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THE STABILITY OF NON-HOMOGENOUS
TWO-LAYERED RECTANGULAR PLATES UNDER
COMPRESSION IN ANISOTROPY RESISTING
CONDITION

Abstract

In this article, the stability of non-homogenous two-layered rectangular plates
in anisotropy resisting condition made from different non-homogenous materi-
als is explored. It is assumed that the characteristics of resilient layers are
continuous functions of thickness coordinate.

Considering Kirchhoff-Love hypothesis to be valid for the entire thickness of the
plate elements, generalized form of the correct expression of moments and general
strength and stiffness properties have been determined and voltage stability of the
system of equations has been taken by the function. Here resisting elastic anisotropy
model was adopted for the environment. A slab-sided state of contraction was ex-
amined in detail. Despite the edges of the plate matter of dissolving, the critical
force was assigned. To achieve numerical computations, non-homogeneous functions
were accepted to be linearly dependent on the thickness coordinate. Calculations
were made in the report and appropriate graphics was established.

Introduction

Construction elements like thin single-layered and multi-layered plates and covers
made of isotropic homogoneous elastic materials are being widely used in different
fields of the engineering. Different types of stability problems regarding these con-
structions have been investigated largely in the scientific literature. Simple load
processes are generally reviewed in this literature and classic theories are used while
setting the problems. But in most cases constructions like two-layered plates are
made from non-homogeneous elastic isotropic materials and they are located in a
complex resisting elastic condition undergoing the influence of different complex
loads. However, by using classic mathematical models, it is possible to decrease the
difficulty of the problems relative to the other ways, but meanwhile serious errors can
occur while defining the critical parameters of the constructions. Therefore more
adequate and new methods are required to utilize for the solution of these prob-
lems. The reliability and stability problems of these plates have not been studied
sufficiently in the literature.

Therefore, in this paper the stability of non-homogenous two-layered rectangu-
lar plates in anisotropy resisting condition composed of various non-homogenous
materials is investigated.
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Let’s analyze the stability of non-homogenous two-layered rectangular plates
composed of different non-homogenous materials in anisotropy resisting condition .

Coordinate system is shown below: OX and OY axes are in the plane separating
the layers of the plate; OZ axis is normal to the plane. (figure 1). *
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Fig. 1.

It is assumed that the layers of the plate are composed of various non-homogeneous
isotropic elastic materials and elastic characteristics of the constituent materials are
continuous functions of the thickness coordinate and varying as follow:

)\fj = )\fj af(z) (1)

According to Hooke Law, the relation between the strain-stress components is
determined as below.

ol = Ajen1 + Mgeaa, 09y = Myje11 + Mogeaa, 0y = Nigere (i =1,2),  (2)
It is accepted that the Kirchhoff-Love hypothesis is valid for the whole thickness

of the plates, i.e.
€11 = lin — 2x11, €22 = la2 — 2X99, €12 = l12 — 2X19 (3)

where l11, lo2, 112 and X;1, Xa29, Xi2 are infinite small deformation and bending of
the middle plane of the plate.
The following equations are used to determine the force and moment components:

0 h1 0 hl
Tij = /afjdz+/a§jdz, M;; = /Ugjdz—i-/ailjdz, (4)
—h2 0 —h2 0

where hi and ho -are the thickness of the corresponding layers. After substituting
(1) - (3) formulas into the (4), the following general expressions are obtained for the
force and moment:

-2 —2 2 1 2 1
Ti = M1AY I + Ao A%l — A1 AL xa1 — MaAlaXags - (5)
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—2 —2 —2 —2 —2 —2
My = )\1114%1[11 + >\12A%2l22 = A1 AT — A2AT2X22 - (6)

Where the following definitions apply:

0 1
A
Alfl = /a%(z)zkdz—i— jél a%(z)zkdz, (7)
“h 11 5
0 Xl hl
Ak, = / a2(z)2"dz + 7—;2 al(z)2rdz, (k=0,1,2)
Al2
—ha 0

Stability equations
The balancing equation system for the plate is as follow:

0Ty | 0Tio OT12 | 0T
=0 —= =0 8
Ox + oy T Oz * Ay ’ (8)
0% M, 0?Mya  0*Moo 0*W 0*W W
2 T, 21T T K =
0x? + Oxdy + 0y? i Ox? + 128x8y+ 2279y + K (w) =0, (9)
0%enn O%exn D%e1z

_ = 10
Oy? + Ox? 0xdy 0 (10)

Where anisontropic model is defined for the elastic condition as below:

O*wW 0*wW

KW) = KoW = K1 = Koy

(11)
Here Ky, K1, K5 are anisontropic coeflicients of the elastic condition.

As it can be seen in the equation (8), if the stress function is entered as follow

I*F I*F O*F

1= 125 D20y’

(12)

the system is becoming equivalent as in the previous case.
To achieve the appropriate form of the equations (9) and (10), they are defined
in terms of bending and force components using expression (5), then:

l1 = CuTiy — CraToo + X1, (Cr107, Afy — Cratiz Ay )+
+x22(C11035 ALy — C120i39Ads),

lo9 = Co1T11 — CooThe + XH(CQla%lAh — 0225311451)"_ (13)
+X92(Cor1a7y ATy — Caztizy Agy),

(19 = C33T19 + 2033033 Ad3 x99,
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The coefficients from the equations can be expressed with the general stifness
charasteristics of (7). Replacing the values of the expression (13) with the (6), the
moments can be shown as:

My = 11111 + risTes + Riyx11 + RiaXoos

Moy = r{,T11 + 135150 + R31X11 + RboXans (14)
Mg = 13312 + Rizxio.
where the following definitions apply:
rin = et Afy + en@in Aly,
riy = —c19071 A} — Coal10 Aly,
R}y = a7, A (ci10) Apy — c100i3, Ag) )+
Oy ALy (10 ATy — cooli3, Ab)) — O Afy,
Riy = 071 A (c1105 A1y — 1203 Aby )+
+aTy Al (Co1@39 ATy — Cooli5g Agy) — G5 AL,
Ry = 31 Ay (e Apy — 1203, Aby )+
a5y Aby (1039 ATy — Co0li5) Agy) — 031 Ay,
R}y = 31 Ay (c1105 A1y — 12003 Aby )+
05y Aby (Co1039 ATy — €220y Agy) — Ty by,
T3 = 33033 A3,
R}y = 2033 A33c33033 Ag3, —a33 Ass. (15)

The equation system below is obtained after substituting the expressions (13) and
(14) into (9) and (10):

0*w 0w 0*w 0*F 0F o*F
Dyi—+Dis———+Dis—++D D D
51 + 138x28y2 + D12 oyl + D2y oyl + 238:628y2 + Da2 Dyl +
0*F 0%w oPw 0w 0w
T —= + 2T Too— + Kow — K1— — Ko— =0 16
+411 922 + 21472 920y + 122 oy + How 15,2 2 D92 (16)
0*F 0*F 0*F 0*w 0*w 0*w
diin——+d d d do: d =0 17
gt Ths 0120y? o oyt g s dz20y? a2 oy (17)

where the following definitions apply:
di1 = co2,  diz = c,

di3 = c12 + c21 — 2c33,

—2 1 —2 1
dy1 = ey Apy — €201 Ay,
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_2 41 _2 41
dog = c21079 Ay — C12053 Agy,
_92 1 —2 1 —2 41
dag = o201 Apy — €120 Aoy + cn@p Ay —
_2 41 _2 41
—Co0iny Agy — 4cs3aizg Ags,
Dy, = R} Diy = R}
11 = Iy, 12 = ligg,
Diy = R, + R, + 2R}
12 = L1712 21 335
Di3 =R}, + RY, + 2R}
13 = Iy + Ligy + 2133,
1 1
Doy =119, Doy =1ry9_q,
1 1 1
D23 = ’rll + T22 - 27'33 (18)

As it can be seen, the general stability equation of the two layered rectangular plates
composed of non-homogeneous isotropic elastic materials in an anistropic resisting
condition is indicated in (16) and (17). If the limiting conditions outside the plates
are added, the mathematical representation of the problem can be achieved.

Solution of the problem
Now let’s analyze the same stability problem of the same plate under compression
from up and down (712 = 0). In this case stability equations system of (16) and
(17) are a little simplified.
o*w o*w o*w 0*F O*F O*r

Diy— +Dizz—5=—+D D
1163:4+ 138x28y2+ 125y4+ 25,4

o*wW 0*wW W 0*w 0*w
T o, Y P Kgw - K2 k2
Ox? +2liz Ox0y tin 0y? + HAow Y ox2 2

O*F Y d O*F Y d O*F td @+d *w 0*w
oxt 1 922042 129y e 23 022042

The bending i valid as in the equation below if the edges of the plates are pivoted.

+T111

d11

mnr . nmy

sin ——,
mkx n;%y (20)
in s

W = Wy SIN

b = d,,,sin S

a
Here a, b-appropriate length and width of the plate, and m,n is the number of the
half-waves in the appropriate directions.
Substituting (20) into (19):

By = — Wi DY,
() e (B (S ()

() () (a5
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After substituting the (20) expressions into (19) and doing some operations, the
characteristic equation as follow is obtained to define the combination of critic loads:

mir 2
Ti1 (14 nPa) = (7) {Dll — DY Doy +n*(D13—

(22)
—DY,, + D) + 1 (D12 — DY, Do} + Ko (:%)° + Ky + Kor?
where the following definitions apply:

na Too

TS T Ty

If the shape of the plate is square, then it is achieved depending on (22) that
(m=n=1, a=0b):
Ti1(1+4+a) = (5)2 {D11D11 + D13+ D12 — D° (Dg1 + Da3 + Do) } +

ko () 4 K+ Ky @)

do1 + da3 + da2

Here DY = .
di1 + di3 + di2
(c,/E,) 10
1,0
0.8 1 1
0.6
N S
0.4 SO
N
LY
N
0.2 N
\ N
\\
\
0 0,2 04 06 08 | (6/E,) 10
Fig. 2.

Ko =6.48 -10E4 KN/m?, K, =K, =2250.0 KN/m
——— = =p=0
=05y =1



Transactions of NAS of Azerbaijan 127
[The stability of non-homogenous...]

Numerical computations
To perform numerical computations non-homogeneous functions are shown as
the linear function of a¥(z) thickness coordinate, i.e.;

z z
Ad(2) =1+ o) = 1+ (24)

Computations were carried out according to various values of parameters and
consequently, it is proven that critical force is dependent on geometric parameters
of the plate.

Results of the computations are shown in figure 2. The solution of the existing
homogeneous problem is shown with hidden lines. Results indicate that strict errors
can occur if the homogeneity is not taken into account, therefore the values of critical
parameters can change depending on the values of the parameters from (22). In this
case, non-homogeneity decreases the critical value by 8-12.

References

[1]. Lomakin V.A. Theory of elasticity of inhomogeneous bodies. M.: MGU,
1978, 432 p. (Russian)

[2]. Volmir A.L. Stability of deformable systems. M.: Nauka, 1967, 984 p. (Rus-
sian)

[3]. Alfutov N.A., Zinov’ev P.A., Popov B.G. Analysis of sandwich ploates and
shells made of composites. M.: Mashinostroyenie, 1984, 264 p. (Russian)

[4]. El-Zafrany A., Fadhil A modified Kirchhoff theory for boundary element
analysis of thin plates resting on two-parameter foundation, Eng.Structures, 1996,
18(2), pp. 102-114

[5]. Gulkan P., Alemdar B.N. An exact finite element for a beam on a twopa-
rameterelastic foundation, Structural Engineering and Mechanics, 1999, 7(3), pp.
259-276.

[6]. Panda S.K., Ramachandra L.S. Buckling and postbuckling Behavior Cross-
Ply Composite Plate Subjected to Nonuniform in-Plane loads. Journal of Engineer-
ing Mechamicks, 2011, vol.137, 589, pp.1061-1070.

[7]. Rahman T., Ijsselmuinden S.T., AbdallaM M., Jansen E.L. Postbucklink
analysis of variable stinffnesscomposite plates using a finite element-based perturb
bationmethod. International Journal of Structural Stability and Dynamics, 2011,
vol.11, No3, pp. 411-429.

[8]. Isayev F.Q., Qaraisayev S.N., Karimova B.E. The Stability of the Three Lay-
ered Non-Homogeneous Orthotropic Elastic Plates Resting On the Variable Elastic
Foundation. Proceedings of the International sypmtosium ”Development of apllied
mechanics and modern information Technologies”. Baku, 2011, pp. 191-196.

[9]. Dao Van Dung, Le KhaHoa. Nonlinear buckling and post-buckling analysis
of eccentrically stiffened functionally graded circular cylindrical shells under external
pressure. J. Thin-Walled Structures, 2013, vol. 63, pp. 117-124.



128 Transactions of NAS of Azerbaijan
[B.Isali,R.Mamedli,O.Huseynov]
Billura E. Isali, Ramil E. Mamedli, Orkhan M. Huseynov
Qafqgaz University.
120, H.Aliyev str.AZ0101, Baku Azerbaijan.
Tel.: (+99412) 448 28 62 (off.).

Received January 30, 2014; Revised March 27, 2014.



