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SPECTRAL ANALYSIS OF STURM-LIOUVILLE
OPERATOR ON A SEMI-AXIS WITH δ′-POTENTIAL

Abstract

In the paper, the self-adjointness of the operator A = − d2

dx2
+ βδ′(x − x0)

in the space L2(0, +∞) is proved. It is shown that the limit spectrum of the
operator A coincides with the absolutely continuous part of its spectrum. The
integral property of the resolvent of the operator A is proved and an explicit
expression for the integral kernel is obtained.

In the present paper we prove the self-adjointness and investigate the spectrum

of the operator − d2

dx2
+ δ′(x − x0) in the space L2(0,+∞), where δ(x − x0) is

Dirac’s function at the point x0 ∈ (0,+∞), δ′(x − x0), is a generalized derivative
β ∈ (−∞,+∞).

Spectral analysis of Sturm-Liouville operator with δ′-potential has a great im-
portance for the problems of quantum mechanics [1].

In [2-4], some spectral properties of Sturm-Liouville operator on a semi-axis with
pointwise δ and δ′-interactions are studied.

Our approach on definition of the operator − d2

dx2
+ βδ′(x − x0) in the space

L2(0, +∞) is based on the formula of multiplication of δ′(x − x0) by discontinuous
functions f(x) for which f(x) and its classic derivative f ′(x) have at the point x0

discontinuities of first kind. This multiplication formula has the following form [5]:

δ′(x− x0)f = −1
2

[
f ′(x0 + 0) + f ′(x0 − 0)

]
δ(x− x0)+

+
1
2

[f(x0 + 0) + f(x0 − 0)] δ′(x− x0). (1)

Denote by D(A) the set of functions f ∈ W 2
2 ((0, +∞)\ {x0}) satisfying the

boundary conditions

f(0) = 0, (β − 2)f(x0 + 0) + (β + 2) · f(x0 − 0) = 0,

(β + 2) f ′(x0 + 0) + (β − 2) · f ′(x0 − 0) = 0. (2)

Determine in the space L2(0, +∞) the operator A :

Af = −d2f

dx2
+ βδ′(x− x0) · f, f ∈ D(A),

where
d2f

dx2
is a generalized derivative of first order of the function f ∈ D(A), the

product δ′(x− x0) · f is determined by formula (1).
By conditions (2), the operator A is a closed symmetric operator in the space

L2(0, +∞).




