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THE BOUNDEDNESS OF B-RIESZ POTENTIAL IN
WEIGHTED B-MORREY SPACES

Abstract

We consider the generalized shift operator, associated with the Bessel (Han-
kel) differential operator B = 8‘% + 22~ > 0. The fractional mazimal opera-

x 9z
tor M ~ (fractional B-mazimal operator) and the Riesz potential I, ., (B-Riesz
potential), associated with the generalized shift operator are investigated. At
first, we prove that the fractional B-mazimal operator M, ., is bounded from the
weight B-Morrey space Ly, y |15~ 10 Lg 5 |16, where 1/p—1/q = a/(1+v =),
I1<p<(Q+79)/a, foralll<p<ooandd <A<1+7.

We study the B-Riesz potential in the weight B-Morrey space. We prove
that B-Riesz potential 1o ~, 0 < oo < 1+ is bounded from the weight B-Morrey
space Ly, 5|18, 10 Ly 5|18, where 1/p—1/q=a/(1+7=A), 1 <p < (1+7)/a,
foralll<p<ooandd < A<1+7.

Introduction

Assume v > 0 and define as the class of all measurable functions f defined on
(0,00)
Ly~ =Lp,,(0,00) = Ly((0,00), z7dzx), (1 <p < o0),

which
oo 1/p
e, = ([ Ir@paar) <o

and by Lo (0,00) = Loo(0,00) the space of the essentially bounded measurable
functions with respect to the Lebesgue measure on (0, 00).

We recall some basic results in harmonic analysis related to the Hankel (Fourier-
Bessel) transform. More details can be found in [31], [32]. The Hankel transform
appears taking different forms in the literature (see, for instance, [26], [28], [31],
[32]). Here we define the Hankel transformation k., through [31], [32]

mummzéwa@wﬂww@,ze@am

where j,(s) = 2"T'(y+1)s77J,(s), with J, the Bessel function of the first kind and
index 7.
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Remark 1. As is well known (see [31]), the function j, is just the solution of

the differential equation
Lyu = —u, u(0) =1, «'(0) =0,
where L, is the Bessel differential operator given by

d? v d

L,=2 479
7 dm2+xd:c’

v > 0.

Definition 1. 1) The generalized translation operator TV, y > 0, are defined for

smooth functions on (0,00) by

TYf(z) = C’W/ F(V/a2 + 42 — 2zycosh )sin? 1640,
0

LH
where Cy = 1~ Fﬁ(g))

N

2
2) The generalized convolution operator of two smooth functions f,g on (0,00)

is defined by .
()@ = [ T @ty @ e (0.00).

For 0 < 3 < 1+, the fractional maximal function Mg, associated with Hankel

transform is defined at f € L} V(O, o0) by

1 T
M —sup—— [ TV Ydy, x € (0,00),
1ol @) = sy [TV p@) . @ € (0.0)

for 3 = 0 we get the maximal function My, f associated with the Hankel transform
(see [29]).

1. Preliminaries

It is well known that the operator T is the solution of the

(Lv)ru = (Lv)yua u('ra 0) = f(:t)’ uy(ac,O) =0

differential equation. Further, the following properties are satisfied (see [27], [32]):
1. For A € C and z,y € (0,00),

TY(jy (A ) (@) = jy(Az)Jry (Ay).

2. If f belongs to L, -, 1 < p < oo, then for all y > 0, the function TY f belongs
to Ly, and
||Tyf”Lp,'y é HfHLp,w

3. For fe€ L1, and g € Ly,

||f#g||Lp,'y S ||f”Ll,'y Hg”Lp,'y
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4. For f,g€ Ly, and p=1 or 2,
i) hy(TY])(A) = 3y (Ay)hy (f) (),

). hy(f#9) = hy(f)hy(9).
Lemma 1. For all z € (0,00) the following equality is valid

t
/ TYg(z)y dy = / g (\/ 22 + 22) 27 dzdz,
0 E((x,0),t)

where E((x,0),t) = {(2,2) € (0,00) x (0,00) : |(x —2,2)| <t}
Lemma 2. For all xz € (0,00) the following equality is valid

/0 [T*g(y) 1My xg, (y)y"dy = /R 9 (\/ 22+ 22> MyX iy 0.y ()7 dzdzZ,

% (0,00

where E((x,0),t) ={(2,2) € (0,00) x (0,00) : |[(x —2,2)| <t}, E, = (0,7).
The proof of Lemmas 1 and 2 is straightforward via the following substitutions

z=ycosf, Z=ysinf, 0<0<m,
y € (0,00), (2,%) € (0,00) x (0, 00).

Definition 2. Let 1 < p < co. By WL, ,(0,00) we denote the weak Ly, ., space
defined as the set of locally integrable functions f(x), x € (0,00) with the finite

norms
1wz, =sup rH{z € (0,00) : (@) > P
T

Definition 3. [9/ Let 1 < p < 00, 0 < A < 1+7, [t]y = min{l,t} and w(z)
positive weight function on (0,00). We denote by L, ~(0,00) the Morrey space (=
B-Morrey space) and Ly . ~(0,00) the weighted Morrey space, associated with the
Bessel differential operator as the set of locally integrable functions f(x), z € (0,00),
with the finite norms

N t 1/p
ey, = s (¢ [ Pls@pray)
BT 450, 2€(0,00) 0
\ t 1/p
ey = swn (2 [ Ts@Patenay )
P 450, 2€(0,00) 0
respectively.
Note that

Ly0~(0,00) = Lp(0,00),
£P,1+'y,'y(0a OO) = Loo(oa 00)7

and if A <0 or A > 1+, then £, 5 (0,00) = ©, where O is the set of all functions
equivalent to 0 on (0, 00).
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Definition 4. [11] Let 1 < p < 00,0 < XA < 1+ and w(z) positive weight
function on (0,00). We denote by WL, ~(0,00) the weak B-Morrey space as the

set of locally integrable functions f(x),x € (0,00) with finite norms

1fllwe,,, =swr  sup (rk / ymy> M/
o >0 >0,2€(0,00) {ye(0,t): TY|f(z)|>r}

Iflwe, .., =supr  sup (M / w(y)ywy> /P
>0 ¢>0,2€(0,00) {y€(0,t): TY|f(x)|>r}

respectively.
Note that

W Ly ~(0,00) = WL, 0~(0,00).

2. L, )5 ,-boundedness of the B-maximal operator

In this section we study the £, 5 ;s ,-boundedness of the fractional B-maximal
operator

r

Mo f(2) = supr® =177 /Tylf(l‘)lyvdy, 0<a<l+r.
r>0
0

We write Mo~ f(x) = M, f(zx) in the case where o = 0.
Theorem 1. Let 0 < o < 1+, 0 < A <14y andl < p < H=2

1_1_ _ « _p(a+y) (1+7)
5 q ~ 1+y=X’ P +q < ﬂ < 7p’+q . Then

1Mo (£1- |Ba)H£q,A,\»\ﬂ,w = C”fHLp,A,\'W,“/
holds.

Proof. We need to introduce the maximal operator defined on a space of homo-
geneous type (Y, d, ). By this we mean a topological space Y = R x (0, 00) equipped
with a continuous pseudometric d and a positive measure v satisfying

v(E((z,7),2t)) < Crv(E((2,T), 1)) (1)

with a constant C; independent of (z,Z) and ¢ > 0. Here E((z,%),t) = {(y,7) €
Y o d(((z,7),(y,9) < t}71d1/(y7§) = () 'dy dy, d((z,7),(y,9)) = |(2,Z) —
(.9 = (z —yP+ (T -7)%)2.

Let (Y, d,v) be a space of homogeneous type. Define

Mo F(a,) = spr(B((@.2).r) " [ oo [Tty

r>0

where f(z,7) = f (\/m)
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It is well known that the fractional maximal function M, , is weak type (1,q),

1- % = 135 and is bounded from Ly (Y,dv) to Ly, (Y,dv) for 1 < p < %,
}D - % = i o(x) = |z|® € A1+§ (see [?]). Here we are concerned with the

maximal operator defined by dv(y,y) = (7)Y "'dy dy. It is clear that this measure
satisfies the doubling condition (I)).
It can be proved that

Mo (f] - 52) (\/22 +z2) = Mo, (F| - 1°%) (\/z2+z o) 2)

and
Moy (fl-1°*) (@) = Mo (f] - 7*)(,0). (3)

Indeed, Lemma 2
| T @ e w7 dy -
_ P _
= /Y )f (\/ y? +?2,0)‘ @ (\/@/QTEQ 0) My X g((2,0)0) (¥, 9) dv(y,y')

and
|Er|ly =VvE ((\/ 22 +22,0> ,r)
imply (2). Furthermore, taking 7 = 0 in (2) we get (3).
Using Lemma 2 and equality (2) we have

[ (oot P @) 27) 7 dy <
- 0
< /0 TV ((Ma,v(f‘ : !ﬂa)(w))qwﬁ> Myxg, (y)y" dy =
:/ (Mow(f\ [Py (\/z2+§2))q(\/22+§2>ﬁ><
(0,00) % (0,00)

XM’YXE(({L‘,O),T) (2’2) dV(Z’E) =

= [ (M1 P (V24 7,0))" (Va5 22.0) Moiagy g (7) dv(z,2).

Also, in the work [20], [22] it was proved:

Proposition 1. Let 0 < a < 1, 1<p< = %—
conditions are equivalent:

1) There is a constant C > 0 such that for any f € L, ,(Y) the inequality

HMa7V(fSOO‘>Hqu(P — CHfHLpgp

= «. Then the following two

Q=

holds.
1,1
By the Proposition 1 we have

</° (e (51179 ()) ") y”dy>3 <
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< ([ ottt 1 (TP

(m O) My X B((2.,0),r) (¥, ) dV<y,y)>; <
< G (/Y ’T(\/W,())‘ (\/m 0) MyX g((2,0),0) (s Y) dV(yyy)>;

=0y ( /Y r (VTR (VP 7) Maxieoyn v 7) dv(y,y)> -

B =

—a ([P, <y>.mdy) <

3 =

2i+1,
)P\ Myxp, (v)y'dy | <

<a | [ T dewQZ/

1
2J+1 1+'Y P
<

< Cy / TY(|f(x )|p:r 7aly~|—022/ r)[Px )(yimlﬂdy <

A e 1 . A A
< (4 HfHEp,)\,HB,’y re 4+ Zl W(ZJ 7“)1? <Cyre ||f||£p,>‘x|"ﬁv'y'
]:

Ry)

3. The B-Riesz potential in the spaces Ep,/\,\-lﬁfy(

In this we give a full description of measures for which weighted estimates for
the fractional integral I,  hold, using the method of G.Welland [33].
We consider the B-Riesz potential

Ioqyf(z) = / TV " f(y)y'dy, 0<a <14y
0

We start with a lemma.
Lemma 3. [6]/ Let 0 < a <1+4~. For any e, 0 < ¢ < min(a, 1 +7v — «), there

exists a constant c. > 0 such that for any nonnegative function f : (0,00) — R and

for any point x € (0,00) the following inequality holds:

f(@)]. (4)

Lo F )] < Copf Maer | F(2)|Mase

14+vy-=X
Theorem 2. Let 0 < a < 1+7 0< A< 1+yandl <p < 12,

1_1_ _ « _p'(d+y) q(14+7)
p g 1+y=X’ p'+q <pf< p'+q - Then

Mar (- Pe, o, < U, o o

holds.
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Proof. Therefore it is possible to choose ¢, 0 < ¢ < min(a, 1 + v — «). If we

now take
1 1 ( o n > 1 1 ( o 8)
P — 8 5 : —_— e — —
g P I+v-=2A 3 p I+v-2A
Denoting
_2qe _2qe
pr=— and pz=—
q
we have
1 1
=1
b1 b2
Put .
Ba : 2
Fi(@) = (Maseo|(f] - 1)(@)]) * wri
and .

Fo() = (Macesl(f1 - 17)(@)]) 2.

Further, (4) together with Holder’s inequality implies the estimate

T T

/Ty(\fan(f\ 1) (@)% )y dy < Ce/Ty(Fl(w)Fz(x))y”dy <

0

0
1

P1

<%<!W(@@ﬁﬁw~mmw)2ﬁ)w@ x

r 1
x / v ((Masﬁ
0
"

e | [T (Maseol 1 PO@I) ") i |
0

ar2

AP )| =

1
p1

3l

x /W(@haMﬂW%@m%ﬁ>W@

0
Finally, using Theorem 2 we conclude that

‘|IOA7’Y(f| : ‘Ba)Hl:q’)\J.‘,@ﬁ S CHf”Lp,)\,I'I’Gﬁ
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