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ELNARA B. SULTANOVA

ON SPECTRAL THEORY OF QUADRATIC
OPERATOR PENCILS

Abstract

We obtain sufficient conditions on the coefficients of quadratic operator pen-
cils, the main part of which contains a normal operator with its eigen and adjoint
vectors doubly complete in the sense of M. V. Keldysh in Hilbert space. Note that
the main part of the investigated pencil contains a normal operator.

In the paper we investigate a problem on double completeness of the system of
eigen and adjoint vectors of the quadratic pencil

L(\) = E — (Ko + By) — \(K; + B1)C — \?C? (1)

in separable Hilbert space H.

Here FE is a unit operator in H, X is a spectral parameter, the operator coefficients
of quadratic pencil (1) satisfy the following conditions:

1) C is a normal completely continuous operator whose spectrum is contained in

the sector Sy = {A: |arg\| < e}, 0<e < g;

2) Kj, j =0,1 are completely continuous operators in H, i.e. Kj € 00,1 =
=0,1;

3) Bj, j =0,1 are bounded operators in H, i.e. B; € L(H),j =0,1.

Notice that origin of spectral theory of operatory pencils was put in fundamental
works of M.V. Keldysh [1,2]. Further, the results of M.V. Keldysh were developed
in [3-7].

In particular, in [3-5,7], the quadratic operator pencils were studied at different
situations.

Definition 1. The number g is called a characteristical number of the operator
pencil L(X) if these exists a non-zero vector ¢y € L such that L(Ao)py =0, and ¢,
1s called an eigen vector of the pencil responding to the characteristical number Ag.
If the vectors @g, @1, ..., © Satisfy the equations

k .

LW (N _
zjﬁ Do =0, j=0,um,
=0

they are called a chain of eigen and adjoint vectors of the eigen vector .
If {©0, 01 -y @ + 18 the chain of eigen and adjoint vectors of pencil (1) responding

to the characteristical number \g, then assuming @, € H? = H ® H, where h =

_— ~ [ [
0,m, &= e"), & =on o = Xown + Pn_i-

Definition 2. If the system {p,} constructed for all characteristical numbers
and all possible chains of eigen and adjoint vectors is complete in the space H?, then
we say that the system of eigen and adjoint vectors is doubly complete in H.

Notice that from M.V. Keldysh’s paper [2] it follows that for the system of eigen
and adjoint vectors to be double complete in H, it is necessary and sufficient that
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from the holomorphic property of the vector-function (L*(X)) - (fo+Af1) on all the
plane for any collection of two vectors fy, fi € H there should follow fy = f; = 0.

Let C be a normal completely continuous operator, A1, Ao, ..., A, be its eigen
values from the sector S, e1,es,...,e, be appropriate orthonormal eigen vectors,
and \, = p,e%n, largp,| <&, pu; > py > {3 > ... > i, > ...,. Then the operator
C is representable in the form:

[e.e]
C= Z pn€™ (-, en)en.
n=1

(o, ¢]
If K € 0, and s,, are the eigen values of the operator (K*K)l/2 , and Z sh <
n=1

< 00, we say that K € 0, (0 <p < 00).
Formulate the basic result of the paper.
Theorem. Let conditions 1)-3) and one of the following conditions be fulfilled:

a)Ceop, (0<p< 215), and it holds the inequality
1
5(e.0) = S die ) 1B < 1, @)
=0
where 5
1, 0<p< T
T+ 2¢
dO(gap) = 1 27 p 1
: ’ 2 2
V2 sin (ZLP — 5) T+ 2 €
1
, 0<p<l,
4 B 2 cos -
](E,p)— _— 1§p<7.
2sin (£ - ¢) 2¢

b) A€o, Bj€ca,(j=0,1).

Then the system of eigen and adjoint vectors of pencil (1) is doubly complete in
H the sense of M.V. Keldysh.

In order to prove the theorem we denote Lo(\) = E — A\2C2, K(\) =
= Ko+ MK C, B(\) = By + A BC. Let condition a) be fulfilled, and 0 <

<e< g and % <p< 215 In this case 21 > ¢. Show that in this case in the sectors
Ayp= {/\ : ‘arg A+ %‘ < p} the operator pencil L(\) is invertible at rather large |\|.
Since the spectrum of the operator C' is in the sector Se, then for any 6 € [0, g — 5}
the operator pencil Lg()) is invertible in the sectors Ay, = {)\ : ‘arg)\ + g‘ < 9} .

Therefore from the condition 21 > ¢ it follows that the operator pencil Lg(\) is

invertible in the sectors A,. Since in these sectors

LX) = (B = KN Lg'(N) = BA)Lg ' (A Lo(N), (3)
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then we must prove the invertibility of the pencil
Li(N) = ((E = K(X) = B(\)Lg ' (\) (4)

in the sectors AjE . o - Since Ko, K| € 04, then by the M.V. Keldysh lemma [2]

2p

o

KN V)| < [|Ko(E = X227 + | KiAC(E = X2C2) | — 0

as |A\| = 0, \ € AL . . Now by choosing the number R > 0 rather large, for

1

|A] > R we provide that the inequality

1—14(e, p)

KX L W] = — (5)

forheA, . . ,whered (e, p) is determined from equality (2), is fulfilled. Further

1 2p
show that in these sectors

IBOVLs W) < IBoll 15 )| + B IACLG (3| — 0 (©)

Estimate each addend of (6) separately. Since for A € A A= e, p >

4+ T_7

1 2p
0, ‘ 5 + 1/1‘ g — —. Then from the spectral expansion of the operator A it follows
2p
that
HLo_l()\)H Ssup‘ —MA2)° ‘ = sup (14 pp —2,uun0082(w+an))1/2 <
n
- 1/2
< sup (1 + it pd — 2p2 12 cos 2 <2 — 5)) (7)
n p

1
Obviously, for 3 < p<

the number cos?2 T e ) > 0, therefore from
2m + ¢ 2

p
inequality (7) we get

[un

Lo W < (14 p*un) 2 < do(e, p) (8)
2
In the case T <p< 1 cos2 [ L —¢ < 0, therefore from inequality (7),
2r 4 ¢ 2p 2p

applying the Cauchy inequality, we get:
T —1/2
HL61(>‘)H < sup <1+u4ui(1+,u4,uﬁ)cos2<2pg)> =
n

= (1+ptpd) > (1—cos2(27;—e>> < ' : 9)

V2sin (27; - g>

— 1
5ol 12" W] < Il o). (5<0< 5 )

Thus,
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1
Now, for 3 <p< 21 we estimate the second addend in (6).
€

Obviously, in this case again we apply the Cauchy inequality and get

A = 227! | < sup M1 = ¥a) | <

~1/2
™
< sup(p’pp, (1 + ity — 2pPp cos 2 <2p - 8)) <
n

~1/2
< sup(p*ps, <2u2ui — 244 i, cos 2 (; - 6)) =
n p
1

V2 sin <7r —€
2p

Consequently, taking into account inequalities (8)-(10) in (6), we get

> =di(e,p). (10)

1B LT N[ <0 (e 0),

where 6 (¢, p) is determined from inequality (2).

Thus,forf§p<1, AeA, . . and |\ > R we get
2 2e + -3,

IE = LiV[ < [KAWLg W)+ B Lyt (V]| <

< 1- 5(€> 10)
- 2
Consequently, the operator pencil L()) is invertible for A € A N

1
—{-6(6,[)) = 5 (]' +6(5ap)) <L
, Al >R

T

™ _
1 2

)

1
and for 3 <p< 21 Then from the M.V. Keldysh theorem it follows that the

€
operator pencil L(\) has a discrete spectrum with a unique limit point at infinity,
since || By|| < d(e, p) < 1, therefore E + By is invertible and

L(A) = (E+ Bo)(E +Q(N),
where
Q(\) = (E+ By) 'Ko+ AME + By) ' K,C + N2(E + By)~*C2.

Since Q(A) € 0o for all A from the complex plane Q(0) = 0, therefore, L()) is
invertible everywhere except some points that are eigen values of the operator A.
Here we notice that since the operators (E + By) 'Ky € 0, (E+ Bo) (K +
B1)G €0, and (E+ By) ! e 0, from the M.V. Keldysh lemma [2] it follows that
(E 4+ Q()\))~! is represented in the form of ratios of two entire functions of finite
order p and of minimal type for order p.

Now prove the theorem. Let 3 <p< 215 and there exist the vectors fy, f1 €

H such that ||fo|| + || f1|| # 0. Then the vector-function R(\) = (L*(A\)) ' (fo + Af1)
is an entire vector-function, and consequently, R(\) is an entire function of order p
and of minimal type for order p. Since on the rays the angle between of which is at
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most 21 it holds the estimation HL‘l()\)H < const, then by the Fragmen-Lindeloff
p

theorem R(A) = (ap + Aay).Therefore L*(X)(ag + Aa1) = fo + Afi.

Since L*(\) = E—(K{+Bg)—MK;+Bf)C—)\?C, then comparing the coefficients
for A3 we get C2%a; = 0, i.e. a1 = 0. In same way, the coefficient for \? also equals
zero, i.e. C%ag = 0.

Consequently, a1 = ap =0 i.e. fo = f1 =0.

Let 0 < p < 3 Then for p = 3 it holds the estimation ||L™!(\)| < const on the

1
imaginary axis for large |\|. Therefore for 0 < p < = the vector-function R(\) is an

entire function of order p and of minimal type for order p, and on the whole plane
|R(A\)| < C'|A|. Thus, in this case the statement of the theorem is also true. In case
b) the Theorem is proved by the M.V. Keldysh method. The theorem is proved.

Corollary. Let the conditions of the theorem be fulfilled for € =0, i.e. A be a
positive-definite self-adjoint operator and it hold the inequality

1
5(p) = di(p) <1,
§=0
where
1, 0<p=<Z
do (p) = L.
—sin7/2p, 2 < p< oo,
7 /2p p
1
di(p) = 1 Lo
2sin7/2p’ =P

Then the system of eigen and adjoint vectors of the pencil L()\) is doubly com-
plete in H.
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