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MATHEMATICS

Gulsum A. AGAYEVA

ON THE EXISTENCE AND UNIQUENESS OF THE
GENERALIZED SOLUTION OF A BOUNDARY
VALUE PROBLEM FOR SECOND ORDER
OPERATOR- DIFFERENTIAL EQUATIONS

Abstract

In the paper, the sufficient conditions providing the existence and uniqueness
of a boundary value problem on a finite interval for elliptic type, second order
operator- differential equations with variable coefficients are obtained. These
conditions were expressed by the properties of operator coefficients of the equa-
tions.

In a separable Hilbert space H consider the boundary value problem
P(d/dt)u(t) = —u" (t) + p(t) A%u (t) +

FAL () (5) + Ag () () = £ (), ¢ € (0.) (1)
w(0) =0, u(T)=0, (2)

where f (t),u (t) are the functions determined almost everywhere in (0,7) and the
operator coefficients satisfy the conditions:

1) A is a positive-definite self —adjoint operator in H with domain of definition
D (A);

2) p(t) is a measurable, bounded function in (0,7") and 0 < o < p (t) < B < 00;

3) A (t), Ay (t)are linear operators for t € (0,7), and A; (t) has a strongly con-
tinuous derivative, the operators By (t) = Ay (t) A7, Cy(t) = A71A} () A1 and
By (t) = A~1 A5 (t) A~ are bounded in H, moreover

sup | By ()] + sup ||Cy (t)][+ sup [ Bz (t)[| < const.
te(0,T) te(0,7) te(0,T)

Denote by Lo ((0,7) : H) a Hilbert space of functions f (t) determined almost

everywhere in (0,7) , with the values in H, quadratically integrable by Bochner, for

which
1/2

T
I ooy = | [ 15 ®IF at
0
For m = 1, m = 2 determine the Hilbert spaces [1]

W ((0,T) : H) = {u(t) ™ € Ly ((0,T) : H), A™u € Ly ((0,T) : H)}



Transactions of NAS of Azerbaijan

4
[G.A.Agayeva]
with the norm

2 . ) 1/2
Iy uHLg((o,T):HQ

_ (m)
ullwyr o.ry:21) = (Hu " ‘ La((0.1):H)

In what follows denote by D ([0,7]: Hy1) a linear set of infinitely differentiable in
[0,T] vector- functions with the values in H, where
H,=D(A), (x,y)H1 = (Azx, Ay)
and .
D([0,7): Hi)={u:ue D(0,T]: Hi),u(0) =u(T) =0}.
Note that D ([0,7]: H1) and D ([0,7]: H;) are everywhere dense in the spaces
o1
W ((0,T): H) and W, ((0,T) : H), respectively [1], where

e}

W3((0,7): H)={ueW;((0,7): H),u(0) =u(T)=0}.
Denote by
Py (d/dt)u = —u"(t) + p (t) A%u (t), Py (d/dt)u(t) =
= Ay () (t) + A% (t)u(t).

At first prove the following
Lemma. Let conditions 1) -3) be fulfilled. Then the bilinear function

P (u, ) = (Po (d/dt) u, ) 1,0,y + (P1L(d/db) w, ) 10,0

determined for all functions u,v € D ([0,T] : H1) continues by continuity on the
space W((0,T): H)y@® W4 ((0,T): H) to the bilinear functional

P(an):ﬁo(uaw)"‘ﬁ(uﬂﬁ),

where

~ VY 1/2 1/2
Po(uaw)—(“’¢)L2((07T)!H)+(p Au, p Aw)Lz((o,T):HY

Py (u, ) = — (Al () ', wl) Lo((0,T):H) — (All (t) u, ¢) Lo((0,1):H) T
+ (A2 (O) w, V) 1, 0,1): 1)
Proof. Let wu,v € ]3 ([0,T] : Hy1).Then integrating by parts, we get
(Po (d/dt) u, ), 0.y = =W ) L0101+
2
+ (0 () A% ) L omymn) =
= (u,¥") 1, (0,1):1) + (PWAU, 01/2141/1) ;

La((0,7):H)
(Pr(d/dt) u, ) yo,ryery = — (AL () ) ) 0.myey —
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- (A,l (t) u, ¢)L2((O,T):H) + (A2 (t) u, w)Lg((O,T):H) :
Then
(Po (d/dt) w, ¥) 1, o.1):1) < HUIHLQ((O,T):H) ' leuLz((O,T):H) +

B[ Aull 1y 0.7y 1) * 1AV Ly 0,7):11) <

< const - HU‘|W21((0,T);H) ) ‘WHWQl((O,T);H) ) (3)
(Pr(d/dt) u, ¥) 0,10 < ‘(Bl (t) Au, ¢)L2((0,T);H)‘ +
+|(C1 () A, A) 1y 0 )| + |(B (8) A, 4%) 0.0 | <

< sup ||B1 (t)H : ||AU||L2((0,T):H) ’ |’¢,HW21((O,T):H) +

+ sup |[|Cy (8)]]- HAu”Lg((O,T):H) ) ||A¢HL2((0,T):H) +
te(0,T)

+ sup |[|Bz (3)]| - HAUHLZ((O,T):H) ) HAwHLQ((O,T):H) <
te(0,7)

< const - [ullwyorym  [¥llwp oy (4)

Then statement of the lemma follows from the density of D ([0,7]: Hy) in
Wi ((0,7): H) and from inequalities 3), 4).
Definition. If the function u € W1 ((0,T) : H) satisfies the identity (ﬁu, ¢) =

(fs0) ooy for any ¥ € I/%/% ((0,T): H), it is called a generalized solution
of problem (1) (2).

In this paper we’ll indicate sufficient conditions on the coefficients of equation
(1) that ensure the existence and uniqueness of the generalized solution of problem
(1) (2). Note that similar problems in a half-space were studied for instance in the
papers [2- 4], in the finite interval in [5,6]

It holds the following

Theorem 1. Let conditions 1) and 2) be fulfilled. Then for any f €
Ly ((0,T) : H) there ewists a unique function u(t) € W3 ((0,T): H) that satis-
fies the equation Py (d/dt)u = —u" (t) + p(t) A%u(t) = f(t), t € (0,T) almost
everywhere in (0,T) and the boundary condition u (0) = u (T) = 0.

Proof. Determine the operator Py in L2 ((0,7") : H) generated by the differen-
tial expression Py(d/dt) with domain of definition

D(Py)={u:ue Wi ((0,T): H),u(0)=1u'(0)}.

Obviously, Py is a self- adjoint operator in Lo ((0,7") : H) . On the hand, for any
u € D (P) it holds the relation

(Pow, w) Ly ((0,1): 1) = — (u”’u)Lg((O,T):H) +(p (1) Azu’u)Lz((O,T):H) =
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2 1/2 1/2 2 2
= HU/HLQ((O,T):H) + (p / Au, p / A¢)L2((O,T):H) > oy HUHLZ((O,T)tH)7

where (i, is the lower bound of the spectrum of the operator A. Thus the operator
Py is a positive-definite self-adjoint operator in Lo ((0,7) : H). Then the equation
Pyu = f has a unique solution u € D (Py) for any f € Lo ((0,7) : H). Hence it
follows the statement of the theorem.

Corollary. The solution of the equation Pyu = f satisfied the relation

(ﬁou,zb) = ([s¥) Ly 0,0):m) -

Indeed, w € W2 ((0,T) : H) and

~ oy 1/2 1/2 —
Po(“aw—(“vw)Lg((o,TrH)Jr(p Ausp AU)LQ((O,T):H>_

= (_“// + PA2“’¢)L2((0,T):H) = (fvw)Lz((O,T):H) :
now prove the main theorem.
Theorem 2. Let conditions 1)-3) be fulfilled and it hold the inequality

1 .
¢ =5 sup [|B1(®)] + ( sup [|Cy (1) + sup Bz (t)||> < min (1, a).
te(0,T) t€(0,T) t€(0,T)

Then problem(1),(2) has a unique regular solution for any f € Lo ((0,T) : H)
Proof. Let ¢ € D([0,T]: Hy) . Then

(o) = (o) o (Pes) > (o) - | (o)

(Bo) = 1101y + || 240

La((0,7):H) —

> H@Z} HLQ( H) ta HA¢HL2((0,T):H)

and (see the proof of the lemma )

‘(ﬁﬂﬂ, ¢>‘ < ’(Al (t) ¢, ¢/)L2((07T):H)‘ + ’(All (t) ¢’¢)L2((0,T):H)‘ T

+ )(A2 (t) %W)LQ((QT):H)’ < Sl;p ”Bl (t)H : ”AwHLQ(((LT):H) ’ Hw/HLZ((O,T):H) +

sup ICy (DI - 1A% 12, (0 2y:11) + sup B2 () - |G, 0.1y <
1
< 530 1By - (1491, iy + 19 0an) +
+ (sup a1+ sup B2 0] ) 4% <

< (oo 12 @l +swpllcs 01+ 132 01 »
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X WH%I/;((O,T):H) <q H¢H?/V§((O,T):H)7
then
P, v | > [/ +all Ay -
1% < Lo((0,T):H) Lo((0,7):H)

—q WH%[/;((O,T);H) > (min(1, o) — q) WH%A/;((O,T);H) .

Thus, for ¢ € W((0,T): H) (P.v) = Clels oy i-e the bilinear
form is positive-definite . Now look for the generalized solution « (t) in the form of
u (t) = up (t)+u (t), where u; (t) € VCI)/% ((0,T) : H) is a still unknown function, and
up (t) is the solution of the equation Pyu = f from theorem 1.Then using corollary
(1) with respect to uj, we get the relation

(150 (up + uq) ,w) + (E (up + uq) ,711) = (f,v¢)

or

(ﬁOth) + Py (u, ) = — (]31U0a¢) (5)
As the right side is a linear functional with respect to v, and taking into account
that (Pw,zb) > C ||¢||12,V21((07T):H), by applying the Lax-Milgram theorem we get

that there exists a unique function uj (t) € W1 ((0,7) : H) that satisfies relation
(5). Then the function ug (t)+uy (t) will be a unique generalized solution of problem
(1), (2).

The theorem is proved.
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