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Elnur H. KHALILOV

CUBIC FORMULA FOR THE NORMAL
DERIVATIVE OF A DOUBLE LAYER ACOUSTIC
POTENTIAL

Abstract

In the paper, a cubic formula is constructed for the normal derivative of a
double layer acoustic potential.

It is known that the Dirichlet and Neumann external boundary value problems
and the Helmholtz equation and others (see [1]) are reduced to a singular integral
equation dependent on the normal derivative of a double layer acoustic potential:

where S C R? is Lyapunov’s surface with the exponent o, 7 (z) is the external unit
exp (ik |z —y|)
A |z — y|
solution of the Helmholtz equation, k is a wave number, Im k& > 0, and p (y) is a con-
tinuously differentiable function on S. As it is impossible to find the exact solution
to these equations, , there arises an interest to ground the collocation method for
such equations. To this end, at first it is necessary to construct the cubic formula
for the normal derivative of a double layer acoustic potential.
Introduce the sequence {h} C R of the values of discretization parameter h
N(h)
tending to zero, and partition S into the elementary domains S = U Slh :
=1
(1) for any I € {1,2,..., N (h)} S is closed, and its point sets S interior with
h h
0 0
respect to S; is not empty, and mesS; = mesSlh, for j€{1,2,...N(h)}, 7 #1

S (S; =@

(2) for any I € {1,2,...,N (h)} SP is a connected piece of the surface S with
continuous boundary;

(3) for any [ € {1,2,..., N (h)} S! diamS! < h;

(4) for any I € {1,2,..., N (h)} there exists the so-called support point z; €
SI such that :

4.1) 11 (h) ~ Ry (h) (r(h) ~ Ry (h) <= C; < 2™ < ¢y where Oy and
Ri(h

(5 are positive constants independent of h), here r; (h) = min |z — 2| and Ry (h) =
z€0S

normal at the point x € S, ¥y (z,y) = , * # y, is the fundamental

N

max |r — x|
xG@Slh

(4.2)R; (h) < 521 , where d is a radius of a standard sphere (see[2]);
(4.3) for any j € {1,2,...,N (h)} r;(h) ~ 1 (h).
Obviously r (h) ~ R (h), where R (h) = max R;(h), r(h) = min 7 (h).

1=1,N(h) 1=1,N(h)
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Let Sg(x) and I'g (z) be the parts of the surface S and the tangential plane I (x)
at the point z € S included into the sphere By (z) of radius d centered at the point
x. Furthermore, let 3y € I' () be the projection of the point y € S.

Then

e=d| <l -yl <Ci(S)]e-7 1)

and
mesSy () < Cy (5) mesly (x), (2)

where C (S)and C5 (S) are positive constants dependent only on S ( if S a sphere,
then C; (S) = /2 and O3 (S) = 2). The following lemma is valid.
Lemma (see [3]) . There exist the constants Cy > 0 and C] > 0 independent of
h for which for ¥i,j € {1,2,...., N (h)}, j#1 and Vy€ th it is valid the following
equality:
Coly —a| <oy — o] < Crly — . (3)

For the function g (z) continuous on S introduce the modulus of continuity of
the form

w(g,d) = (5-supw(g’7), 0>0,
>0 T
where
w(g,7) = max |g(x)—g(y)l.
le—y|<T
T,yeS
Let

p={j[t<i< N, ln -l < RE)T= ],

Q={i[L<i <N Ja -5l > (R }.

It is valid the following

Theorem. Let S be a Lyapunov surface with the exponent 0 < o < 1,p(x) —
diamS

e a continuously- differentiable function on S, an —=—dt < +o00. en
b ly- diff ble f S, and / wlgradpl) 4 Th
0
the expression
N(h)
0 (P (x1, z5) — Po (21, x5)
TN(h) — 2] ] . h_
(l‘l) Z; aﬁ ($l) aﬁ ($]) P (‘TJ) mesSj
Jj#l
Nbh) (—s — — —
3 Tixs, nw(xs)) - (s, n(x
2 ( J ( ])) ( 5] ( )) (p(x])—p(ml))messjh—i—
Am j=1 |l‘l - ."L’j|

(p () = p (21)) mesS]
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at the points x;,l = 1, N (h) is a cubic formula for T (z), and the following estima-
tions are valid;

max_(T'(z;) — TV (xz)’ <M -llpllog - (R(R)™ +w (p, R (h)) +

I=1,N(R)
1
h))1+a
d
+ |lgrad pl| o, - (R (h)) 7= / gra wieradp,t) i <o <,
0

max_(T'(z;) — TV" (ﬁz)‘ <M -llpllo - B () [ In (R (h))] +w (p, B (h)) +

I=1,N ()
(R(h) T+ L
+ |lgrad pll, - (R (h))Ta + / w(grz;p,)dt , if a=1.
0

Proof. It is known that ( see [4])

7 [ g (s

3 /(@,W(y)) (79, 7 (x))

1z —y[®

i (p(y) —p(z))dSy+

S

1 (W), ()

+
4 xr — 3
. lz -yl

(p(y) — p(x))dSy. (4)

Denote the additive integrals in equality (4) by L (z), F (z) and G (x), respec-
tively.

The integral L (z) is weakly — singular, therefore it is easy to prove that the
expression

N(h)
(P (21, 5) — o (w1, 75)
LN(h k\Li, Ly ) . h
(z7) E 871 < 77 (@) p(zj) messS; (5)
J#l

at the points z;,l = 1, N (h) is a cubic formula for the integral L(x), and the
following estimations are valid:

max _|r(L,x;)| = max L(x;) — LN™ (xl)‘ <
I=1,N(h) 1=1,

< M- |lplloo (R(W)* +w(p. R(R)], if 0<a<l,

max |r(L,x;)| = max L(x;) — L™ (xl)’ <
I=1,N(h) I=1,N(h

< M - [|lpllo R(h) In (R (h mw(p,m Dif a=1.
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Since the function p () is continuously — differentiable, then there exists a point
y*=x+60-(y—x) (here § = (61,02,03) and 6; € [0,1],7 = 1, 3) such that

p(y) —p(x) = (gradp (y*) , 27) , z,y € S. (6)
Then

- r(L, )] < M - [[Ipllo (R (R)" + llgrad pll o - R(R)], if 0 <o <1,

R (L, x)| < M -[[|pll B (h) [In (R ()| + llgrad pll, - R (R)], if a=1.

Let’s construct the cubic formula for the integral F'(z). The expression

NG 3 R (], 7 (2;)) - (7], 7 (1)) )
F (1) = T in i, $1|5 (p (%) - P(l’l))messj (7)
j_:1 7

at the points x;,l = 1, N (h) is a cubic formula for the integral F(z). Estimate the
error by the cubic formula (7). Obviously,

r(Fya1) = F (2) =N (a) = — /(ﬁy’,ﬁ(y)) (@, 7 (1)) (p(y) = p (1)) doy—

4 |2y _y’5
s
3 NE(h) (@1y, 7 (y)) - (@, 7 (21)) — (@mazj, 7 (x)) - w9z, W (x1))
— ) ) 70 7 79 B . da— B
4 '—1/ ’.’Ej —y“:’ (,O(y) :0( l)) Yy
7=1gn
J#l 7
3 N(h) 1 .
i (z0ay, W (25)) - (T, 7 (21)) X
A j:1/<|xl_y| |xz—$]\5) I J J
i#l Oj
N(h) — — SN
3 x5, n{x;)) - (xjx;, n(x
X(p(y)—p(xl))day—7§ /( 125, 1 (z5)) - ( 153 ( g))><
47 — ‘371 —Z'|
J=lp J
i#1 S

X (p(y) — p(x;))doy = r1 (F,xp) +r2 (Fymp) +rs (Fyz) + 14 (Fa)

Taking into account (6), and applying the formula of reduction of the surface
integral to double one, we have

1 67
(L) < M-l gl | gy < M- lad ol - (R ()
.
S

Let y € Slh and j # [, then taking into account (3) and (6) we get:

(@, 7 (y)) - (@, 7 (2)) — @y, 7 () - (@j, 7 (2))

’xz —y!5

(p(y) —p(m))| =
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‘ (@, 7 (W) + @, 7 (y) — 7 (2;) (g, W)

|z — y|®
(@@, 7 (w5)) (g, T (@)) = 7 () + (@5 7 (1))
+ 5 X
|z — y
<100 (9) — p(e))] < M - grad pl., - m

Hence we find

(03 1 (0%
[ra(F @) < M - (R (h))" [lgrad pl| / oy y|2_ad0'y < M -lgrad pl| - (R (h))" .
-
h

We take into attention (3) and (6), get Vy € S]}-’,j #1

| (m ! e _19;‘,5> (T T () - @ T () - (p () — p ()] <
< M |grad |, - )
\xl—y\ “
and
e ) TR T (5(0) — p (0| < M-l -
and so,
ron(Fy20)| < M - (R (1)) [lgrad ] / o <

< M -lgradpllo - (R(R)",if 0<a<]l,
[rm (Fy )] < M - [lgrad pll o (R (R)) - [In (R ()], if a=1,

where m = 3, 4.
Summing up the obtained estimations for the expression r; (F,z;),i = 1,4, we

find

max _|r(F,2)] < M - [lgrad pl| o, (R (h))",if 0<a <1,
1=1,N(h)

max |r(F,x;)| < M -|[gradp||o R (k) InR(h)|, if a=1.
I=1,N(h)

Now let’s construct a cubic formula for the integral G (x). The expression

N0 (g = L S EEDTCD) )0y ) messt (9

JEQz n xl‘
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at the points z;,/ = 1, N (h) is a cubic formula for the integral G (z) . Estimate
the error by the cubic formula (8). Obviously,

F(Gm) = G~ GV () = LY ( ) (), 7)) -
JGQ |xl
A i A ) (‘Z)__;’(fl) -(W(ij),ﬁ(xz))) dSy+
1 — P — —
+E . / PY) = PLTL) (|y$)l _Z|(3 ) (M (y), W (xy)) ds, =m (G,z1) + 12 (G, 27) .

jep, 4

Let y € S]h,j € Qq, then .

P —pl@) —0 -
| — y[? (7 @) |z — x5

(0 () = p (@) - (W (), 7 (@) - (|l = 5 = a1 — o)

+
=y - oy — 2y
1
+————= oY) — p(zj) - (W (y), W () +
|2 — 4
+ (p(zj) — p(x)) - (W (y) — 7 (x5), W (2))| <
R (h R(A))®
< M- Jgradpl - (0 4 HED ),
lze —yl” |z —yl
Hence we find
u diamS J diamsS J
t t
< . . . —_ a -
n (Gl < 3 leadpl - RO [ Ga@mree [ <
(R(h)) THa (R(h))THa
< M- ||grad p||, (R ()T .
Since there exists a point y; = x; + 0 - (y — x;7), such that
p(y) —p(x) = (grad p (), 70) , y € U S} (9)

JER

we can represent the expression ro (G, x;) in the form

@< g [ EREULI 5 - 5w, ) a5+

jep, J
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L / (grad p (1) —gradgp(wz),mzy)dsy+ 1 / (gradp(mz)éwzy)dsy _
dm J |21 =y A w1 =yl

jep, J jep, J

=721 (G,xl) + 722 (G,xl) + 123 (G, .CU[) .

Let y € 0 ( U th> Then, obviously, there exist £k € P, and m € @Q; such that

JjEPR
y € 85,? and y € 9S" Hence we have

1
|z — y| < |z — ag| + |z — y| < (R(h))THe + R (h)

and
1

21—yl = |21 — 2m| = |2m —yl > (R(h)) e — R(h),

S0,

(R(h))Ts — R(h) < |z —y| < (R(h))Ta + R (h), vyea<,u s}). (10)

JER
Then
(R(h) ™5 +R(h) ;
t _a
r21 (G, 20)| < M- lgrad pllog / e < M- Jlgrad pll (R (1) 757
0
and 1
(R(h)) T+ +R(h) .
t
e G <y [ 2EEy
0

It is known that (see [2]) Sy (z;) intersects the straight line, parallel to the normal
7 (z;), at a unique point or don’t intersect at all, i.e. the set Sy (z;) is uniquely
projected on the set Q4 (x;) lying in the circle of radius d centered at the point x;
on the tangential plane I' (z;) to S at the point x;. On the piece Sy (x;) choose a
local right system of coordinates (u, v, w) with origin at the point 2; where the axis
w is directed along the normal 7' (z;) ( the axes u and v will lie on the tangential
plane I' (z;)). Then in these coordinates Sy (x;) we can give the equation

w=f(u,v), (u,v)€Qq(z),
moreover

f el (Qq(x;)) and f(0,0) =0, afg;, 0 _ 0, afg;, D (11)

Denote by Qf the projection of the set ‘UP S]h on the tangential plane " (x;). Let
Jen
dp = min. |z — g and Oy, (1) = {u*+v? < dp} C T (2;) (obviously Og, C Q) .
§con)]
Since

d —
/ (grad p (x’);xly)dsy _
21—yl

jep, J
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(1 — w10) - 280 + (o — o) - B2 + (g — ) - 2520
= 3 dsy,
U s ((yl —210)” + (y2 — x2y)” + (y3 — 363,1)3) ’
JEPR;

then by the formula of reduction of the surface integral to the repeated one, we can
represent the expression 722 (G, ;) in the form

Op(z1) A+ ()
ro2 (G, x;) = / Oy 8x23 dudy+
N )
O, (=) ( “ +V)
.\ / 1) . f (u,v) 3 \/1+ (gf) ., (gf) Suds
ey 1
h zl

9p(x1) 9p(w1) 2
cu+ .
+ / o 0T Tom ¥ - \/1+ <8f> + <8f> — 1| dudv+
2 2 2 8U 8V
(Ve +02 5 12 (u0))

Oy, (=)
Ip (1) Ip (1)
+/ <8m1 cu+ Dy -V | X

Ouy, (1)

1 1
<\/u2+u2+f2 (u,v)>3 (W)S

9 Op(x Op(x
—%_/ it gf‘”+ﬁf'fwﬂ0¢l+<af){F<j>‘idu (12)
3 ou ov
21,21 f2
26Oy, o (\/u +v2+f (u,v))

X dudv—+

The first additive integral in equality (12) exists in the sense of the Cauchy
principal value and equals zero. Indeed, passing to the polar system of coordinates,
we find

dp(w) 1 dolar) 27/ 9p(x)) Ap(zy)
Ox1 Ozo T Ox _Ozy
/ +—dudv = hmo// ( - cos p + - sin go) dedr=0.
( /7u2 T l/2> e——+

Oay, (1)

Furthermore, taking into account the inequalities

1+a
Fan M- (V2 +v2) 7, () € Oy,

‘m_ 1’ <M. <m)2a, (u,) € O (@)):

1 1
- <

(\/u2+1/2+f2 (u, ’U)>3 (\/W)B
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1
< M- 3_2a (u7 V) € Odh(:cl)a (u,y) 7é (070)7
(\/u2 +1/2)

and passing to the polar system of coordinates, we have:

) £ (0 0 2 2
/ oz S (00) 3'\/1+<g£) +<g£> dudv| <
(Ve + v+ 7 (u,v))

dp (27)

< M - |lgrad p| o, (R (h))T+a

9p(w1) 9p(x1) 2 2
cu+ .
/ 0x1 U Ozo v 5 \/1 + (gf> + (gf> — 1] dudv| <
)(\/u2_|_y2+f2(u,v)) u g

dp (2

2a
< M - |lgrad pl|, (R (h))T+e

9p (1) 9p (1) 1
/ ( 3961[ o 3“72[ .V>' (\/u2+y2+f2(u,v))3 _

dp (z7)

1 o
| dudv| < M ||grad p|| . (R ()55 .

(vr v 22)’
Now estimate the last additive integral in equality (12). Since there exists a
point yp € Q? such that dj = |x; — yp| . Denote by y, € 0 jéJPlS]h> preimage of
the point 3. Obviously,

dy = |21 — yn| cos (ziypziTn) = |21 — yn| - V/1 — cos2 a (zyp, n (1)) >

> oy —ynl 1= M2y — P = (R P~ R()) x

X\/1 — M2 ((R(h))l%a +R(h))2a > ((R(h))ﬁa - R(h)) X

><\/1 —az (2(R0)F) T = (R — R(W) x

x\/(1—2a-M2- (2(R(h))1%)-(1+2a.M.(R(h))1%a) >

> (RO =R () (1=2 M- (R(1)T) > (R () THa =R (h)-(1+2° - M).

Then,

Op(z1) 9p(x1) Op(z1) 2 2
[ BB BT o () () | <
(Ve +2 5 72 ()

U\, (a))
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(R(h)) TH& +R(h)

dt
<M -|lgrad p||, - 7 =

(R(R)) T — R(h)(1+22-M)

<M - |grad p|| ., -

R(h)- (2427 M) < M- ||grad pl| - (R (h)) T+ .

((R(R)Ta — R(h)- (14 2% M)
As a result we get
2.3 (G 2)| < M - |lgrad p o, - (R (h)) T .

Summing up the obtained estimations for the expression ro; (G,2;),i = 1,3, we
find:

(R(h)) rHa +R(h) .
ita t
2 (Ga)| < M - | |lgrad pll. - (R (h))Ta | + / Mdt
0

And summing up the obtained estimations for the expressions 7 (G, x;) and
ro (G, x;), we have :

(R(h)) T+a +R(h)
max_|r(G,a7)| < M- |[lgrad pl, - (R (h) 75 + / wlgradp.t)
0

I=1,N(h) 13

Finally, summing up the obtained estimations for the expressions r (L, x;)  (F, ;)
and 7 (G, x;) , we get the proof of the theorem.
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