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TO THEORY OF SOBAILITY OF FOURTH ORDER
OPERATOR - DIFFERENTIAL EQUATIONS

Abstract

In the paper, sufficient conditions providing reqular solvability of a boundary
value problem containing an operator coefficient, for an elliptic type operator-
differential operator of fourth order are found. These coefficient are expressed

by the coefficient of the boundary value problem.

Let A be a positive-definite self-adjoint separable operator in separable Hilbert
space H, and H, be a scale of Hilbert spaces generated by the operator A i.e.
H,=D(AY),(x, y),y = (A"z, A7), xz,y € Hy (y>0).For v =0, we assume that

HO = H’ (‘T,y)[) = (:an) .
Denote by Lo (R4; H) a Hilbert space of functions f(¢) determined in Ry =

(0, 00) almost everywhere , with the values in H , for which

°r /
st = ([ 17 01F)
0
Let
Wi (Ry: H) = {u u® € Ly (Ry; H), A€ Lo (R+;H)}
be Hilbert space with the norm [1]

1/2

2
lllw sty = (H !LQ(R+H+HA4uHL2<R+;H>)

Here and in the sequel , the derivatives are understood in the sense of distributions
theory. Denote by L (X,Y) a space of linear bounded operators acting from the
space X to the space Y, and suppose that the operator S € L(Wy (Ry; H), Hs o)

Then from the theorem on traces it follows that the sub-space
Wi (R H) ={u:ue Wy (R H), u(0)=0, v (0) = Su}

was well- defined.

Consider in H the boundary value problem

P (d/dt)u(t) = u™ (t) + Au( +ZA4JUJ) =f(t),teRy, (1)
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where f(t),u(t) € H, for t € Ry almost everywhere, and the operator coefficients
satisfy the conditions:
1) A is a positive-definite self —adjoint operator;
2)The operators A; are linear, B; = Aj A~/ (j = (),7) are bounded in H;
3)The operators S € L(Wy (Ry; H), Hs ), and ‘|SHW2‘1(R+;H)—>H5/2 =X.
Definition 1. In for any f € Wy (R.; H) there exists the function (u)t €
Wi (Ry; H) that satisfies equation (1) almost everywhere in R, boundary condi-
tions (2) in the sense of convergence

Jim [l (8)]7/, = 0, lim o () = Sull , = 0,

and it holds the estimation

||uHW24(R+;H) < const HfHLZ(R+;H) )

problem (1),(2) is said to be regularly solvable.

In the present paper, we’ll find sufficient conditions on the coefficients of bound-
ary value (1),(2) that provide regular solvability of problem (1),(2). Note that for
S = 0 this problem was studied in the paper [2]. When Su = Tju(0), where
Ty €L (H7 /2 Hs /2) , the problem was investigated in [3] normal solvability of prob-
lem (1),(2) was studied in [4]. For operator-differential equations of second and third
order, such non-local problems were studied for example, in the papers [6,7].

Denote by

4
Pyu = Py (d/dt)u = u® + A, Pu= ZA4_ju(j),
§=0

Pu= Pyu+ Piu, ue¢ W2475 (Ry;H) .

It is obvious that subject to the conditions 1)-3), the operators Py, P, and P are
linear bounded operators acting from W24,S (Ry;H) to Lo (Ry; H) .

Note also that problem (1) (2) for A; =0 (j =0,4) was studied in [5] and the
following fact were proved.

Lemma 1[5]. Let w; = —%(l—i—i), wg = — 12 (1—1). Then for x € Hyy it

S

holds the following equalties

R NG 2]l /g, i =1,2 (3)
et = e allygn, iy = V2 lelle- W

Theorem 1[5]. Let conditions 1) and 3) be fulfilled, and x < v/2 .Then the
operator Py realizes isomorphism between the spaces W2475 (Ry;H) and Lo (R4 H) .
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In this paper it was shown that the operator () acting in Hy/o in the following
way '
Q.’IJ — %A—].S (60.)115141, _ eUJQtAm) (5)

7

1s bounded also subject to the condition of theorem 1

X
QUi 1, < g =0 <1 (6)

From this theorem it follows
Corollary 1. Let conditions 1) be fulfilled. Then problem

Py (d/dt)u(t) = u® (8) + A'u(t) = f (1), (7)

1s reqularly solvable.
Now using the results of the paper [8], prove the following
Lemma 2. Let £(t) be a regular solution of problem (7) (8), and

1/2
1M = (11 2oy + 2 14217 oy ary + NA%EN T o))

Then it holds the following inequality

A4 (j)’ < e . ji=0,4, 9
|4, o < esliell s (9)
where cg = c4 = 1, cl:¥7 02:%’03:%'

Proof. By the theorem on intermediate derivatives [1], the norms ||§HW24 (Ry:H)
and |||¢]]| are equivalent. Then by integration by parts we see that for & (¢) it holds
the equality

1Py (d/dt) €l o iy = [ + A%€]

Lo(Ry;H)

_le@ 2 4412 (4) 44 _
N Hf HLQ(R+;H) +]4 5HLQ(R+;H) +2Re (5 4 §>L2(R+;H) N
2
= €901 * 214%€ sy + 1A%y = MNP 20)

Here we used that £ (0) = £ (0) = 0.
From equality (10) it follows that inequality (9) is valid for 7 = 0 and j = 4.
Following [8], for proving inequality (9), for j = 1,5 = 2 and j = 3 we consider the

polynomial bundles of operators
Pp(X\B;A) = (AE 42X A% + AY) — B (iN)Y A3 j=1,2,3.

1
The operator bundles Pj (X;3) for 8 € |0,dy ), where dy; = Tf/? for j =1,
Jj =3 and ds; = 4 for j = 2 are represented in the form

Pi(N B A) = ¢ (N B A) - (N B A) — BENY ABH j=1,2,3, (1)
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3
H B =y, (B) A) = ME+ A"+ "o j (B) A A,
he1 k=1

where Reny, (8) < 0,04 (8) > 0. Then from (11) it follows that the coefficients
ay; (B) satisfy the conditions for j =1

a%l —2ai91 = — 3, a%l = 2aq1031, 04:%1 = 20013 (12)

for j =2
04%2 = 20422, 04%2 — 20412 = —ﬁ, Oz§2 = 20&22; (13)

for j =3
Oé%g = 20[23, Oé%g = 20[13&33, a?’>3 — 2023 = _ﬁ (14)

From the results of [8] it follows that for finding the exact values of the number
¢; in the inequality (9),it is necessary to solve the system of equations (13) —(14)

together with the equation

det ( sj02 — o ) o
Q2 Qasj
If this system has no solution from the interval (0,dy ;) , then ¢; = d;;/ 2, and if the
system has no solution from the interval (0, dy ;) ,and By,; 1s the least of these , then
— ;] /2
There fore j = 1 we get the following system of equations a%lagl — aq1a3] =
0421: 0411 2ai91 = — 3, a%l = 20110031, 04%1 = 2a91. Taking into account the fourth
equation in the first one, we get a2, — aj1a3; = a3y, or a3; = ajjasz;. Then from
the third equation it follows 2ai1a31 = ai1a31. Since ajiaz; > 0, the system has no
33/4

solution, i.e.c; = *—.

For j = 2 we have the system of equalities
2 2 2 2 2
Q3102 — (12032 = gy, (g = 2092, (g — 2012032 = —[3, Qigy = 2a0n.

Hence we have aszs = alg,a%2 = 19039 = a%Q = 299, i.e.any = 2. Then
_ 2 2 2 . 1

For j =3 we have
2 2 2 2 2
Q330093 — (13033 = Qly3, (3 = 20193, (g3 = 20013433, , (33 — 2093 = —f3.

From the first equation, allowing for the fourth equation, it follows that

2
(0% .
(20&23 — ,6)0[23 — % = Oé%g, l.€. (x93 = QB, then 13 = 2ﬂ1/2 , (X33 = ,83/2.

Then from the fourth equation it follows 5% = 3, i.e. Bos = V3,3 = 4%/?: The

lemma is proved.



Transactions of NAS of Azerbaijan 95
[To theory of sobaility of fourth order...]

Now prove the following
Theorem 2. Let conditions 1) and 2) be fulfilled, x < /2. Then for any u €
W2475 (R4; H) it holds the inequality

i ) .
HA e ’LQ(R+7H) d; | Poull e, )+ 5 = 0.4, (15)
where 3/4
X 3 X
do=dys=1+  dy =
oo 2oy T4 \f X’
1 3 1 3
d2:,+#’d3:47+4\[x‘
2 V2-x V3 V2-x

Proof. Since Pyu = Py(d/dt)§ = f, then u € W2475 (R4; H) is represented in the
form
u(t) = E(t) + ey + 2y,

where w; = —%(14-1), Wy = _%

> (1—1), 1,22 € Hy/y are unknown vectors
to be defined. Obviously (£(0)=0,£(0)=0), and u(0) = £(0) + z1 + 22 =
x1 + x2 and v’ (0) = w1 Axy + we Az . Then from condition (2) it follows that zo =
—r1 (wp —we)m = A7LS (e“’ltAxl — e“’QtAscg) +A71S (& (t)) . Consequently for aq
we get the equation (E— Q)21 = ¢, where ¢ = A7'S(¢{(u)) € Hyjy . Then
21 =(E+Q) ¢, 20 = — (E+ Q)" ¢ .Obviously x5 € Hy /o Therefore u (t) €
W247 g (R4 : H). Then from the representation w () it follows that

7 wotA

HA4*J'U(.7')‘ T1—whe ;];1)‘

s B

“All(w{ewltA

. (16)

La(Ry;H) Ly(Ry;H)

On the other hand, from lemma 1

"A4(w{e“’1t’4x1 _ w%‘ewgtAxl)H _ HA4ewltA

2
La(Ry;H) leLZ(R%H) N

_‘_HA4€wgtA 1 2

x HLQ(R+;H) - 2R€(JJ§J (A4€w1tA$1,A4ew2tA$1)

<
Ly(Ry;H) —

< VB ar[2)y — 2Rewd (Alert,, Alerz,) (17

Lo(Ry;H) "
Further, assuming A”/2z; = y € H and from the spectral expansion of the

operator A after simple calculations we get

o0
—2Rew?’ (A4e“’1tAac1, Atew2ty)) = -2 Rew?/ Al/QewltAy, Al/Qe“’?tAy> dt =
0

o0 o0 o0
= _92 Rew? / 2“’l'f"‘y, dt) -2 Rew1 / /uez“”t“ (dE.y,y) dt)
0 0 po
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= — — 2Rew§j/,u</€2wlwdt (dE#y,y)) =kj ||$||$/2’ (18)
ho 0

where Ky = k1 = ku = — 5. ks = ks = 5 -
Then, taking into account (18) in (17), we get

2

HA4 ( i wltA wéewgtAx>’

< (VE+iy) 2l =04 (19)

Lo(Ry;H)

Consequently, using inequality (19) lemma 2, allowing for

_ 1
H(E+Q) IHS—I_q, q=%<1,
we get
o) |
a5 o H)<c]\|\g|||+(f+k) lz1ll7 /0 < ¢ €N+
1/2 B V2 + k;j
L (vars) e ari], <cnens (2
V24 k)"
Scjmsuw(q)HAl JUUIPE
ik 1/2 (V2 + k; 12 9174
< s+ Y2 g < (4 X w])x el

= d; |[[€]ll = dj [ Po(d/d)El| 1, (r, iy = dj 1Povll Ly, -

The theorem is proved.
Now prove the main theorem.
Theorem 3. Let conditions 1) -3), x < /2 be fulfilled, and it hold the inequality

4

d= dj||Bsj] <1,

J=0

where the numbers d; are determined from theorem 2. Then problem (1),(2) is
regularly solvable.

Proof. Write problem in(1),(2) the form of the equation Pu = Pyu + Piu = f,
where f € Ly (R1;H), u € W2475 (Ry; H). Since P, ! exists and is bounded (theorem
1), then after substitution of w = Pyu we get the equation w + PPy lv = fin
Ly (R4+; H). Then allowing for theorem 2 we get

<
Lo(Ry;H)

4
“Plpalw"LQ(R+;H) = ||P1UHL2(R+ Z HA4 -t )
j=0
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4
<> 1Byl HA“*J'UU)‘
=0

4
s | g 1Bel | WPl =
= d||Poull pyr sy = ANl o ry ) -
According to the theorem condition d < 1, therefore w = (E + PP, 1) f and
_ 1y -1 .
u = P! (E+ PP, 1) f ||u||W24(R+;H) < const || fllp, (g, m)- The theorem is

proved.
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