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THE BOUNDEDNESS OF B-RIESZ POTENTIAL IN

WEIGHTED B-MORREY SPACES

Abstract

We consider the generalized shift operator, associated with the Bessel (Han-
kel) differential operator B = ∂2

∂x2 + γ
x

∂
∂x , γ > 0. The fractional maximal opera-

tor Mα,γ(fractional B-maximal operator) and the Riesz potential Iα,γ (B-Riesz
potential), associated with the generalized shift operator are investigated. At
first, we prove that the fractional B-maximal operator Mα,γ is bounded from the
weight B-Morrey space Lp,λ,|·|β ,γ to Lq,λ,|·|β ,γ , where 1/p−1/q = α/(1+γ−λ),
1 < p < (1 + γ)/α, for all 1 ≤ p < ∞ and 0 ≤ λ < 1 + γ.

We study the B-Riesz potential in the weight B-Morrey space. We prove
that B-Riesz potential Iα,γ , 0 < α < 1+γ is bounded from the weight B-Morrey
space Lp,λ,|·|β ,γ to Lq,λ,|·|β ,γ , where 1/p−1/q = α/(1+γ−λ), 1 < p < (1+γ)/α,
for all 1 ≤ p < ∞ and 0 ≤ λ < 1 + γ.

Introduction

Assume γ > 0 and define as the class of all measurable functions f defined on
(0,∞)

Lp,γ ≡ Lp,γ(0,∞) ≡ Lp((0,∞), xγdx), (1 ≤ p < ∞),

which

‖f‖Lp,γ ≡
(∫ ∞

0
|f(x)|pxγdx

)1/p

< ∞,

and by L∞,γ(0,∞) = L∞(0,∞) the space of the essentially bounded measurable
functions with respect to the Lebesgue measure on (0,∞).

We recall some basic results in harmonic analysis related to the Hankel (Fourier-
Bessel) transform. More details can be found in [31], [32]. The Hankel transform
appears taking different forms in the literature (see, for instance, [26], [28], [31],
[32]). Here we define the Hankel transformation hγ through [31], [32]

hγ(f)(x) =
∫ ∞

0
jγ(xy)f(y)yγdy, x ∈ (0,∞),

where jγ(s) = 2γΓ(γ + 1)s−γJγ(s), with Jγ the Bessel function of the first kind and
index γ.
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Remark 1. As is well known (see [31]), the function jγ is just the solution of
the differential equation

Lγu = −u, u(0) = 1, u′(0) = 0,

where Lγ is the Bessel differential operator given by

Lγ =
d2

dx2
+

γ

x

d

dx
, γ > 0.

Definition 1. 1) The generalized translation operator T y, y ≥ 0, are defined for
smooth functions on (0,∞) by

T yf(x) = Cγ

∫ π

0
f(

√
x2 + y2 − 2xycosθ )sinγ−1θdθ,

where Cγ = π−
1
2

Γ( γ+1
2 )

Γ( γ
2 )

.

2) The generalized convolution operator of two smooth functions f, g on (0,∞)
is defined by

(f#g)(x) =
∫ ∞

0
T yf(x)g(y)yγdy, x ∈ (0,∞).

For 0 ≤ β < 1+ γ, the fractional maximal function Mβ,γ associated with Hankel
transform is defined at f ∈ L1

loc,γ(0,∞) by

Mβ,γf(x) = sup
r>0

1
r1+γ−β

∫ r

0
T y |f(x)| yγdy, x ∈ (0,∞),

for β = 0 we get the maximal function M0,γf associated with the Hankel transform
(see [29]).

1. Preliminaries

It is well known that the operator T y is the solution of the

(Lγ)xu = (Lγ)yu, u(x, 0) = f(x), uy(x, 0) = 0

differential equation. Further, the following properties are satisfied (see [27], [32]):
1. For λ ∈ C and x, y ∈ (0,∞),

T y(jγ(λ .))(x) = jγ(λx)jγ(λy).

2. If f belongs to Lp,γ , 1 ≤ p ≤ ∞, then for all y ≥ 0, the function T yf belongs
to Lp,γ , and

‖T yf‖Lp,γ ≤ ‖f‖Lp,γ .

3. For f ∈ L1,γ and g ∈ Lp,γ ,

‖f#g‖Lp,γ ≤ ‖f‖L1,γ ‖g‖Lp,γ .
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4. For f, g ∈ Lp,γ , and p = 1 or 2,

i). hγ(T yf)(λ) = jγ(λy)hγ(f)(λ),

ii). hγ(f#g) = hγ(f)hγ(g).
Lemma 1. For all x ∈ (0,∞) the following equality is valid

∫ t

0
T yg(x)yγdy =

∫

E((x,0),t)
g

(√
z2 + z2

)
zγ−1dzdz,

where E((x, 0), t) = {(z, z) ∈ (0,∞)× (0,∞) : |(x− z, z)| < t}.
Lemma 2. For all x ∈ (0,∞) the following equality is valid

∫ ∞

0
[T xg(y)]MγχEr

(y)yγdy =
∫

R×(0,∞)
g

(√
z2 + z2

)
MνχE((x,0),r)

(z)zγ−1dzdz,

where E((x, 0), t) = {(z, z) ∈ (0,∞)× (0,∞) : |(x− z, z)| < t}, Er = (0, r).
The proof of Lemmas 1 and 2 is straightforward via the following substitutions

z = y cos θ, z = y sin θ, 0 ≤ θ < π,

y ∈ (0,∞), (z, z) ∈ (0,∞)× (0,∞).

Definition 2. Let 1 ≤ p < ∞. By WLp,γ(0,∞) we denote the weak Lp,γ space
defined as the set of locally integrable functions f(x), x ∈ (0,∞) with the finite
norms

‖f‖WLp,γ
= sup

r>0
r |{x ∈ (0,∞) : |f(x)| > r}|1/p

γ .

Definition 3. [9] Let 1 ≤ p < ∞, 0 ≤ λ ≤ 1 + γ, [t]1 = min{1, t} and ω(x)
positive weight function on (0,∞). We denote by Lp,λ,γ(0,∞) the Morrey space (≡
B-Morrey space) and Lp,λ,ω,γ(0,∞) the weighted Morrey space, associated with the
Bessel differential operator as the set of locally integrable functions f(x), x ∈ (0,∞),
with the finite norms

‖f‖Lp,λ,γ
= sup

t>0, x∈(0,∞)

(
t−λ

∫ t

0
T y|f(x)|pyγdy

)1/p

,

‖f‖Lp,λ,ω,γ
= sup

t>0, x∈(0,∞)

(
t−λ

∫ t

0
T y(|f(x)|pω(x))yγdy

)1/p

respectively.
Note that

Lp,0,γ(0,∞) = Lp,γ(0,∞),

Lp,1+γ,γ(0,∞) = L∞(0,∞),

and if λ < 0 or λ > 1 + γ, then Lp,λ,γ(0,∞) = Θ, where Θ is the set of all functions
equivalent to 0 on (0,∞).
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Definition 4. [11] Let 1 ≤ p < ∞,0 ≤ λ ≤ 1 + γ and ω(x) positive weight
function on (0,∞). We denote by WLp,λ,γ(0,∞) the weak B-Morrey space as the
set of locally integrable functions f(x),x ∈ (0,∞) with finite norms

‖f‖WLp,λ,γ
= sup

r>0
r sup

t>0, x∈(0,∞)

(
t−λ

∫

{y∈(0,t): T y|f(x)|>r}
yγdy

)
,1/p

‖f‖WLp,λ,ω,γ
= sup

r>0
r sup

t>0, x∈(0,∞)

(
t−λ

∫

{y∈(0,t): T y |f(x)|>r}
ω(y)yγdy

)
,1/p

respectively.
Note that

WLp,γ(0,∞) = WLp,0,γ(0,∞).

2. Lp,λ,|·|β ,γ-boundedness of the B-maximal operator

In this section we study the Lp,λ,|·|β ,γ-boundedness of the fractional B-maximal
operator

Mα,γf(x) = sup
r>0

rα−1−γ

r∫

0

T y|f(x)|yγdy, 0 ≤ α < 1 + γ.

We write M0,γf(x) = Mγf(x) in the case where α = 0.
Theorem 1. Let 0 ≤ α < 1 + γ, 0 ≤ λ < 1 + γ and 1 < p < 1+γ−λ

α ,
1
p − 1

q = α
1+γ−λ , −p′(1+γ)

p′+q < β < q(1+γ)
p′+q . Then

‖Mα,γ(f | · |βα)‖L
q,λ,|·|β,γ

≤ C‖f‖L
p,λ,|·|β,γ

holds.
Proof. We need to introduce the maximal operator defined on a space of homo-

geneous type (Y, d, ν). By this we mean a topological space Y = R×(0,∞) equipped
with a continuous pseudometric d and a positive measure ν satisfying

ν(E((x, x), 2t)) ≤ C1ν(E((x, x), t)) (1)

with a constant C1 independent of (x, x) and t > 0. Here E((x, x), t) = {(y, y) ∈
Y : d(((x, x), (y, y)) < t}, dν(y, y) = (y)γ−1dy dy, d((x, x), (y, y)) = |(x, x) −
(y, y)| ≡ (|x− y|2 + (x− y)2)

1
2 .

Let (Y, d, ν) be a space of homogeneous type. Define

Mα,νf(x, x) = sup
r>0

ν(E((x, x), r))α−1

∫

E((x,x),r)

∣∣f(y, y)
∣∣ dν(y),

where f(x, x) = f
(√

x2 + x2
)
.
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It is well known that the fractional maximal function Mα,ν is weak type (1, q),
1 − 1

q = α
1+γ and is bounded from Lp,ϕ(Y, dν) to Lq,ϕ(Y, dν) for 1 ≤ p < 1+γ−λ

α ,
1
p − 1

q = α
1+γ−λ , ϕ(x) = |x|β ∈ A1+ q

p′
(see [?]). Here we are concerned with the

maximal operator defined by dν(y, y) = (y)γ−1dy dy. It is clear that this measure
satisfies the doubling condition (1).

It can be proved that

Mα,γ(f | · |βα)
(√

z2 + z2
)

= Mα,ν(f | · |βα)
(√

z2 + z2, 0
)

(2)

and
Mα,γ(f | · |βα)(x) = Mα,ν(f | · |βα)(x, 0). (3)

Indeed, Lemma 2
∫ ∞

0
T y(|f(x)|p ϕ(x))MγχEr

(y)yγ dy =

=
∫

Y

∣∣∣f
(√

y2 + y2, 0
)∣∣∣

p
ϕ

(√
y2 + y2, 0

)
MνχE((x,0),r)(y, y) dν(y, y′)

and
|Er|γ = νE

((√
z2 + z2, 0

)
, r

)

imply (2). Furthermore, taking z = 0 in (2) we get (3).
Using Lemma 2 and equality (2) we have

∫ r

0
T y

((
Mα,γ(f | · |βα)(x)

)q
xβ

)
yγ dy ≤

≤
∫ ∞

0
T y

((
Mα,γ(f | · |βα)(x)

)q
xβ

)
MγχEr

(y)yγ dy =

=
∫

(0,∞)×(0,∞)

(
Mα,γ(f | · |βα)

(√
z2 + z2

))q (√
z2 + z2

)β
×

×MγχE((x,0),r)(z, z) dν(z, z) =

=
∫

Y

(
Mα,ν(f | · |βα)

(√
z2 + z2, 0

))q (√
z2 + z2, 0

)β
MνχE((x,0),r)(z, z) dν(z, z).

Also, in the work [20], [22] it was proved:
Proposition 1. Let 0 < α < 1, 1 < p < 1

α , 1
p − 1

q = α. Then the following two
conditions are equivalent:

1) There is a constant C > 0 such that for any f ∈ Lp,ϕ(Y ) the inequality

‖Mα,ν(fϕα)‖Lq,ϕ ≤ C‖f‖Lp,ϕ

holds.
2) ϕ ∈ A1+ q

p′
(Y ), 1

p + 1
p′ = 1.

By the Proposition 1 we have
(∫ r

0

((
Mα,γ(f | · |βα)(x)

)q
xβ

)
yγdy

) 1
q

≤
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≤
(∫

Y

(
Mα,ν(f | · |βα)

(√
y2 + y2, 0

))q
×

×
(√

y2 + y2, 0
)β

MνχE((x,0),r)(y, y) dν(y, y)
) 1

q

≤

≤ C2

(∫

Y

∣∣∣f
(√

y2 + y2, 0
)∣∣∣

p (√
y2 + y2, 0

)β
MνχE((x,0),r)(y, y) dν(y, y)

) 1
p

=

= C2

(∫

Y

∣∣∣f
(√

y2 + y2
)∣∣∣

p (√
y2 + y2

)β
MνχE((x,0),r)(y, y) dν(y, y)

) 1
p

=

= C2

(∫ ∞

0
T y(|f(x)|pxβ)Mγχ(0,r)(y)yγdy

) 1
p

≤

≤ C2




∫ r

0
T y(|f(x)|pxβ)yγdy + C2

∞∑

j=1

∫ 2j+1r

2jr
T y(|f(x)|pxβ)MγχEr

(y)yγdy




1
p

≤

≤ C2




∫ r

0
T y(|f(x)|pxβ)yγdy + C2

∞∑

j=1

∫ 2j+1r

2jr
T y(|f(x)|pxβ)

r1+γ

(y + r)1+γ
yγdy




1
p

≤

≤ C3 ‖f‖L
p,λ,|·|β,γ


r

λ
p +

∞∑

j=1

1
(2j + 1)1+γ

(2j+1r)
λ
p


 ≤ C4 r

λ
p ‖f‖L

p,λ,|·|β,γ
.

3. The B-Riesz potential in the spaces Lp,λ,|·|β ,γ(R+)

In this we give a full description of measures for which weighted estimates for
the fractional integral Iα,γ hold, using the method of G.Welland [33].

We consider the B-Riesz potential

Iα,γf(x) =
∫ ∞

0
T yxα−1−γf(y)yγdy, 0 < α < 1 + γ

We start with a lemma.
Lemma 3. [6] Let 0 < α < 1 + γ. For any ε, 0 < ε < min(α, 1 + γ − α), there

exists a constant cε > 0 such that for any nonnegative function f : (0,∞) → R and
for any point x ∈ (0,∞) the following inequality holds:

|Iα,γf(x)| ≤ Cε

√
Mα−ε,γ |f(x)|Mα+ε,γ |f(x)|. (4)

Theorem 2. Let 0 < α < 1 + γ, 0 ≤ λ < 1 + γ and 1 < p < 1+γ−λ
α ,

1
p − 1

q = α
1+γ−λ , −p′(1+γ)

p′+q < β < q(1+γ)
p′+q . Then

‖Iα,γ(f | · |βα)‖L
q,λ,|·|β,γ

≤ C‖f‖L
p,λ,|·|β,γ

holds.
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Proof. Therefore it is possible to choose ε, 0 < ε < min(α, 1 + γ − α). If we
now take

1
qε

=
1
p
−

(
α

1 + γ − λ
+ ε

)
,

1
qε

=
1
p
−

(
α

1 + γ − λ
− ε

)
.

Denoting

p1 =
2qε

q
and p2 =

2qε

q

we have
1
p1

+
1
p2

= 1.

Put

F1(x) =
(
Mα+ε,γ |(f | · |βα)(x)|

) q
2
x

β
p1

and

F2(x) =
(
Mα−ε,γ |(f | · |βα)(x)|

) q
2
x

β
p2 .

Further, (4) together with Holder’s inequality implies the estimate

r∫

0

T y(|Iα,γ(f | · |βα)(x)|qxβ)yγdy ≤ cε

r∫

0

T y(F1(x)F2(x))yγdy ≤

≤ cε




r∫

0

T y

((
Mα+ε,γ |(f | · |βα)(x)|

) qp1
2

xβ

)
yγdy




1
p1

×

×



r∫

0

T y

((
Mα−ε,γ |(f | · |βα)(x)|

) qp2
2

xβ

)
yγdy




1
p2

=

= cε




r∫

0

T y
((

Mα+ε,γ |(f | · |βα)(x)|
)qε

xβ
)

yγdy




1
p1

×

×



r∫

0

T y

((
Mα−ε,γ |(f | · |βα)(x)|

)qε

xβ

)
yγdy




1
p2

.

Finally, using Theorem 2 we conclude that

‖Iα,γ(f | · |βα)‖L
q,λ,|·|β,γ

≤ C‖f‖L
p,λ,|·|β,γ
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