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TO THEORY OF FOURTH ORDER OPERATOR
BUNDLES

Abstract

In the paper the conditions on the coefficients of a fourth order operator
bundle, providing four-fold completeness of the system of eigen and associated
vectors in separable Hilbert space are obtained.

Let H be a separable Hilbert space and assume that
1) C is a completely continuous self-adjoint operator in H with a spectrum in

the angular sector Sε = {λ : |arqλ| ≤ ε}, 0 ≤ ε < π/4;
2) The operators Bj (j = 0, 3) are bounded in H.
Consider in H the operator bundle

L (λ) = λ4C4 + E +
3∑

j=0

λjBjC
j , (1)

where λ is a spectral parameter, E is a unit operator in H.
Definition 1. If for some λ ∈ C there exists, L−1 (λ) is determined in all of the

space H and is bounded, then λ is said to be a regular point of the operator bundle
L (λ), and L−1 (λ) is a resolvent of the operator bundle L (λ).

If for some λ ∈ C the equation P (λ0) ϕ0 = 0 has the solution ϕ0 6= 0, then ϕ0

is said to be an eigen number, and ϕ0 is called an eigen vector of the bundle L (λ)
responding to λ0. If the vectors ϕ0, ϕ1, ..., ϕm0

satisfy the equations

s∑

m=0

L(m) (λ0)
m!

ϕs−m = 0, s = 0, ..., m0,

then
{
ϕ0, ϕ1, ..., ϕm0

}
is said to be the system of eigen and associated vectors re-

sponding to λ0.
Definition 2. Let

{
ϕ0, ϕ1, ..., ϕm0

}
be the system of eigen and associated vectors

of the bundle L (λ) responding to the eigen number λ0. Define the vectors

ϕ(0)
q = ϕq,

ϕ(j)
q =

dj

dtj
eλt

(
ϕ(0)

q + ϕ
(0)
q−1

t

1!
+ ... +

tq

q!
ϕ

(0)
0

)∣∣∣∣
t=0

, (q = 0, ..., m0)

in H and construct the system
{
ϕ̃q

} ⊂ H4, where ϕ̃q =
(
ϕ

(0)
q , ϕ

(1)
q , ϕ

(2)
q , ϕ

(3)
q

)
∈ H4,

and H4 is the product of four copies of the space H.
If the system

{
ϕ̃q

} ⊂ H4 formed with respect to all eigen numbers and eigen
vectors is complete in H4, it is said that the system of eigen and associated vectors
of the bundle L (λ) is four-fold complete in H.

The theorems on multiple completeness of eigen and associated vectors and the
spectrum of such operator bundles were proved for instance in [1-6].


