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BEST APPROXIMATION OF LIPSCHITZ CLASS
FUNCTIONS

Abstract

In the paper we establish the best approzimation order of the Lipschitz class
functions of many groups of variables by the sums of a fewer number variables
functions in the parallelepiped 11 (a, h) by means of the least upper bound of the

modulus of finite mized differences Ar,. r, f with appropriate constants Ay,
and B,,.

Following [1] we introduce the following class of monotone functions of many
groups of variables.

Consider an n-dimensional parallelepid
M=1(a,h) = {mER"\ai < x; < a;+ hy, Z:ﬁ}

Having chosen the numbers 0 = ky < k1 < ... < ky, denote K = (ko, ..., km),
K| = m.

Assume

t=(t1, .y tm), t; = (xkj_l_H, ...,l’kj) , J=1,m.
Further, let
D" ={e=(e1,..em), €5 =0,1; j=1,m}
be a set of vertices of an m-dimensional unit cube; denote
m
S(e) =) (1—g).

=

[y

Consider the mapping §¢ ) : D™ — I1 (£, 7) of the set D™ into the set of vertices
of n-dimensional parallelepiped II (£, 7)

g(ﬁ,T) (8) = (gl + €171, "-7€k1 + 817—k17 '”’Ekm—l‘f’l + 5m7-km71+1) "')gkm + 6’mTkm) .

Denote by My = My (I1 (a,h)) the class of functions f = f(z) : R* — R, x €
IT (a, h) for an arbitrary parallelepiped II (£, 7) C II (a, h) satisfying the condition

L (£ 1) L2 ST (21)°@ £ (g (£) 2 0.

e€DIX -
We need the following result.

Theorem 1 [1]. The precise estimations are valid for an arbitrary bounded real
function f

[Lic (f,T1(a,h))| < Ep < 28¢ [ [ hi — |£xc (f.T1(a, b)), (1)

=1



10 Transactions of NAS of Azerbaijan
[A.M-B.Babayev]

where
S = sup ‘Elcr(nfaﬂ(xaAm))‘.
II(z,Az)CII(a,h) H Z A
J

Define the class
Lippl = {f = f (z,9)| | An- f| < K |Aprzyl},

where Ap-f = |f(x+h, y+7) = flz+hy) = fz, y+7)+ f(z,9).
(Sometimes, when it is clear from the context instead of Lipy1 we’ll write Lipl).
Consider the best approximation

o)+ () (z,y)eT

Lemma l. feLipl = E; <C sup |Apfl|.
0<h,r<1
0<z+h, y+7<1

Proof. The right inequality of relation (1) in the case m =n =2, Il (a,h) =T
allows to write

1
By < 55 —|Aufl. (2)

Further we have f € Lip 1 = f is continuous on 7' = f bounded on T =
df
s}?p\AhTﬂ = K; < o0.
sT

‘Ah7f|
Sf= su
/ 0<h,£§1 ht
A
fELz'p1:>Sf:sup| nrf| ﬁKggK.
h,T T

Now, using (2) we get

1 Sf |A11f| df
< — — = _ = .
E; < 25’f A1 f] K<2K e 018}171715)|Ah7—f|

C

Consider the general case. Define the class of functions f = f (z1,...,z,) = f (2)
determined on the parallelepiped

H(a,h):{xGR"|ai§xi§ai+hi, izl,n}

} |

n

ATl...Tn sz

Lip 1= {f] Aryr f] < K

i=1
Consider the best approximation
m
Ef= inf  sup |f(x) =) o, (z\zy)
E o\, 2ENen) =
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Lemma 2. fec Lipl—= E;<C sup |Ary . f
a;<7T;<a;+h;
a;<z;+7;<a;+h;
i=1,n

Proof: The right inequality in (1) in the case m = n has the form
- 1
Ep <2'7"Sp [ hi - on 1Bk f]- (3)
i=1

Further we have f € Lipl :>1) f is continuous on I (a,h) = f is bounded
onll(a,h) = sup |A; . 7Tnf| K1 < 0.

T1l5-Tn
A
2) Sy = sup Ariral =Ky < K.
f
T1ls-Tn T1y.3Tn

Using the scheme of the proof of lemma 1, we get

1 K}
E <21" ——A =
Sth

— K2l | =L —

Ahl hnf
K 2

= C’sup ‘An,...,ﬂlf’ .
i

Lemma 3. fc Lipl—= E;<C sup |Ary .
a;<xz;<a;+h;
a;<z;+0;<a;+h;

Denote 7; = (ij_l_H, vy ij) , J =1, m and consider the difference
Ar,f = [\t +75) = f (1)

Brf = (A f).

Introduce the Lipschitz class on the groups of variables k; 71,..., T,

n
AT1,...,’Tm HCE’L .

=1

LZp 1= {f| dJs < oQ; |A7'1,...,7'mf‘ S S

Theorem 2.

feLipl—= A, sup VA
a;<z;<zita;<a;+h;

S Ef S Bm sup |A7'1...Tmf’ . (4)
a;<z;<zi+a;<ai+h;
Proof. Earlier in [1] it was shown that A, is an annihilator of the fanctions

of the form Z @, (t\t,), i.e. for the function f to have the form Z w, (t\t,) it is

v=l v=1
necessary and sufficient A, . f=0.
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Then, taking into account the linearity of A, - f we have VO < z; < x;+6; <

a; + h;

A7' T :)AT T ( - ) <2mH —

| 1. mf| 1.--Tm f ZSOZ/ — f ZSOZ/ C(H(a,h))

= 27" sup |Ar [l < Ey. (5)
a; <z;<zi+a;<a;+h;
Further, f € Lip 1 = f is continuous on II (a, h) = f is bounded on II (a, h) =
sup Az rp fI < F00;

a;<z;<zita;<a;+h;

Use estimation (1). It is easy to note that we can write the right relation in (1)
in the form

Ep <278 1 D0 hi — 1Lk (£,11(a, )] (6)
j=1ick,

where

AT T -

Sp=sup|2me=nd | na oo Lo, 0
A’Tl ..... Tn H Xy
i=1
We have
M [T =TT where &= 11k

i=1 j=1iek;

Therefore

A7' T
fGLipl:S}zsup‘%’ <S8 <40
AT1,...,Tn sz
i=1

Taking into account what has been said, from relation (6) we get

Ef < 21_me H Z h; — |£k (fa II (a, h))| = Bn sup |A7—1~--Tmf’ :

i=1ick, a;<z;<zita;<a;+h;

The last relation with the functions from Lipl completes the proof of the cited
inequality of the theorem.

Using the sheme of the proof of the left inequality (1) in [1] we can establish also
the left inequality in (4) that completes the proof of the theorem.
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