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A HARDY TYPE GENERAL INEQUALITY IN
Lp(·)(0, 1) WITH DECREASING EXPONENT

Abstract

We derive a Hardy type inequality
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for the exponent p : (0, 1) → (1,∞) is a decreasing function on some interval
(0, ε), ε > 0 and σ = ω(.)−

1
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We study a Hardy type inequality
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in the norms of variable exponent Lebesgue space Lp(.)(0, 1), whenever the exponent
p is a decreasing function on some interval (0, ε), 0 < ε < 1 and the functions
σ = ω(.)−

1
p(.)−1 ∈ L1(0, 1), W (x) =

∫ x
0 σ(t)dt.

As to the basic properties of spaces Lp(.) , we refer to the works [2], [5], [17].
In this paper, we assume that p (x) is a measurable function on (0, 1) and its
values are in the interval [1,∞). Also p+ = sup {p (x) : x ∈ (0, 1)} < ∞ and
p− = inf {p (x) : x ∈ (0, 1)} > 1. The space Lp(.) (0, 1) is a class of measurable
functions f(x) on (0, 1) such that the modular Ip(.) (f) =

∫ 1
0 |f |p(x) dx is finite.

A norm in Lp(.) (0, 1) is defined as ‖f‖Lp(.)(0,1) = inf
{

λ > 0 : Ip(.)

(
f
λ

)
≤ 1

}
. For

1 < p−, p+ < ∞ the space Lp(.)(0, 1) is a reflexive Banach space. For the function
1 ≤ p(x) < ∞ p′(x) denotes the conjugate function of p(x), 1

p(x) + 1
p′(x) = 1 and

p′(x) = ∞ if p(x) = 1. We denote by C, C1, C2, ... various positive constants whose
values may vary at each appearance.

For a last time the variable exponent Hardy type inequalities was studied by
several authors (see, f.e. [1], [3], [4], [6], [7], [8], [10], [11], [12], [13], [14], [15], [16]).
There are several sufficient conditions on the function p : (0, 1) → (1,∞) for the
inequality ∥∥∥∥x−1

∫ x

0
f(t)dt

∥∥∥∥
Lp(.)(0,1)

≤ C ‖f(.)‖Lp(.)(0,1) , f ≥ 0 (2)

to hold. They are expressed in terms of regularity conditions for p at the origin.
The inequality (2) follows from (1) for the case ω ≡ 1. It follows from the results of
works [3], [8], [14] (see, also [1], [11], [13]) that the inequality (2) holds if p− = inf
p > 1, p+ = sup p(x) < ∞ and the condition

A := lim sup
x→0

|p(x)− p(0)| log
1
x

< ∞. (3)

is satisfied.




