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Elnur H. KHALILOV

ON DIRECT VALUE OF THE DERIVATIVE OF AN

ACOUSTIC SINGLE LAYER POTENTIAL

Abstract

In the paper, the existence of the direct value of the acoustic single layer

potential is proved.

It is known that some problems of physics and mechanics are reduced to the

system of singular integral equations dependent on direct values of the derivative of

the acoustic single layer potential (see [1])

υ (x) =

∫
S

gradxΦk (x, y) · ρ (y) dSy, x ∈ S, (1)

where S ⊂ R3 is the Lyapunov surface with the exponent α, n⃗ (y) is the external

unit normal at the point y ∈ S, Φk (x, y) =
exp(ik|x−y|)

4π|x−y| is the fundamental solution

of the Helmholts equation, k is a wave number, moreover Im k ≥ 0, and ρ (y) is a

continuous function on the surface S.

The counterexamples constructed by Gunther show that for a single layer poten-

tial with continuous density, the derivatives, generally speaking, don’t exist. How-

ever, it is proved in the paper [1] that if S is a twice differentiable surface, and

ρ ∈ Cβ (Cβ is a space of functions satisfying the Holder condition with the expo-

nent β ∈ (0, 1]), then integral (1) exists in the sense of the Cauchy principal value.

But as is seen the conditions imposed on the surface S and on the density ρ (x)

are rather hard, therefore there appears interest to the proof of the convergence of

integral (1) in the sense of the Cauchy principal value under weakened conditions,

and our paper is devoted to this issue.

For the function φ (x) continuous on the surface S we introduce a modulus of

continuity in the form ω (φ, δ) = δ · sup
τ≥δ

ω(φ,τ)
τ , δ > 0, where

ω (φ, τ) = max
|x−y|≤τ

x,y∈S

|φ (x)− φ (y)| .

Theorem. Let S be a Lyapunov surface with the exponent 0 < α ≤ 1 and
diamS∫

0

ω(ρ,t)
t dt < +∞. Then integral (1) exists in the sense of the Cauchy principal

value, and

sup
x∈S

|υ (x)| ≤ M∗) ·

∥ρ∥∞ +

diamS∫
0

ω (ρ, t)

t
dt

 . (2)
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Proof. Let υ (x) = (υ1 (x) , υ2 (x) , υ3 (x)), where

υm (x) =

∫
S

∂Φk (x, y)

∂xm
· ρ (y) dSy, x ∈ S (m = 1, 2, 3) .

It is easy to calculate

υm (x) = (1− ik) ·
∫
S

(exp (ik |x− y|)− 1) · (ym − xm)

|x− y|3
· ρ (y) dSy+

+(1− ik) ·
∫
S

ym − xm

|x− y|3
ρ (y) dSy, x ∈ S (m = 1, 2, 3) . (3)

Since ∣∣∣∣(exp (ik |x− y|)− 1) · (ym − xm)

|x− y|3

∣∣∣∣ ≤ M

|x− y|
,

the integral ∫
S

(exp (ik |x− y|)− 1) · (ym − xm)

|x− y|3
· ρ (y) dSy

converges as improper one, and∣∣∣∣∣∣
∫
S

(exp (ik |x− y|)− 1) · (ym − xm)

|x− y|3
· ρ (y) dSy

∣∣∣∣∣∣ ≤
≤ M · ∥ρ∥∞ , ∀x ∈ S (m = 1, 2, 3) . (4)

Denote by d > 0 the radius of a standard sphere for S (see [3]). Then for any

point x ∈ S the vicinity Sd (x) = {y ∈ S ||y − x | < d} intersects the straight line

parallel to the normal n⃗ (x), at a unique point, or don’t intersect at all, i.e. the

set Sd (x) is uniquely projected onto the set Ωd (x) lying in the circle of radius d

centered at the point x in the tangential plane Γ (x) to S at the point x. On the

piece Sd (x) we choose a local rectangular system of coordinates (u, v, w) with the

origin at the point x where we direct the axis w along the normal n⃗ (x), and the

axes u and v lie in the tangential plane Γ (x). Then in these coordinates the vicinity

Sd (x) may be given by the equation w = f (u, v), (u, v) ∈ Ωd (x), moreover

f ∈ C1,α (Ωd (x)) and f (0, 0) = 0,
∂f (0, 0)

∂u
= 0,

∂f (0, 0)

∂v
= 0.

Furthermore, if ỹ ∈ Γ (x) is the projection of the point y ∈ S, then (see [4])

|x− ỹ| ≤ |x− y| ≤ C1 · |x− ỹ| ,

where C1 is a positive constant dependent only on S (for the sphere C1 =
√
2).

Obviously, ∫
S

ym − xm

|x− y|3
· ρ (y) dSy =

∫
S\Sd(x)

ym − xm

|x− y|3
· ρ (y) dSy+
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+

∫
Sd(x)

ym − xm

|x− y|3
· (ρ (y)− ρ (x)) dSy+

+ρ (x) ·
∫

Sd(x)

ym − xm

|x− y|3
dSy, x ∈ S (m = 1, 2, 3) .

The integral
∫

S\Sd(x)

ym−xm

|x−y|3 · ρ (y) dSy exists as proper one, and

∣∣∣∣∣∣∣
∫

S\Sd(x)

ym − xm

|x− y|3
· ρ (y) dSy

∣∣∣∣∣∣∣ ≤ M · ∥ρ∥∞ , ∀x ∈ S (m = 1, 2, 3) . (5)

Furthermore, passing to the double integral, we have:∣∣∣∣∣∣∣
∫

S\Sd(x)

ym − xm

|x− y|3
· (ρ (y)− ρ (x)) dSy

∣∣∣∣∣∣∣ ≤
∫

S\Sd(x)

|ρ (y)− ρ (x)|
|x− y|2

dSy ≤

≤ M ·
diamS∫

0

ω (ρ, t)

t
dt < +∞, ∀x ∈ S (m = 1, 2, 3) . (6)

It remains to prove that the integral
∫

Sd(x)

ym−xm

|x−y|3 dSy (m = 1, 2, 3) exists in the

sense of the Cauchy principal value. Let d0 = d/C1 and Od0 =
{
u2 + v2 < d0

}
⊂

Γ (x) (obviously, Od0 ⊂ Ωd (x)). Then according to the formula of reduction of the

surface integral to the repated one, we get:

∫
Sd(x)

y1 − x1

|x− y|3
dSy =

∫
Ωd(x)

u(√
u2 + v2 + f2 (u, v)

)3 ·

√
1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

dudv =

=

∫
Ωd(x)\Od0

u(√
u2 + v2 + f2 (u, v)

)3 ·

√
1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

dudv+

+

∫
Od0

u(√
u2 + v2 + f2 (u, v)

)3 ·

√
1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

dudv =

=

∫
Ωd(x)\Od0

u(√
u2 + v2 + f2 (u, v)

)3 ·

√
1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

dudv+

+

∫
Od0

u(√
u2 + v2

)3dudv+
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+

∫
Od0

u(√
u2 + v2 + f2 (u, v)

)3 ·

√1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

− 1

 dudv+

+

∫
Od0

u ·

 1(√
u2 + v2 + f2 (u, v)

)3 − 1(√
u2 + v2

)3
 dudv.

Denote the additive integrals in the right side of this equality by A1, A2, A3 and

A4, respectively.

The integral A1 exists as proper one.

The integral A2 exists in the sense of the Cauchy principal value and equals zero.

Indeed, let Oε =
{
u2 + v2 < ε,w = 0

}
, where ε > 0. Then∫

Od0

u(√
u2 + v2

)3dudv = lim
ε→0

∫
Od0

\Oε

u(√
u2 + v2

)3dudv =

= lim
ε→0

d0∫
ε

2π∫
0

r · cosφ
r3

· r · dφ · dr = lim
ε→0

d0∫
ε

2π∫
0

1

r
· cosφdφdr = 0.

Furthermore, taking into account (see [3])∣∣∣∣∂f∂u
∣∣∣∣ ≤ M ·

(√
u2 + v2

)α
and

∣∣∣∣∂f∂v
∣∣∣∣ ≤ M ·

(√
u2 + v2

)α
,

we get

|A3| =

∣∣∣∣∣∣∣∣∣∣
∫
Od0

u ·
((

∂f
∂u

)2
+
(
∂f
∂v

)2)
(√

u2 + v2 + f2 (u, v)
)3

·

(
1 +

√(
∂f
∂u

)2
+
(
∂f
∂v

)2)dudv

∣∣∣∣∣∣∣∣∣∣
≤

≤ M ·
∫
Od0

∣∣∣∣∣∣∣
u ·
(√

u2 + v2
)2α

(√
u2 + v2

)3
∣∣∣∣∣∣∣ dudv = M ·

d0∫
0

2π∫
0

|cosφ|
r1−2α

dφdr ≤ π ·M · d2α0
α

.

For the integral A4 we have:

|A4| =

∣∣∣∣∣∣∣
∫
Od0

uf2 (u, v)
(
2
(
u2 + v2

)
+ f2 (u, v) +

√
(u2 + v2) · (u2 + v2 + f2 (u, v))

)
dudv(√

u2 + v2 + f2 (u, v)
)3

·
(√

u2 + v2
)3 (√

u2 + v2 + f2 (u, v) +
√
u2 + v2

)
∣∣∣∣∣∣∣ ≤

≤ M ·
∫
Od0

|u|
(
u2 + v2

)1+α (
u2 + v2

) (
2 +

(
u2 + v2

)α
+
√

1 + (u2 + v2)α
)

2 ·
(√

u2 + v2
)7 dudv =
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= M ·
d0∫
0

2π∫
0

|cosφ| ·
(
2 + r2α +

√
1 + r2α

)
2 · r2−2α

rdφdr ≤

≤ Mπ

(
2 + d2α0 +

√
1 + d2α0

)
· d

2α
0

2α
.

Behaving in the same way, we can prove that the integral
∫

Sd(x)

y2−x2

|x− y| dSy exists

in the sense of the Cauchy principal value.

Since, |f (u, v)| ≤ M ·
(√

u2 + v2
)1+α

(see [3]), we have:∣∣∣∣∣∣∣
∫

Sd(x)

y3 − x3

|x− y|3
dSy

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣
∫

Ωd(x)

f (u, v)(√
u2 + v2 + f2 (u, v)

)3 ·

√
1 +

(
∂f

∂u

)2

+

(
∂f

∂v

)2

dudv

∣∣∣∣∣∣∣ ≤
≤ M ·

∫
Ωd(x)

1(√
u2 + v2

)2−αdudv ≤ M.

As a result we get∣∣∣∣∣∣∣ρ (x) ·
∫

Sd(x)

ym − xm

|x− y|3
· ρ (y) dSy

∣∣∣∣∣∣∣ ≤ M · ∥ρ∥∞ , ∀x ∈ S (m = 1, 2, 3) . (7)

Taking into account inequalities (4)-(7) in equality (3), we get the proof of the

theorem.
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