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ON SPECTRAL THEORY OF QUADRATIC
OPERATOR PENCILS

Abstract

We obtain sufficient conditions on the coefficients of quadratic operator pen-
cils, the main part of which contains a normal operator with its eigen and adjoint
vectors doubly complete in the sense of M.V. Keldysh in Hilbert space. Note that
the main part of the investigated pencil contains a normal operator.

In the paper we investigate a problem on double completeness of the system of
eigen and adjoint vectors of the quadratic pencil

L(λ) = E − (K0 + B0)− λ(K1 + B1)C − λ2C2 (1)

in separable Hilbert space H.
Here E is a unit operator in H, λ is a spectral parameter, the operator coefficients

of quadratic pencil (1) satisfy the following conditions:
1) C is a normal completely continuous operator whose spectrum is contained in

the sector Sλ = {λ : |arg λ| ≤ ε} , 0 ≤ ε ≤ π

2
;

2) Kj , j = 0, 1 are completely continuous operators in H, i.e. Kj ∈ σ∞, l =
= 0, 1;

3) Bj , j = 0, 1 are bounded operators in H, i.e. Bj ∈ L(H), j = 0, 1.

Notice that origin of spectral theory of operatory pencils was put in fundamental
works of M.V. Keldysh [1,2]. Further, the results of M.V. Keldysh were developed
in [3-7].

In particular, in [3-5,7], the quadratic operator pencils were studied at different
situations.

Definition 1. The number λ0 is called a characteristical number of the operator
pencil L(λ) if these exists a non-zero vector ϕ0 ∈ L such that L(λ0)ϕ0 = 0, and ϕ0

is called an eigen vector of the pencil responding to the characteristical number λ0.
If the vectors ϕ0, ϕl, ..., ϕm satisfy the equations

k∑

j=0

L(j)(λ0)
j!

ϕj−k = 0, j = 0, ..., m,

they are called a chain of eigen and adjoint vectors of the eigen vector ϕ0.

If {ϕ0, ϕl, ..., ϕm} is the chain of eigen and adjoint vectors of pencil (1) responding
to the characteristical number λ0, then assuming ϕ̃h ∈ H2 = H ⊕ H, where h =
0,m, ϕ̃h = (ϕ0

h, ϕ
(l)
h ), ϕ0

h = ϕh, ϕ
(l)
h = λ0ϕn + ϕn−1.

Definition 2. If the system {ϕ̃n} constructed for all characteristical numbers
and all possible chains of eigen and adjoint vectors is complete in the space H2, then
we say that the system of eigen and adjoint vectors is doubly complete in H.

Notice that from M.V. Keldysh’s paper [2] it follows that for the system of eigen
and adjoint vectors to be double complete in H, it is necessary and sufficient that


