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Elnara B. SULTANOVA

TO THEORY OF FOURTH ORDER OPERATOR
BUNDLES

Abstract

In the paper the conditions on the coefficients of a fourth order operator
bundle, providing four-fold completeness of the system of eigen and associated
vectors in separable Hilbert space are obtained.

Let H be a separable Hilbert space and assume that

1) C is a completely continuous self-adjoint operator in H with a spectrum in
the angular sector S; = {\ : Jarg\| < e}, 0 <e < 7/4;

2) The operators B; (j = 0,3) are bounded in H.

Consider in H the operator bundle

3
L\ =MC*+E+) NB;C7, (1)
j=0

where A is a spectral parameter, F is a unit operator in H.

Definition 1. If for some A € C there exists, L~ (\) is determined in all of the
space H and is bounded, then X is said to be a reqular point of the operator bundle
L(N), and L™ (\) is a resolvent of the operator bundle L ().

If for some A € C the equation P (\g) ¢, = 0 has the solution ¢, # 0, then ¢,
is said to be an eigen number, and ¢, is called an eigen vector of the bundle L ()\)
responding to Ag. If the vectors ¢g, 1, ..., ¢, satisfy the equations

5. Lm) (o)

- Yeermn =0, s=0,...,mp,

m=0

then {cpo, Dy eees gamo} is said to be the system of eigen and associated vectors re-
sponding to Ag.

Definition 2. Let {9007 Dy eees gomo} be the system of eigen and associated vectors
of the bundle L (\) responding to the eigen number \g. Define the vectors
(0)

o) =@,

. d7 0 t t4 o
90((1]) = weAt <80((10) + CP,(J_)lﬁ + ...+ a%pg) )>

t=0

i H and construct the system {Gq} C H*, where g = <<,0((10), gogl), <,0g2), cp((f)> € H%,

and H* is the product of four copies of the space H.

If the system {&q} C H* formed with respect to all eigen numbers and eigen
vectors is complete in H?, it is said that the system of eigen and associated vectors
of the bundle L () is four-fold complete in H.

The theorems on multiple completeness of eigen and associated vectors and the
spectrum of such operator bundles were proved for instance in [1-6].



106 Transactions of NAS of Azerbaijan
[E.B.Sultanova/

In the present paper we study analytic properties of the resolvent and prove
theorems on four-fold completeness of the system of eigen and associated vectors of
the bundle L (\) in H.

At first prove a theorem on behavior of the resolvent on some rays.

Theorem 1. Let conditions 1), 2) be fulfilled, and it hold the inequality

3
bj (e) 1Bl <e, (2)
j=0
where
bo (¢) = { . 1 ees 7T/8(6) 33/4 1 1
e T/8<e< /4, by =b3(e) = T oamey b2(8) = 5oose

Then on the rays I'y = {)\ A=rieFr> 0,k = 0,73} the operator bundle L ())

is invertible and on these rays it holds the inequality

L7 (\)|| < const, AeTy, k=0,3.

Proof. Let \ = re%k, k=0,3, r > 0. Then from the equality
L) =Lo(\)+Li(\) = (E+Li(\) Ly (V) Lo (V)
we get that for the invertibility of L (A) on the rays I'y, the invertibility of the operator
E+ Ly (M) Lyt ()) is enough, since on the rays Ty the operator bundle

4
Li(N) = E+ M =[] (B - ww;0)
j=1

is invertible in H, and

Here

1 (141) 1 ) 1 ) 1
wp=—— Hwy = ——— =
R Y
Show that subject to inequality (3) E + L1 () Ly () is invertible on the rays
I'y ( k=0,3). Since on the rays I'y

3

3
1L N Lt V)| = [DoNB,CILg V|| < Y IBSIH NI (V] (3)
j=0 Jj=0

On the other hand,

IVeirgt ] = [Mer (B xieh) T = el (B + r462”’“'04)_1 =
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= [e? B+t

Note that for A, € Se, Ay = |An| €™, |3,,| < € and if {e,,} is an orthonornmalized
basis of eigen vectors of the operator C, then

1, n=

On;é

and from the spectral expansion of the operator C it follows that

Cen = Mpen, (€n,em) = Opm = { Aol > (A > Al

riCy (E + 1"404 H = sup

1
wuwo+ru|wW)‘:

S -1
= sup |1 [\, | (E + 74 M)t (cos 4y, + isin41/)k)> =
n

—sup’r]\)\ V( + 78 Anl® + 2| At cos41/1k)’ =

. ~1/2
= sup <|7"H)\n\]) <1+7‘8\)\n|8+2\)\n|47“4cos46) <
n
j 8 4 —1/2
< supt’ (1 + 7%+ 27" cos 45) .
7>0
Let j = 0. Then for A € T'; (k =0, 3)
4,44 1
|-+t < sup =

>0 (1 + 78 + 274 cos 4e)

Since the function f (1) m monotonically decreases for 0 < ¢ < 7/8,

then Supm =1, and for 7/8 < & < w/4 the function f(7) accepts its
7>0
maximum value for r* = —cos4e (cos4e < 0), therefore

1 1

su = .
TZIO) 14+ 78 4+274cosde  sin?4e
Consequently,

1, 0<e<7/8

”(E+r404)—1H <by(e) = { P8 <e<n/d (4)

sin 46 ’

Let j = 2. In this case

IA

H 2c? (E+ )\404 ’ < sup |r? (1+ r® 4+ 27% cos 45)_1/2‘
n=>0

< sup - )m: Sy (5)

n>0 \ 1+ 78 + 274 cos4e 2 cos 2

Let j = 1. In this case

HTC (E+ )\404)71H <sup |7t (1+ r® 4+ 274 COS48)71/2‘
7>0

IN
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72 1/2 -2 1/2
< < o "
_ig%<1+7'8+27'4cos45> _i1§5<1+78—|—274>

1
X< 1478 +2r! >z:3%{<1+ %AQ—am%)>”2§

1+ 78 4+ 274 cosde 4 1478+ 274 cos4e

33/4 474 sin? 2¢ 1/2 33/4 4 sin? 2¢
< — 1+ <— |1+ —5—)=

4 1+ 78 4+ 274 cos4de 4 4 cos? 2¢
331 1
= — =b .
4 cos2e ! (E) (6)

For j = 3, similarly we have

H 208 (E+)\4C4 ’ < sup |73 (1+T8+2T4COS46)_1/2‘ <
n=>0

-6 1/2 6 1/2
< < D — X
—2gg<1+78+274cos45> _2218(14—78%—27‘46)

1+ 784274 1/2 33/4 1
<2 .
<1 + 78 —|—2T4COS46)

= b3 (e). (7)

Thus, taking into account inequalities (4-7) in inequality (3), we get that for
AeTly, k=0,3

4 cos 2¢

| Z1Lg™ ( Zb VBl < ale) < 1.

Then L7 (\) = L,
Thus, for A € T'y, k

(ﬂE+L@ﬂ;ﬂ‘J@Aermk:,3

27 < 26 O+ 20 0 257 )7 < T2 = const.

The theorem is proved.

Now, let’s prove the following theorem.

Theorem 2. Let the conditions of theorem 1 be fulfilled. Then the operator
bundle L (X\) has only a discrete spectrum with a unique limiting point at infinity.

If C €0,(0<p<oc), then L7! ()) is represented in the form of ratio of entire
functions of order p and of minimal type at order p.

Proof. Obviously,

3 3
L(\)=E+XC*+) NB;Cj+ By=(E+By) + X*C*+ Y MB;C7.
j=1 j=1

Since a (¢) < 1, hence it follows that ||Bo|| < by* (¢) < 1. Thus, the operator
FE + By is invertible and bounded in H. Then

3
L) =(E+> NB;C/ (E+Bo)™" + XC*(E+ Bo)™" | (E+ Bo).
j=1
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Let
3
Q(\) =Y NB;CI (E+ Bo)™ ' + MC* (E+ Bo) ™"
j=1

Then for A € C the operator @ (\) is a completely invertible operator in H, and
L) =(E+Q(\)(E+ Bo).

Since E+ @ (0) = F is invertible in H, then by the Keldysh lemma, the operator
function E + @ (A) has a discrete spectrum with a limit point at infinity. From the
representation

LY\ =(E+By) " (E+Q(N) !,

we get that L (\) also has a discrete spectrum with a unique limit point at infinity.
If C € o), then the operators BjC'j (E+ Bo)_1 €0y J= 1,3, Cte Tp/je
Then by the Keldysh lemma, L~! ()) is represented in the form of ratio of two

entire functions of order
max (j . p) = p.
j=14 J

and of minimal type at order p.

The theorem is proved.

Now prove a theorem on four-fold completeness of the system of eigen and asso-
ciated vectors.

Theorem 3. Let the conditions of theorem 1 be fulfilled, and A~ € 7, (0 < p < 2).
Then the system of eigen and associated vectors is four-fold complete in H.

Proof. Assume the contrary. If the system of eigen and associated vectors of
the bundle L (A) is not a four-fold complete system in H, then there exist the vectors
fi (j = 0,73) even one of which is not zero, the vector-function

3
R() = (L71 (V)" DN
j=0

is an entire function [1]. Since on the rays A € Ty, k = 0,3 L~!(\) exists and it
holds the estimation ||L™! (X)|| < const, then by the Fragmen —Lindeloff theorem
the operator bundle ‘L‘l (M| < const for all A from the complex plane, since
0 < p <2 and the angle between the neighboring rays I'y equals 7. Therefore,

IR (N < const|\*, XeC.

3 3
Hence we have R (\) = go + Ag1 + A2g2 + A3g3. Then Z )\jfj = L* (X) Z)\ng.
j=0 q=0

Comparing the coefficients in front of A7, we get C*%g3 = 0, i.e. g3 = 0. Similarly
we have that all g; = 0, j = 0,1,2. Thus, R(A) = 0. Hence it follows that
fo= f1 = fo = f3 = 0. This contradiction proves the theorem.

The theorem is proved.

Using the results of the Keldysh paper [1], the following theorem is easily proved.
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Theorem 4. Let the conditions of theorem & be fulfilled, and the operators T},
be completely continuous in H, then the system of eigen and associated vectors of
the bundle

3
M) =E+XC"+) N (B +T;)C?
j=0

1s four-fold complete in H.
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