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Abstract

In this paper it is proved that, if b ∈ BMOσ, then commutator of the
anisotropic Riesz potential operator [b, Iα,σ], 0 < α < |σ| is bounded on anisotropic

generalized Morrey spaces Mp,ϕ,σ, where |σ| =
n∑

i=1

σi is the homogeneous di-

mension of Rn. We find the conditions on the pair (ϕ1, ϕ2) which ensure the
Spanne-Guliyev type boundedness of [b, Iα,σ] from the space Mp,ϕ1,σ to Mq,ϕ2,σ,
1 < p < q < ∞, 1/p− 1/q = α/|σ|. We also find the conditions on the ϕ which
ensure the Adams-Guliyev type boundedness of Iα,σ from M

p,ϕ
1
p ,σ

to M
q,ϕ

1
q ,σ

for 1 < p < q < ∞.

1. Introduction

In the present paper we will prove the boundedness of the anisotropic Riesz
potential operator in the anisotropic generalized Morrey spaces.

For x ∈ Rn and t > 0, let B(x, t) denote the open ball centered at x of radius t and
{
B(x, t) = Rn \B(x, t). Let 0 ≤ b ≤ 1, σ = (σ1, · · · , σn) with σi > 0 for i = 1, · · · , n,
|σ| = σ1 + · · · + σn and tσx ≡ (tσ1x1, . . . , t

σnxn) for t > 0. For x ∈ Rn and t > 0,

let Eσ(x, t) =
n∏

i=1
(xi − tσi , xi + tσi) denote the open parallelepiped centered at x of

side length 2tσi for i = 1, · · · , n.

By [3, 11], the function F (x, ρ) =
n∑

i=1
x2

i ρ
−2σi , considered for any fixed x ∈ Rn,

is a decreasing one with respect to ρ > 0 and the equation F (x, ρ) = 1 is uniquely
solvable. This unique positive solution will be denoted by ρ(x). Define ρ(x) = ρ and
ρ(0) = 0. It is a simple matter to check that ρ(x−y) defines a distance between any
two points x, y ∈ Rn. Thus Rn, endowed with the metric ρ, defines a homogeneous
metric space ([3, 5, 11]). Note that ρ(x) is equivalent to |x|σ = max

1≤i≤n
|xi|

1
σi and

|x + y|σ ≤ co (|x|σ + |y|σ), where c0 = max
{
1, 2

1
σmin

−1}.
One of the most important variants of the anisotropic maximal function is the

so-called anisotropic fractional maximal function defined by the formula

Mα,σf(x) = sup
t>0

|Eσ(x, t)|−1+α/|σ|
∫

Eσ(x,t)
|f(y)|dy, 0 ≤ α < |σ|,

where |Eσ(x, t)| = 2nt|σ| is the Lebesgue measure of the parallelepiped Eσ(x, t).


