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ASYMPTOTIC BEHAVIOR OF THE SOLUTION OF
A TORSION PROBLEM OF A TRANSVERSALLY
-ISORTOPIC CYLINDRICAL SHELL WITH
VARIABLE SHEAR MODULUS

Abstract

In the paper, we study a torsion problem of a transversally —isotropic hollow
cylinder when the lateral surfaces are free from stresses, and the elastic charac-
teristics vary according to general power laws on radius. Ezxact and asymptotic
solutions of the torsion problem are constructed. The exact asymptotic expan-
sions of homogeneous solutions are obtained and the stress —strain state of the
cylinder is analyzed. It is shown that the solution is composed of two types of
solutions: the penetrating solution and the boundary layer type solution. In the
case of considerable anisotropy, some boundary layer solutions don’t damp and
may penetrate rather deep and essentially change the picture of the stress- strain
state far from the cylinder endfaces.

In the paper, we study a torsion problem of a transversally —isotropic hollow
cylinder when the lateral surfaces are free from stresses, and the elastic charac-
teristics vary according to general power laws on radius. Exact and asymptotic
solutions of the torsion problem are constructed. The exact asymptotic expansions
of homogeneous solutions are obtained and the stress —strain state of the cylinder
is analyzed. It is shown that the solution is composed of two types of solutions:
the penetrating solution and the boundary layer type solution. In the case of con-
siderable anisotropy, some boundary layer solutions don’t damp and may penetrate
rather deep and essentially change the picture of the stress- strain state far from the
cylinder endfaces.

1. Consider a torsion problem for a radially- inhomogeneous transversally —
isotropic hollow cylinder. The position of the cylinder points in the space is deter-
mined by the cylindrical coordinates r, ¢, z varying within

r<r<ry, 0<ep<2m, —L<z<L

The equilibrium equations in displacements, at no mass forces have the form [4]:

Here p = L, £ = £ are new pure variables; ro = 234" is the radius of the me-
ro’ T0 ’ 2

dian surface of the cylinder; p € [p;;pa], & € [=1;]] <p = ;—;,l = %;s = 1;2) Uy =
uy, (p;€) is a displacement vector component; G = G (p),G1 = G1 (p) are dimen-
sionless elastic characteristics (shear module) considered as positive piecewise — con-

tinuous functions of variable p.
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Assume that the lateral part of the cylinder is free from stresses , i.e.

ou u
Tpp = G (p) (8;_;)

p=ps
and on the endfaces the following boundary conditions are given

Ou,

Op¢ = G1(p) &7

G2l =), (13)

e=+l

where f* (p) are sufficiently smooth functions satisfying the equilibrium conditions.
Assume that the shear module of the cylinder are given in the form of the func-
tions

G (p) = gor™, G1(p) = g1p" (1.4)

where n is an arbitrary positive number: gg, g1 are constants .
We'll seek the solution of equation (1.1) in the form [1,2]:

ug (p,€) = v (p)m(§) (1.5)
where the function m (§) is subjected to the condition
m" (&) — p?m (§) = 0, (1.6)

and the parameter p is determined after fulfilment of boundary conditions on the
lateral surface.
Substituting (1.5) in (1.1),(1.2), allowing for (1.4),(1.6),we have:

" (n+1) , [91 2 (n+1)}
v + v + | =p° - v =0, 1.7
(p) Pl Ol el = (P) (1.7)
v
gop" (v’ (p) — (p)> =0, (1.8)
P/ lp=p,
(s=1;2).
The general solution of (1.7) has the form:
vip)=p 2 [ClJHg (u glp) + Y142 (u glp)} ; (1.9)
90 90

where J1+% (,u %p) ,YH% (,u %p) are the Bessel functions of first and second

kinds respectively; C'1, Cy are arbitrary constants.
Using the Hooke’s law, we can represent the stresses o,,, 0y in the form

- Zlc( 1/glj'n( gl>—1+an< gl>>+
Tpp = Y0P [1 HPAL 07143 \ P\ go” ( 2) 45\ M 50?

iy TN (1™ y w0
+Cy <up oYy <u gop> (1+5)Vies (u gop>>]m<§>, (1.10)

s = g1p? [Cle; <u\/§;p) +CoYyyn (M\/;T;Pﬂ m’ (€) .
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Satisfying the homogeneous boundary conditions (1.8) with respect to Cy, Co ,we
get the linear system of algebraic equations:

[upu/%J{+@ (u %pl) —(1+ %) Jign (u %m)} Ch+

+ [Mpl\/ m Y1/+7 ( Hy/ ng)Pl) - (1 + %) Y1+g (H\/ %Pl)} Cy =0,
[upz Tlyn (u %@) —(1+3%) Jiyn (m/%pzﬂ C1+

|+ [upgw/%;Y{% (u %@) —(1+3) Yiyn (u gjﬁpgﬂ Cy = 0.

From the condition of existence of nontrivial solutions of the system (1.11), we
get the following characteristic equation:

A — 20 o T (5D gy _ (1 ,(10) g1
(1, P15 p2) = 11 ez D () u( + 2) o [0 (g ) T
2
7,0:1) 91 1 n 1,(0:0) g1y _ 1.12
P2 g (M 9o + ( + 2) g \ M 90 ’ (1.12)
1,(57) g1 _ J( i) g1 .Y 91 —
1+3 <M\/g:> 3 M) T Y g

_JG) 9, ). y@ Ny ) ij=0;1
1+n< gOp2 142 H gopl b7 )

The transcendental equation (1.12) determines the denumerable set y;, and the
constants C1, Coy corresponding to it are proportional to algebraic complements of
the elements of some row of the determinant of the system (1.11). For Cig, Cor we
have:

9151 g1 n g1
Chp = SV (g J 2 —(1 —)Y o (e /L0 )| Bey (113
1k |:Mkp2 PRt <Mk; gop2> T o) g <M1<; 9092>] ko (113)
91 o 91 n g1
Ck:—|: —J n( — >—(1+)J n< — >:|Bk,
2 Hkﬂzwgo 142 Mm/gopz 5 ) 143 Hk“gopz
where By, are arbitrary constants.

Substituting (1.13) in (1.9), (1.10) and summing over all roots, we get the ho-
mogeneous solution in the following form:

3 ng‘g [ukp \f Wy < \fp uk\/7p2>
(1+ (uk\/>p, #k\/>P2>] mi ( (1.14)
Opp = ggap? |:Mkpp2 (Mk[pa Mk\/702>
~ 1 %(Pr 2) < L <uk\fp,uk\/7pz> -

where
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Hn (Mk\/>/) Mk\/»%))
+(1+g 109 (1) 2t [ % )| o 6): (1.15)
O ¢ = ngl [ukpz\f <uk\fp Mk[ﬂz)
k=1
- (1 +5 13?1) <Mk\/>,07 Mk\/>P2>} my (€ (1.16)

_ 70 () g1\
( \/ p, \/ > Jm <u,/go >Y1jn <u gopg)
_ 70 [91 )y (@ L N,
Jli% </J/ g p2) 1+n (M gOP)7 7/).7 —0717

my (€) = Dyge!* &+ Doe k8 Dyy, Dy, are arbitrary constants.
Represent (1.7), (1.8) in the form

where

Av = piPv, (1.17)
where

d? d 1 d
Av = _90[2@( D dv (nt )v},gop"<u—v> =0.
g1 Ldp p dp p dp  p)|,=p,
It is easy to prove that A is a self- adjoint operator in the Hilbert space Ly (p;, p3)

with the weight p"*! . Consequently, all the eigen values A\ (A) = u% are real,
and the eigen functious are orthonormed, complete and form a basis in the space

L2 (pla 102) [6]

P2
(i vn) = [vr(0) T (0) 0" dp = S (1.18)
P1
Substitute (1.16) in boundary conditions (1.3),

— (). (1.19)
==+l

> g0 vk (p) M (€)
k=1

Multiplying expression (1.19) by ptU, (p) and integrating within [p;, py], allowing
for (1.18) we get

m (f)lgzil =t
i.e.
(MkeukEle - Nke_MkEDQk)g L= t, (1.20)
where
1 P2
i == [0 ()00} dp.

P1
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After solving (1.20) we determine the unknown constants Dy and Dog:

t;"e,ufkl _ tgefﬂkl t:e’“kl _ t}:eukl
’ 2k —
2 sh (2pal) 2pash (2pl)

2. Assume that the cylinder of a small thickness.Study the asymptotic behavior
of the solution of the above studied problem. The left hand side of transcendental
equation (1.12) as an entire function of the parameter p has a denumerable set of
zeros with concentration point at infinity .

Dy, =

Assume
pr=1—¢c py=1+¢ (2.1)

where € = "5 is a small parameter characterizing the cylinder thickness.

Substituting (2.1) in ((1.12), we get:

A (p, p1,p2) = D (p3€) = 0. (2.2)

The function D (u;¢) as € — 0 has two groups of zeros with the following as-
ymptotic properties:

a) the first group consists of double zero pu = 0;

b) the second group consists of a denumerable set of zeros that are of order
(0] (5*1) .

Give the sheme of the proof of these properties.

Represent D (u;¢) in the form:

4e 2 ,¢° 2 2 4
D(,u;a)zﬂ/ﬂ{gl—k{ sl e S8 (14 2) +gl(1+")]52+

g0 | 3" g 3 2/ " 3g 2
293 4 gi /(2 4( n\2 8 n 9 g1 ( 2 n\4
LR (e ) (200
+[15gg'u+g(2] A A STV R A ST Y
8 n\3 4 n\ 2 8 n
° (1 7) 7<1 f) 7(1 f) 4 —0, 2.3
+15<+2 T5UTg) TUita))e T (2:3)
Note that

D (p;€) = p* Do (u; €)
and lin%)Do (u;e) #0.
n—

Thus, we get that u = 0 is a double zero of D (u;e).

Show that all the zeros of Dy (y; €) unboundedly increase as ¢ — 0. Assume the
contrary. Suppose p — iy as € — 0. Then the limit relation Dg (p,;€) = €Dy (1) is
valid as ¢ — 0. The limiting points of the zeros set p;, as ¢ — 0 are determined from
the equation D, (i) = % = 0. Consequently the assumption on the existence of
bounded as € — 0 zeros is not valid.

Determine the character of tendency of p;, — oo ase — 0. As e — 0 the
following cases are possible:

1) epy, — 0, 2) ey, — const 3) epy, — o0.

Similar to the method in [5] we can show that cases 1) and 3) are impossible
here.
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For constructing the asymptotic of the zeros of the second group, we look for
them in the form : 5
k
p="240) (2.4)

Substituting (2.4) in (1.12) and taking into account the asymptotic expansions
of functions Ji 4z (u, /ng)) , Yipn (u, /3—3) for large values of the argument, [3] for
2 4’

O we get:
. g1
sin (21 /5k> =0, (2.5)
90
90

Unlike the isotropic shell for fixed values of “k” and for large values , /ng) ( strong

anisotropy) the variability index of stress state d; tends to zero. In this case, some
boundary layer solutions have no damping properties and may cover the domain
engaged by a shell.

The displacement and stresses corresponding to the root u? = 0 are determine
by the following formulas:

ie. 0p = &

ull) (p, &) = Aopé, (2.6)
(75015) = glep”H Ug}’) =0. (27)
Assuming p = 1 4+ en(—1 <n < 1), the solutions corresponding to the second

group of zeros may be represented in the form:

o2 =3[ o (201 -m) 400 )
A2 =23 (R0 -n) o] mio, e

71{7
o 912 B sucos ([R5 =) +00)] i 0

Show the character of the constructed solutions. Represent the displacement in
the form:

o

ug (p,€) = Aopé + > vk (p) my (£) . (2.9)

k=1

The displacements determined by the second group of solutions are contained in
the second addend.
For stresses we have :

(o]
Toe = 910" Ao+ 91> _p ok (p) mh (6) (2.10)
k=1

e = 30" (0 (0) = Y o). (211)
k=1
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For the torques Mj,, of stresses acting in the section § = const, we have

P2
My, =2n / opepdp, (2.12)

P

Substitute (2.10) in (2.12)

2mgr A < [
Tg140

Mg = =20 (5™ = o) 4 2m01 ) / PP (p)dp | mi (€). (2.13)

k=1

-1

Multiply the both parts of (1.7) by p"*2 and integrate the obtained expression
in [py, po] :

P2 P2
/ P2 (p)dp + (n+ 1) / P (p) dpt
P1 P1
P2 P2
+g;ui/p"+2vk (p)dp— (n+1) /~Uk (p) p"dp =10 (2.14)
P1 P1

By means of integration by parts and using (1.8), from (2.14) we get:

P2

/ PP (p)dp =0 (2.15)
P1
Substitute (2.15) in (2.13)
2191 4 4
b =g (P8 = ) Ao, (2.16)

Solution (2.6) determines the internal stress-strain state of the shell. The stress
state determined by this solution is equivalent to torque Mj,, of stresses acting in
the section £ = const.

The stress state corresponding to the second group of solutions is selfbalanced
at each section £ = const, and has the boundary layer character. The first terms of
its asymptotic expansion are equivalent to Saint —Venant’s edge effect in theory of
nonhomogeneous plates [5].
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