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GLOBAL SOLVABILITY AND BEHAVIOR OF
SOLUTIONS THE CAUCHY PROBLEM FOR
SYSTMES OF SEMILINEAR HYPERBOLIC

EQUATIONS WITH DISSIPATION

Abstract

In this paper we study the global solvability and the behavior of the Cauchy
problem for systems of semilinear dissipative equations of the monlinear part
consists of sums of functions of two variables. We find conditions when the
nonlinear part of which ensure the existence of global solutions

1.Introduction. Global solvability of the Cauchy problem for semilinear hy-
perbolic equations with dissipation is studied in the papers [1-6]. In these studies,
sufficient conditions for the growth of the nonlinear part ensuring the existence of
global solutions are obtained. The existence of global solutions for general systems
of semilinear dissipative equations is investigate in the work [7]. The existence of
global solutions for the special case of the systems of two semilinear hyperbolic equa-
tions was studied in [8-10]. In this paper we study the global solvability and the
behavior of the Cauchy problem for systems of semilinear dissipative equations of
the nonlinear part consists of sums of functions of two variables. We find conditions
when the nonlinear part of which ensure the existence of global solutions.

2. Formulation of the problem and main results. In the domain R x Ry
consider the Cauchy problem for systems of semilinear hyperbolic equations with
dissipations:

n n
Ukt + Ukt + (—1)lkuk = Zkaij(ui7uj)7 k=1,...,n (1)

i=1 j=1
with initial conditions
up(0,2) = o (x), ure(0,2) = Yp(z), v RN k=1,...n. (2)

Assume that the following conditions hold:
N

1. 112...Zln2?;
2. flm]() S CI(R2),k,i,j = 1, ey 1
B i (i, )| < e fug| %59 - g | i
where 5

Qi + Brij > p— (3)
Brij 2 Trij

ALij
> R -
limi + ljmj N + my

, i,5,k=1,..,n. (4)

Here
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Tkij = Tk(lis Ly Qig, Brijr M) =
= Qg = —, B = 0
l; ] mk’ kij )
MEQij 2 — MpQj

2; 2,

We introduce the following notation:

Ufm = {(w,v) - u € W3 (RN) N Lin(RY), v € Ly(RN) N Lin(RY)

2
y 0< agyy < mfkaﬁkij > 0.

lullwecryy + 1ullp,, ) + 10l Lymny + 0l gy <0

We prove the following main theorem.
Theorem 1. Suppose that conditions 1-3 are satisfied. Then there exists a real

number §g > 0, such that for any (py, V) € Ué’; m, K =1,...,n problem (1), (2)
has a unique solution

w = (U1, s un) € C ([0, o): [] ng(RN)) nct <[o, o) : [L2<RN)}”)
k=1

for uq, ..., uy, the following estimates are valid:

Z [ D%uy(t, ')HLQ(RN) <c(l+1t) 2l , =01, 1k, (5)

|laf=r

—min(1+2- L1 A
1Dsur(t, ) vy < e(1)t)” ™ 2 k) (6)

Arp = min {N<akij—ﬁkij>—%}, k=1,..,n.

i,j=1,...,n 2 ljmj ljm]‘

where

3. Local solvability. In the Hilbert space H = [Lo(RY)]" we write problem
(1), (2), as the Cauchy problem

y'+y + Ay = F(y) } 7)
y(0) =yo, ¥'(0)=y J’
where
U1l ¥1 Yy
Yy = Yo = , Y1 = y
Unp Ps3 ¢3

A is linear operator in H defined by the equalities

D(A) = [ W3 (RY),
k=1
(—1)h+TAl 41 0

A=
0 e (1) FIAl 11
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ZZ flz] uzauj + uq

i=1 j=1

is anon- linear operator acting from D (A1/2) = H Wék(RN) to H.

k=1
A is a self-adjoint positive definite operator, and conditions 1 and 2 imply that

the nonlinear operator F (-) satisfies the local Lipschitz condition,i.e.

IF @) = F@)lly < )[40 - )|,

where ¢(-) € C(R4), ) >0, T—ZHAQM

By the theorem of solvability of the Cauchy problem for the operator differential
equation we have the following local solvability theorem (see [12]) for problem (7).
Theorem 2. Let the conditions of 1.2 be satisfied. Then for any

yo € D (Al/Q) = ﬁ W (RN)
k=1

there exists T' € (0,00) such that problem (7) has a unique solution
y € C([0,77], D (AY?))ncCY([0,T"), H)..
If Ty is the length of the maximum interval of the existence of solutions y €
C ([0,Ty), D (AY2)) N CY([0,Ty), H). then one of the following statements is true:
1) Ty = 400
2) If Ty < +oo, then hm (HA1/2 @+ vy @) =

t—T¢

It follows that , if the a prlorl estimate
|42y + v @] < 10,00). (®)
holds then problem (7) has a global solution.

4. Proof of Theorem 1. By Theorem 2 and (8), to prove Theorem 1 we need
to get a priori estimate:

2
; Hvlkuk(t, )) La(BN) <e¢ te0,00) k=1,2,...,m. (9)

2

Using Fourier transform, we obtain the following inequality (see [11])

[kt )l pyrvy < c(1]t) sty T Er(ors i)+

t
_N 1 1
—l—c/(l—l—T—T) Sl my 2 ZZW’W ui(r Dy, o
0

=1 j=1
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+ZZkal] ('LLi(T, )7“](7-7 ))HLQ(RN) dT? (10)
i=1 j=1
AN 1 1 _1
D2 D un(t, Yy < el +8)7T 7572 TE Bl i)+
o=l
t n n
LN 1 1 _ 1
—|—c/(1+t—7’) dg mp 2 2 ZZkaij (Ui(T,-);Uj(T,-))HLmk(RN)
0 i=1 j=1
+ZZ||fkij(ui(7_7')7uj(7_7'))||L2(RN) dTv (11)
i=1 j=1
and
N 1 1 _q
> IDwu(t Yoy < (U170 ™7 T By, i)+
e =l

i=1 j=1

t n o n
N 11y
+C/(1+t—7) Ay my 2 > D Mg (il ) ui(m ) ) T
my
0

F 30 s (s )57, Dl oy | (12)

=1 j=1

where 1 <my <2, k=1,..,3, t €[0,Tp).
Further using the Holder inequality and conditions 1-3 , we obtain that

Okij Bkz
||fk‘z](ul7uj)HL2 (RN) < CH“@H ! wiy (RY) Ju j” qu 81y (BY)? (13)
1 1 ) .
where pr;; > 1, qrij > 1, — + =1 (if prij = 0, then g = oo, if qri; = 0,
Pkij qkij

then py;; = 00).
By applying the multiplicative inequality (see [13]) from (13) we obtain that

kaij(uivuj)”Lmk(RN) =

O2ki5 B

(1 —01 ks a i I 1k1]ak1] 1 O21i5)0 i 1

< clfullEyey™™ - [V Tl ™[9] G
where
N (1 1 N /1 1
em-:(—), 9%':(—), 15
Y \2 prijarijmi Tl \2 qriBrijm (15)
2 1 1

Prij > ————» Qkij > =1 (16)

Qi M 5k,¢,jmk Prij  Gkij

In a similar way we find thatwhere

/
(1- 911@”)0‘1@”1 ) Hvli ‘ (1=0% i) ki

||fkl](ul7uJ)HL2 (RN) < CH“ZHL RN) i La(RN)
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/
2k1])ﬁk13 H 1s ‘ 02kijﬁkij
”uJ”L RY) VI ey

/

N 1 N 1
b= — 1= — 0hii=—|1— ——— 18
1kij 2lj ( p;ﬂ'jakijmk> ) 2kuj 2, ( q;cijﬁkijmk> ( )

(17)

where

2 2 1 1
/ !
P> —1, q.>—-—) —+—=1. (19)
5T g M9 B Prij ki

Proposition 1: The exponents pyi; > 1, pp;; > 1 quj > 1 and g >
1, k,i,j = 1,...,n can be chosen so that the inequalities (16) and (19) are satisfied.
We introduce the following notations

Vi (t, )‘

Lo(RN)

From (10)-(17) we obtain that

N1 1 ; N 1 1
Xi(t) < cEp(ep, V) + (L+1)%% ™ 2 /(1 +t—7) 2 M2 x
0

- (20)
XY Y (1A )ik Fij (1) + (14 7) 7% Py (7)) d
i=1 j=1
t
N o1 1 +l _n 1 1 _1
Vilt) € cBulop ) + (L)% 73 [ eo i mid o
0
X Z Z [(1 + t)’yiijlkij(T) + (1 + T)’Yiijgkij(Tﬂ dr, (21)

i=1 j=1

where

Fiij (r) = Xi(1791ki)06kij (1) - Xj(l O2k;)Brij _Yj92kiﬁkij (1),

—0" Vo, 0% )Bris ! B
FQkij (7_) — Xz‘(l 01 1i) ki (7_) . X;l 2j) Bkij .}/jQkaﬂkZ] (T)’

N 1 1 N 1 1
Yigh = op ( - 2) (1 = O1kij) okij + o ( - 2) (1 — O2kij) Bri;+

N 1 1 1 N 1 1 1

B - v B Z 3, 29
+ <2lZ <mj 2> + 2) leljak’l] + <2lj (mj 2> + 2) 02161]6]“]7 ( )

N 1 1 N 1 1
’Y;cij = g < - 2> (1 - llij) aklﬁ 2l ( - 2) ( ka]) Bkz]+

N 1 1 1\ , N 1 1 1
* 27[@ mi1 B 5 + § Hlkijakij T % TI’IT o 5 + ka]ﬁkzy (23)
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From (16), (19), (23) and (24) we have

N [/ aw: B 1 1 1
-2 )2 )
2 |\lim; 1ym; mg \libkij  Ljdrij

N Qi Bhrii 1 1 1
e[ ) )
2 |[\lm;  Lim; 2mi \lLipki; — Liqkij

It is obvious that 'y;“»j > Viijs Ky 1, J=1,.,n.
Proposition 2: From (3), (4) follows that

Vrij > 'y;ﬂj, k,i, 7=1,...,n.

Therefore, by Proposition 2 and Segal’s Lemma (see [12]) we obtain the following

inequalities

Uk

(1+1)

N‘Z
S‘H
ol
|
SIS
o
-
[a—
_l’_
~
|
\]
S—
=
Sl
ol
(eI
—
+
2
|
2
i)
=~
\]
IA
53

N1 1 / _N 1 1 /
(E e /(1—|—t—7) B mEE (147) Thidr <,
0

x(1+7)idi < c, tel0,Tp).

le [07 TO)a

t €10, Tp);

By taking into account (24)-(27) , from (20)-(21) we obtain the inequality

Z(t) < cin + CQZq(t), t e [O,T()),

where
n

Z(t) < Zogup [Xk(s) + Ya(s)],
=1 0Ssst

n
=, e (ki + Brij) » 1= Er(p1hp)-
199 T 94 k:l

From (28) implies that for sufficiently small n > 0
Z(t) <M, tel0,Tp).

Therefore

N 1
Z [D%up(t, M pymry < c(L+1) e ™

llecll=L

[NIES
[N

(24)

(26)

(29)
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k=1,..,nte0,Tp), (30)
N
21y,

11
[Juk(t, ')HLz(RN) Scl+t) ™ 2 k=1,..,n. (31)
By using the theorem on intermediate derivatives, we obtain

_N 1 1 _ r
ST D ity Wy ey < c(1+1) 2 e T2

llell=r

-

r=0,1,.,0 k=1,...,n; (32)
Then, using (29) and (31), from (12) we obtain that

n_

; 1
)—mln 3y, g

[ Dk (t, )y mmy < c(1+1

] n Qs ﬁ . P
Ak: min  — kij + kij _ Tkij )
i,j:l,...,n2 limi ljm]’ mi

Therefore, for sufficiently small d the Cauchy problem (1)-(2) has a global solution,
i.e. Tg = +o0

where

References

[1]. Ikehata B.R. Miataka Y., Nakataka Y. Decay estimates of solutions of dissi-
pative wave equations in Rn with lower power nonlinearities. J. Math. Soc Japan,
2004, vol. 56, No 2, pp. 365-373.

[2]. Matsumura A. On the asymptotic behavior of solution of semi linear wave
equation. Publ. RIMS, Kyoto Univ. 1976, 12, pp. 169-189..

[3]. Nakao Hayashi, E. I. Kaikina, P. I. Naumkin. Damped wave equation with
a critical nonlinearity. Transactions of the American Mathematical Society, 2005,
vol. 358, No 3,.

[4]. Ono K. Global existence and asymptotic behavior of solutions to the wave
equations with linear dissipation. Publ. RIMS, 1996, v.32, pp. 401-414.

[5]. Todorova G., Yordanov B. Critical Exponent for a nonlinear wave equation
with damping. Journal of Differential Equations. 2001, 174, pp. 464-489.

[6]. Nakao H., Ono K. Global existence to the Cauchy problem of the semilinear
dissipativewave equations. Math. 7., 1993, vol. 214, pp.325-342.

[7]. Aliev A.B., Kazymov A.A. Eristence, non- existence and asymptotic behav-
1or of global solutions to the Cauchy problem for systems of semilinear hyperbolic
equations with damping terms, Nonlinear Analysis. 2012, 75, pp. 91-102.

[8]. Aliev A.B Mammadzada K.S., Lichaei B.H. Ezistence of a weak solution of
the Cauchy problem for systems of semilinear hyperbolic equations, Transactions of
National Academy of sciences of Azerbaijan,ser.of phys.-tech. and math. Sciences,
2010, v.XXX, No 1, pp. 13-24.

[9]. Aliev A.B., Kazymov A.A. Global Solvability and Behavior of Solutions
of the Cauchy Problem for a System of Two Semilinear Hyperbolic Equations with
Dissipation, Differential Equations, 2013, vol. 49, No. 4, pp. 1-11. ¢ ° Pleiades



102 A ] Transactions of NAS of Azerbaijan
A.Kazimov

Publishing, Ltd., 2013.( Original Russian Text ¢ © A.B. Aliev, A.A. Kazimov, 2013,
published in Differentsial’'nye Uravneniya, 2013, vol. 49, No4, pp. 476-486)

[10]. Aliev A.B, Kazymov A.A. Global ezistence and nonexistence results for a
class of semilinear hyperbolic system. Mathematical Methods in the Applied Sci-
ences,2013, vol9, pp.1133-1144.

[11]. Aliev A.B., Kazymov A.A. Global weak solutions of the Cauchy problem
for semilinear pseudo-hyperbolic equations, differential equations, 45(2), (2009), pp.
1-14. Original. Russian published in Differentialniye uravneniya, 2009, vol. 45, No2,
pp. 169-179.

[12]. Segal LE. Dispersion for non-linear realistic equations II // Ann. Sci.
Egole Norm.Sup. 1968, v. 4, No 1, pp. 459-497. .

[13]. Aliev A.B. Solvability “in the Large of the Cauchy problem for quasilinear
equations of hyperbolic type. Dokl.Acad.Nauk SSSR,240(2),(1978),249-252.

[14]. Besov 0.V, Ilin V.P., Nikolski S.M. Integral Representation of Functions
and Embedding Theorem, V.H. Wilson and Sons, Washington, DC, 1978.

Anar A. Kazimov

Nakhchivan State University,

University campus, AZ 7000, Nakhchivan, Azerbaijan
Tel.: (99412) 539 47 20 (off.).

Received April 10, 2013; Revised June 03, 2013



