =sup{r: _2/ Vi(y)dy <1,.
>0 r7 B(x,r)

Lemma 5.1. [29] Let V € B, with ¢ > n/2. Then there exists lo > 0 such that

Ly 2=\ pv) 1z — /o)
C(1+ () ) Sp(z)§0(1+ () ) )

In particular, p(x) = p(y), if |z —y| < Cp(x).
Lemma 5.2. [29] Let V € B, with ¢ > n/2. For anyl > 0, there exists C; > 0
such that

] < e
(1+89)
and .
KHa) - Ko —)| < ¢ 200

The following theorem in the case w = 1 was proved in [2].

Theorem 5.3. Suppose that Q € Lo (S™1) satisfies the conditions (1), (2) and
V € B,,. Then for every w € A,(R™) there is a constant C independent of f such
that

In the proof of the Theorem 5.3 the validity of the following inequality is proved
il f(@) < pyaf(@) + CMof(z),ae. v €R".

Note that the operators Mg and p; o which are sublinear operators satisfies the
condition (8) and bounded on L, ,,(R"™) for p > 1. Statements of the Lemma 4.1
for the operators Mg and p; o is provided. Then we get that the statements of the
Lemma, 4.1 also true for the operators uﬁg, j=1,...,n . From Lemma 4.1 and
Theorem 5.3 the following corollary is obtained.

Corollary 5.4.Suppose that 2 € Lo (S"!) satisfies the conditions (1), (2) and
V € By,. Then for every w € A,(R™) the inequality

dt
t

3 =
SE

150 2y (Blzor)) S w(B(wo,7)) /2 1 F11 2.0 (Bao,t)) W(B(wo,t)) ™

holds for any ball B(xo,r), and for all f € L;)?;(R”).

Corollary 5.5.Suppose that Q € Lo (S™ 1) satisfies the conditions (1), (2) and
V € By,. Let also, for w € A,(R™) the pair (1, pq) satisfies the condition (9). Then
the operator Mﬁg is bounded from My , (w) to My, (w) for p > 1. Moreover

5 o) Ity ) S N0ty ()
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