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Abstract

In the paper, an optimal speed problem for a bar oscillation equation with
distributed control is considered. For the optimal control the expression in the
form of a series is obtained, and for determining the speed time an effective
algorithm is suggested.

There exist oscillating and wave processes whose mathematical description is
reduced to a mixed problem for a fourth order hyperbolic equation. A number of
problems on oscillations of bars, tuning fork, stability analysis of rotating shafts,
study of vessel vibrations reduce to such equations. Therefore, it is natural to state
different optimal control problems for such equations [1,2,3].

Problem statement. Consider a speed optimal-control problem of a process
described by the bar oscillations equation

∂2u

∂t2
+

∂4u

∂x4
= ν (x, t) , (x, t) ∈ Q = {0 < x < l; 0 < t < T} , (1)

with boundary

u (0, t) = u (l, t) = 0,
∂2u (o, t)

∂x2
=

∂2u (l, t)
∂x2

= 0, 0 ≤ t ≤ T, (2)

and initial conditions

u (x, 0) = u0 (x) ,
∂u (x, 0)

∂t
= u1 (x) , 0 ≤ x ≤ l, (3)

where u (x, t) is the process state, ν (x, t) is a control function from L2 (Q). In place of
admissible controls we take the ball ‖ν‖L2(Q) ≤ R, where R > 0 is the given number.
Suppose that u0 ∈ W 2

2,0 (0, l), u1 ∈ L2 (0, l). Under these conditions, for each fixed
admissible control ν problem (1)-(3) has a unique generalized solution u (x, t) from
C

(
0, T ; W 2

2,0 (0, l) , L2 (0, l)
)

[4]. Hence it follows that u ∈ C
(
0, T ; W 2

2,0 (0, l)
)
, ∂u

∂t ∈
C (0, T ;L2 (0, l)).

The following optimal control problem is stated: to find the admissible control
ν (x, t) from the ball ‖ν‖L2(Q) ≤ R that takes system (1), (2) from the given initial
state (3) is to the final zero state for the least time T [5,6], i.e. for minimal time the
following condition is fulfilled:

u (x, t) |t=T = 0,
∂u (x, t)

∂t

∣∣∣∣
t=T

= 0. (4)


