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MATHEMATICS

Soltan A. ALIYEV, Yaroslav I. YELEYKO, Natalya V. BUHRII

ASYMPTOTICAL PROPERTIES OF THE
RENEWAL MATRIX
FOR SOME CLASS OF INFINITE-DIMENSIONAL
RENEWAL EQUATIONS

Abstract

Conditions on the tolimit matriz of measures and on the limit matrixz of
full masses of measures are found. Existence of normalized multiplier p¢ such,
that on a time scale t/p® the asymptotic of difference of the renewal matriz
(associated with family of dependency upon a small parameter of matriz-valued
measures with the block-resoluble infinite-dimensional limit matriz of full masses
of measures) on the finite interval is nontrivial is proved.

1. Introduction

In this paper we will consider the transitional phenomena for the multidimen-
tional renewal equation with the block-resoluble infinite-dimensional limit matrix
of full masses of measures . Equations of such type arise up, for example, at the
analysis of the stochastic systems, which assume the asymptotical integration of
state space, in particular,of the high reliable systems, and also of some classes of the
queuing systems in the conditions of small probability of requirement loss. Problems
about integration of phase space of difficult systems considered Korolyuk V.S. and
Turbin A.F. (see [1]). Task for the renewal matrix of irreducible matrix is considered
by Shurenkov V.M. in [2]. Problem for the finite-dimensional case with resoluble
block-diagonal matrix of full masses of measures was considered Nishchenko L.I. in
[3]. In this work opinion for the finite-dimensional case is extended to the infinite-
dimensional case. Conditions on matrix-valued measure F'(dt)), at which exists a
time scale, for which difference of the renewal matrix has nontrivial limit are finded.

2. Main part

It will be our task to investigate the asymptotical properties for a family of
oo

matrix-valued renewal functions He(t) = > FeU"™)(t) as ¢ — 0, t — oo. The
n=0
principal assumption in relation to F(dt) there will be that it weakly converges

to the measure F(dt) as ¢ — 0. Its matrix of full masses of measures F[0,00) is
infinite-dimensional resoluble of block-diagonal type.

During all exposition we assume that if all elements of some matrix D(z) =
[D;j(x)] own definite functional property, the matrix D(x) owns this property too.
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Matrices with elements |D;;| and [ D;j(x)dz are denoted |D| and [ D(z)dz accord-
ingly.

Let F=(dt) is a family of infinite-dimensional matrices, the elements of which are
finite nonnegative measures concentrated on [0, co) and depend on a small parameter
e > 0. For each ¢ matrix F*(dt) is irreducible, that is, for arbitrary subset I € F =
{1,2,3,...} of indexes set can be indicated such i € I, j ¢ I that Ffj(dt) > 0. In
addition, we will consider, that such condition are true:

1) the matrix-valued measure F*©(dt) weakly converges as ¢ — 0 to the matrix-valued
measure F'(dt), that is

/ g()Fe(dt) — [ g(t)F(dt) (2.1)
0 0

for the arbitrary continuous bounded function g(t);
2) the family F*(t) is asymptotically and uniformly in ¢ separated from a zero, that
is, for some o > 0, < 1

oo
lim Sup ZF{?(OZ) < B; (2.2)
7=1
3) for arbitrary e
sup ZFa [0, 00) (2.3)

4) the limits matrix of full masses of measures F' = F[0, 00) is stochastic
oo
> Fil0,00) = 1 (24)
j=1

and resoluble of the block-diagonal type: F = diag{F!, F? F3 ...}. Therefore the
indexes set £ = {1,2,3,...} may to give as association of mutually exclusive sets
Ey, Ey, E3 ... such, that F;; = 5Ska, when ¢ € E;, j € Ey, where d4 is Kroneker
character. Suppose, that each of matrices F?, i = 1, 0o along the diagonal of matrix
F is irreducible. We will consider also, that dimension of matrices F*® is not greater
than do.

Assume still, that such condition holds

o0
sup g a;; < oo,
i 4
Jj=1

where -
0, = / YFE (dy) < oo (2.5)
0
and let -
inf Y " af; > ag > 0. (2.6)

Jj=1
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From the condition (2.4) and resolubility of matrix F' it follows, that each with
matrices F® along its diagonal is stochastic. Therefore 1 is maximal eigenvalue
with corresponding right eigenvector 1(8). Since the matrix F* is irreducible and
nonnegative, then there exists unique positive left eigenvector p’ (5) with correspond-
ing eigenvalue 1 such, that (ﬁ(s),f(s)) = 1. The matrix F' is stochastic. Thus
unit is its maximal eigenvalue with corresponding right and left eigenvectors I,
7= FW, 5@, ..)). The vector §is positive.

From irreducible of the matrix F* it follows existence such integer ng, that
(F35)" >0 (ij element of matrix (£°)"0). Thus ng < mo < do, where mg — degree
of minimal polynomial of matrix F*®, dy — maximal dimension of matrices F'*. We
will assume that V s V 4,5 € FE, there exists such integer ng < myg, for which
(F5)"0 > b > 0.

In addition, we suppose, that displacement of tolimit matrix of full masses of
measures is little, that is, for ¢ € E5 we have

> (Fy = F) < 84(e),

JEE;s

o0
where Y ds(e) < co. For i € Ey also holds condition
s=1

> F<6ie (2.7)

JEEs

Let H%(t) be the renewal matrix associated with F¢(t), that is

€ t) _ Z Fs(*n) (t)
n=0

where

FUO@) =1,

t
Fs(*n) (t) _ Fe(t) % Fa(*(n—l))(t) _ / Fa(dy)Fa(*(n—l))(t o y)'
0

Here I — unit matrix. Two next lemmas assert resriction of the renewal matrix norm
on every finite interval [0, 7] and uniform in ¢ and ¢ resriction of difference norm of
the renewal matrix on finite intervals [t,t + s].

Proof of next lemmas coincides with proof of the proper results Nishchenko [3]
in the finite case. Therefore we do not give it.

Lemma 1. If a condition (2.2) holds, then

supZ:H‘S [0,T] <
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for each € > 0 and for arbitrary T < co.
Lemma 2. If conditions (2.1) -(2.4) hold, then for arbitrary s > 0

hmsupsupZHE [t,t+s] < As+ B
t
7=1

where A, B — some finite constants.

Our next purpose — finding of the asymptotical behaviour of the renewal matrix
difference H[t,t + s| as e — 0, t — oo. We will do a few remarks.

Remind that matrix F'(dt) is called latticed with step h if there exists such A > 0,
that each of measures Fj;j(dt), i,j € E, may to concentrate on the displaced grate
with the same step h, that is, on the set of kind {c¢;; + nh, n = 0,%1,42,...}, thus
Cij + Cji, — cy; is the element of initial grate for arbitrary ¢, j, k € E. If there such h
does not exist, then the matrix F'(dt) is called unlatticed.

Assume that matrices F©(dt) are unlatticed.

Theorem 1. If conditions (2.1) -(1.7) hold and each of matrices F*(dt) is

unlatticed, then there exist nonnull matriz and normalized multiplier p® p—" 0 such,
E—

that asi € F, j € Ey,

(k)

t t D,

lim Hf; |—, — =u-qs(t) ——
;L% |:ps’ e +u:| U QSk() 7Tk’

where QSk(t) = [etc]ska Tk = E p fth] dt
I7]€Ek

Proof. It is known, that elements of the renewal matrix He(t) is satisfied mul-

tidimensional renewal equation

m=1

o t
:61-]'+Z/Ffm (du)Hp,;(t — u).
0

At the first by analogy with work [2] transform the irreducible matrix renewal
equation into scalar. After that replace ds equations for a block F; on one equation.

Fix on one index in each with Es: w1 € Eq, wg € Fo,..., w, € F,, ...and define
the sequence of functions H fj(") (t), n=0,1,... by such correlations

Z _5U+Z L HS, (1)

H(0) = HO (1) + 30 iy« Hy ™D 0
mgD
where D = {wq, wa, ..., w,,...} —set of the fixed indexes. From construction we see
that
H ") > HIM (), HIM () < HE(t) Yn>0

1) )
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and

-1
H5 () HY" (0 = 32 Fipy v (o0 = Hil D 0) =+ =
m1¢D
0
= D Fyx -*F;n_lmn*(H;nj() Hjjn;())_
mi1¢€D...mp&D
= Y EheeoxEL x Hy@) < |[FFU s« HAt)|| — 0

’Lml n—00
m1&D...1gD

o0
in accordance with convergence of row S FeU™)(¢),
n=0

Consequently, the sequence of functions Hfj(n) (t) approaches the function Hfj(t)
as n — oo.

We will enter still the sequence of monotonous in ¢ functions as follows

n n—1
L) = F) + Y o+ L0V (0).

By induction we receive such correlation

H () =05+ > L3V - Gy + ZLE(" « HS i (t), (2.8)
meD
in which put, that Le(n 1)( t)y=0asn=0.
Since Li; )( t) < Hfj(t) for arbitrary n and the sequence Lf](n) (t) is nondecreasing
in n, there exist limits L;(t) = nh—>Holo ij(n) (). Letting n to infinity in (2.8), we will
get such equality

m¢gD

Then for elements H, ,, (t)(s,k € N) of the matrix H®(t) we have the renewal

WsW
equation

wswk - 65k + Z stwn Hfunwk( ) (2.10)

It means that the matrix He(t) = [Hy, 0, ()]s, ken is the renewal matrix for matrix

LE(t) = [L5ssuwy, ()]s ken. For elements Hy (1) (s € N, j ¢ D) we get the renewal
equation

Hy (8) = L, ( +ZLw5wn*HZ)nJ() (2.11)

The solution of this equation is equal to

00 t
HS (6) = [ H ., (du)L, (= u). (2.12)
[ 7

n=1
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Relations (2.9), (2.10), (2.12) show that the asymptotical properties of the matrix
HE(t) may to study by the matrices H*(t) and Lf(t).

Show now, that the function Lf(¢) weakly converges to some function L(t) as
¢ — 0, thus the matrix L(co) = [Lup,wy, (00)]s ke is unit.

We will mark some properties of functions ij(t). At first, by induction we prove,
that

SR ALV = Y LW s Fr i) n=0,1,... (2.13)

m¢gD m¢gD

Consequently, the functions Lg;(t) = lim L e(n )( t) satisfy such two equations

n—oo

L;(t) = + D Fin Ly
megD

L (t) = + > L5, Fyl (2.14)
m¢gD

Summarize both parts of the last equation in all j € E. Taking into account condi-
tion (2.3), we will get

o

DLGH) <1+ ) Lin(t)

j=1 m¢gD

whence

[ee]
> L, () <1 VIEE. (2.15)

For proof of uniform boundary in € and ¢ of the functions L;(¢) as j ¢ D, use such
estimation (which is proved by induction)

E:E:L iy <n, keN, n>1. (2.16)
ka
j&D k=1

Since a sum _ L Fjg;cn) (t) as a function in ¢ is nondecreasing and uniformly
jéb
bounded in £, there exist finite limit of this function as ¢t — oco. Letting ¢ to infinity

n (2.16), we get inequality

ZZL (Fjp,)" < n.

k=1 j¢D

Assume for definiteness, that j € Es\ws. Since a matrix F* is irreducible, there
exists a such integer ng = ng(j), that (Fj,, )" = d0; > 6o > 0. Thus ng < mg < do,
where mg — degree of minimum polynomial of the matrix F'*, dy — maximal dimension

of matrices Fi. From that (Ff,, )" sjo)(F iws )"0 it follows existence of such g9 > 0,

that (F7, )" > % for all e < g9. Functions Lf;(t) do not decrease in ¢, and,
consequently, for all enough small ¢ inequalities hold

S R0 <Y Y0 < Y Lrgioo) < 3 Lloo) - (Fu ) <

Jj€D Jj€D Jj€D j€D
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do 0o

n=1j¢D k=1
Therefore J N\
sup S L5 (1) < DA DDy _p (2.17)
i jeB ’ %

where R — some constant, that does not depend on ¢ and t.

Thus, we proved, that the matrices family L¢(¢) is uniformly bounded in € and ¢.
By Helly theorem from it may to choose weakly convergence subsequence. Without
loss of generality, we will suppose, that LF;(t) — Li;(t) weakly as ¢ — 0.

From monotonicity of the function Lf;(¢) in ¢ it follows, that this convergence is
uniform in every continuous point of the function L;;(t), that is

lim lim lil‘lgpc (L5;(t + h) — Lij(t)) = 0.

In addition, monotony and uniform bounded in ¢ of functions L;(f) guarantee exis-
tence of finite limits

From resolution of matrix F" it follows resolution of matrix L, that is L;; = 0 as
i € B, j € Ey, s# k. For finding L;; as 4, j € Es (s € N) we have such resolution

Lij = Fi; + Z Fim - Linj,
mEEs\U/'s

TTLEES\’U)S

If first of these equations multiply by pgs) and summarize in ¢ € FE; and in the second

equation to conduct adding in j € Fs, we find, that

(s)

b; ..
Liw, =1, stj:% Vi, j € E.

Ws

Examine, that this solution is unique. Assume, that L;; and Eij — two solutions of
these equations and let Z;; = L;; — L;;. Then

Zij = Z Fim - Zomij-

mEEs\UJs

From here

S ziy= 3 P Zuw,; and means Z,,; =0.
i meFE\ws
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Analogously make, that Z;,,, = 0.
Obvious type of constants L;; as ¢ € D and j ¢ D to us isn’t need. Notice, that
from monotony Lj;(t) in ¢ and from existence of finite limits Lj; = tlim L3;(¢) it
—00
follows, that as arbitrary fixed s > 0
lim, [L5;(te +s) — L;(t)] = 0 (2.19)

E—

for an arbitrary sequence t. such, that t. T oo as € — 0.
Apply to the renewal equation(2. 10) the known results of the renewal theory.
For this show finiteness of quantity Sup f tLE, .. (dt).

WsW

Applying Laplace transform to equatlon

L3, () = Fo i () + D Ly * (1)

mgD
we get such equality
L5, (0) = )+ Y Lam) - Eiy (), (2.20)
m¢gD

where

Remark, that

Summing both parts of equality

Lg, (00 = L5, (N Fg ;(0) = F5 (N

'Ujgj UJS‘] ’llJS] Ws]J
i\ — +
Lem(0) = L5 m(N) = ~ F5(0) = Fr (V)
+ > : Fo N+ Y LG, (0) - =2 — J (2.21)

in all j € E, we get

> LE o (0) = LE, . (A Fe
SUPZ wswn( )_)\ wswn( ) (R+1 Sllpz sJ
€ n=1
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From existence of limit as A — 0 of the right part of inequality it follows existence
of limit of the left its part. Limit transition as A — 0 gives us the inequality

[ee)
supmeuswn <(R+ l)supZafusj < 00

€ n=1 ¢ jeE
in accordance with a condition (2.5). Then from correlation
My, = Cogwy, + Z Moy Frnj + Z LG,
ngD ngD
it follows, that sup mfusj < oo forall j€E.
Passing in (251) to limit, when A — 0, ¢ — 0, we get

M, j = E Ly - aij + E M Fij.-

I€E; IeE\ws

Adding in j € F; converts this correlation into such equality

(s)
s = X s

JEEs 1,jeEs Pws I€E\ws
which we find from, that

(S)

Mms = Mygws = E (s) c Qg
1,jeEs Pws

Examine implementation of uniform integrality condition of measures family
(L5, (dt)]s ken. Denote
o o0
/ /\uLE du Fa(t’ )\) _ /eAqu(du), )< 0.
t

t

From equation

Liy(0) = Foy() + S L s Fiy (1)

mgD

we prove a next equality

fisj (t7 )‘) = F'Zsj (ta )‘) +

LN P - S / ML, (du) - Tyt — u, M),

meD m¢gD

Since
o 0

/AuLg(du) (- u,N) — / L*(du) - F*(t = u,0) <0,

t t
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for a difference [L ;(t,0) — (t A)] we have such inequality

Ly, ;(£,0) = Ly, j(t, ) < Fy, ;(t,0) = (6, A) +

+ > Ly (£,0) = Loy (6 N] - FS (V) + Y Ly (,0) - [F55(0) — F ().

mgD m¢gD
Since

o

o0
/VLE du F)\ t O /U.F6 5”)/(0) = (Ifj,

t t
then summing both parts of the last inequality in all j € E, dividing it on —\ and
letting A to the zero, we get

(t,0) — L5, (t,)\)

supz / ulLy, ., (du) = SupZI L 5 Walbn 2 "2 <

o0
< sup Z/UFE Z /qusm(du) : afnj] b 0.
JEE mgD jEE ',

The first element heads for a zero by (2.5). From uniform bounded of series

oo oo
> ag; > Li;(t) it follows, that second element let to zero too. It is possible to
- =

show, that quantities Ly, ., (t), s € N, are unlatticed.
Define a parameter p® and matrix C, which is in a theorem. Put

o0
1—-L¢ 00
p°=> p5, where piz;"rj“’s(), seN;
s=1 s
€ IE
ce ==L o = B (20) =y
p P ms

For each i ¢ D, j € E equation (2.14) may to write in a kind

(I=F)Ly— Y. Fo Ly = F,
m&D m#l

£(7)

that is vector LS AD = = (L;,;)mgp satisfy infinite-dimensional linear algebraic equa-

tion

(L - FE‘\D)LE(G) = FE‘(\JZ))

For this equation may to write the weak equation, accepting Ly ; = 0,m ¢ FE

xe(j)  _ pe(d)
(I - Fpo)L EES{% — FESJ\W'
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The solution difference of weak and infinity systems is estimated as follows (see [7])

max > F
IeE\ws jgF,

ma; L*6 - L, < d4(e).
mGES)\(wS‘ 1 p— > S s(€)
TeB\ws jep,\w,

For L;j,i € Es \ ws, j € Es we have equation

(I - FES\wS)LgS)\wS = FIEJJS)\ws

The solution of the weak system difference from the solution of system for Lg)\

no more, than on dyds(¢). Consequently, we come to conclusion, that
1—-L¢
Liw, — L5, < (do 4+ 1)84(e) ——2= =

ms

= —(Fow = Fopo+ Y. (Funlmy = FiuLi)+ Y. Fiuling) <
s meE\ws mgD,mgEs
1
< (Y Fm-F)+ Y L= L)+ Y Fa) S Ko(),
meFlg meEs\ws méFEs

o0

From here, taking into account bounded ) d5(¢) < oo, we have
s=1

1_Lasws (OO)
ms

As pf = p—" 0, for arbitrary s we get

E—>

e—0

Directly from construction it follows, that

C51 <1, C5% >0 at s#k.

As, consonant to (2.15), Z L3, ., <1, then

5 L (00) ) ]
k#s 1 - stws< ) _ Ps €
Z sk_ = _?__Cssgl'
ks " s pems P
Show that there exists limit C' = lir% C*®. Fix arbitrary two positive numbers

E—>
a, b, b > a. Since Lf(t) as function from ¢ is nondecreasing, then

1-L¢ (i) 1-Lg , (%)

WsWs \ p& WsWs \ p&

mgp° mep°
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From here we get inequality

1-L¢ = 1-L¢ .
hm WsWs (p ) S h7m WsWs (p )
e—0 msp® e—0 msp®

which we rewrite as follows

e [ L, (00) | Lo (00) ~ Lo ()] _
e—0 mspa mspa <
i [17 Lo (00) | Do (00) = Ly ()
T =0 mspf msp‘f
or |
hm —CE, + waws (00) = LG, 0. (ps) _
e—0 msps <
waw, (00) — L§, a
< lim | -5, + — e (3) (2.22)
e—0 mspg
From a condition
oo
bup/u WsW — 0
o t—00

t

which was set higher, and nonnegativity of function [L, ,, (o0)—L5,_,,. (u)] it follows,
that

Pt (L, (00) - Lz,swm]gsgp( L0, (00) = L, (0] +

[e.e] e}
b 1 (60) = L, ()l =00 [ 0, (du) — .
t "y
Therefore for an arbitrary sequence u® R
E—>
sup u° - [Ly, y, (00) = Ly, (u7)] —0.
c s sws e—0
Putting u® = p%, where t — arbitrary fixed number, we get
1 I I t
Sgp E ’ |: waS(OO) - Mwswg <;>:| ;;O
and ) .
i | Lo (00) = L ()] = 0.
1 - . a — 1 - - a
0 < L e [stws(oo) WsWs (E)} < hgn e |:stwé (OO) WsWg (E)] =0
€

p
Thus, with (2.22) we get inequality

hm C:, < lim C%,

e—0
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which is possible only on condition of equality @)Cgs = lim C%,. of upper and
e e—0
lower limits.

Analogously we derive equality @) %), = lim O, of upper and lower limits C%;,
e e—0

for arbitrary k # s.
From it and from uniform restriction in ¢ of elements of matrix C¢ it follows,

that indeed there exists finite limit C' = lim C*. Therefore such image takes place

e—0
L, o, (00) = sk + p"msCysi + 0(p°), € — 0.

WsW

Using the result with [4], we can assert that

t t 1
vaswk (Ps + y) - Hfuswk <p€) {-:j())y : qgkr(t) ’ mik’
where g (t) — (s, k) element of matrix [e!“].
Farther, with (2.12) we find

t t
)i (2)-

e t 4 t
[ / H'liswnL (du) <::UnLj <p5 + y - u) - H'li.swm (du)LfUnL] <p€ - u>] :
m=1L 7§ 0

Integrating by parts, we get

m=1 pE
t
oo PEHY .
£ [ i, () () -
m=1 % P
0076
t t
Shea) ()
m:l[ pe pe

oo PEHY 00
¢ t t
S [ i () L) | (£ 0) - L (£ <
m=17% p m=1 P P
s

S Howa)~1) [t (2 +0) ~ i ()] <

m=1
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t £\ —
<sup| 15,5 (c +w) = L, ()] 2 (Ho, ) = D 50
m

e—0
m=1

in accordance with lemma 1 and remark (2.19). Fix some T' > 0 and, applying

lemma 2, estimate an integral

t
o€

0o . .
Sup Z / [ Watm <pa +y - U) Hy o, <p€ - U)} L, j(du) <

T
< [Ay + B]sup / L5, (du) < [Ay + B]sup[L5,, ;(00) — L5, S(T)].
e,m e,m
T

By the choice enough large 7' expression sup[L;, ;(co0) — Lg, (T)] may to do as

e,m
enough small with properties of matrix L®(t).

Finally, as at first

t t 1

uniformly in u € [0, T]; secondly, in accordance with lemma 2

t t
1 HE oy — HE¢ ~Z < Ay+ B
s%oiEET[ stk (pf Y u) etk (pe u)] S AT S

and measure L7, ;(du) weakly convergences to the measure L, j(du), on the basis
of lemma 2 of the work [5] we find, that as j € Ej,

t t 1
[ (2 +0) = Ho ()] Fousd) - 00 L)

St~

Thus, for j € Ey, we get finally

t t 1
He.j (ps+y> Hy, <,05> e qsk(t) - mikkaj- (2.23)

From correlation (2.9) for i € Es, j € E), (s, k € N) we will have
t t t t
15 (G ) =115 () = 32 [ (2 +0) =26 ()] oo+
m¢gD

t t
/ ) [ 12, (55 =) = B (5 =) |

Using (2.19) and the same reasoning, that and as proving (2.23) we can assert that

t t 1
H; <ps +?/> - Hj; <pg> Y Liw, - qsi(t) L

E*}
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as ¢ € s, j € Fy. For completion of proving remind that

(%)

Liwy =1, Lug =22 and mg-p® = 3 pPay = my.

(k)’ Wk
wy, i,jEE

Theorem is proved.
3. Conclusions

Conditions on the tolimit matrix of measures and on the limit matrix of full
masses of measures are found. Existence of normalized multiplier p° such, that on a
time scale t/p® the asymptotic of difference of the renewal matrix (associated with
family of dependency upon a small parameter of matrix-valued measures with the
block-resoluble infinite-dimensional limit matrix of full masses of measures) on the

finite interval is nontrivial is proved.
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