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A HARDY TYPE GENERAL INEQUALITY IN
LP1)(0,1) WITH DECREASING EXPONENT

Abstract
We derive a Hardy type inequality

[wotor [ s

1
<C Hw PO f(. ,
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for the exponent p : (0,1) — (1,00) is a decreasing function on some interval
L T
(0,€), € >0 and o0 = w(.)”#O=T € LY(0,1), W(x) = [ o(t)dt.

We study a Hardy type inequality

HW(.)—la(.)p?»/oxf(t)dt F>0. ()

1
< C||w() 1) ,
in the norms of variable exponent Lebesgue space ) (0,1), whenever the exponent
p is a decreasing function on some interval (0,¢), 0 < ¢ < 1 and the functions
1
o=w(.) P01 e L'(0,1), W(x)= [ o(t)dt.
As to the basic properties of spaces LP1) | we refer to the works [2], [5], [17].
In this paper, we assume that p(z) is a measurable function on (0,1) and its
values are in the interval [1,00). Also p™ = sup{p(z):2z € (0,1)} < oo and
p~ = inf{p(z):2 € (0,1)} > 1. The space L) (0,1) is a class of measurable
functions f(z) on (0,1) such that the modular I, (f) = fol |fIP® dz is finite.

A norm in LPU) (0,1) is defined as £l e 0,1y = inf {)\ >0 Iy <§) < 1}. For

1 < p, p™ < oo the space Lp(')(O, 1) is a reflexive Banach space. For the function
1 <p(x) < oo p'(x) denotes the conjugate function of p(x), Wlm) + ﬁ =1 and
P (x) =00 if p(z) =1. We denote by C, Cy,Cs, ... various positive constants whose
values may vary at each appearance.

For a last time the variable exponent Hardy type inequalities was studied by
several authors (see, f.e. [1], [3], [4], [6], [7], [8], [10], [11], [12], [13], [14], [15], [16]).

There are several sufficient conditions on the function p : (0,1) — (1,00) for the

inequality
! / f(t)dt
0

to hold. They are expressed in terms of regularity conditions for p at the origin.
The inequality (2)) follows from (1)) for the case w = 1. It follows from the results of
works [3], [8], [14] (see, also [1], [11], [13]) that the inequality (2) holds if p~ = inf
p>1,pT =sup p(r) < co and the condition

<C ||f(')||Lp(A)(()71) , f=20 (2)
Lr()(0,1)

1
A :=limsup |p(x) — p(0)|log ~ <oo. (3)

x—0

is satisfied.
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In [10] (see, also [6]), Mamedov had proved that the condition

1

B :=limsup [p(x) —p (E)} log — < o0 (4)
z—0 2 T

is necessary for the inequality (2) if the exponent function p is increasing. The

condition (4)) is strictly weaker than (3). This condition is satisfied e.g. by p(z) =

p(0) + ﬁ and o > 0, C > 0. For the exponent, that is increasing near the

origin, the condition (4) is also sufficient if the number B be B < p(0) (p(0) — 1)
(see, [10]). Unfortunately, such good condition (4)) is no longer sufficient for the
inequality (1) to hold if the condition on B be ignored. In this case, a necessary and
sufficient condition is still an open problem.

Setting w = z%(P() in (I) we attain the inequality (9) if the condition (8) be
satisfied for the functions p, 3 (see, Corollary ). The inequality (9) also was much
studied for a last time. Note a necessary and sufficient condition for (7) to hold is

the condition )

8(0) < 1- - )
if the 3,p satisfy (3)(see, e.g. [1], [3], [7], [8], [14]). It is interesting that the
condition o € L'(0,1) replaces (5) in the Corollaries , . Notice the inequality (1)
contains not only power type weights z2)=1 28() from the left and right hand sides
respectively (the type of inequality (9)). For example, we can take a function o for
the inequalities (7) and (6) not necessarily power type.

In Theorem 1 below, we prove that the regularity condition is not needed if the
exponent p is decreasing at small neighborhood of the origin.

Theorem 1. Let w : (0,1) — (0,00) be a measurable function o = WTROT €
LY(0,1) and W (z) = [ o(t)dt. Suppose p : (0,1) — [1,00) be decreasing on some in-
terval (0,€), € > 0; then it holds the inequality (1)) for a positive measurable function
; 1

Corollary 1. Let w: (0,1) — (0,00) be a measurable function o0 = w™ »0)-1 €
LY(0,1). Suppose p: (0,1) — [1,00) be decreasing on some interval (0,¢), € > 0 and
the condition -

/ o(t)dt < Cro(z), 0<z<e (6)
0

is satisfied; then it holds the inequality

1

o 70 ()2} /0 " Fydt

<o 7 ()10)

f=0.(7)

)
Lr()(0,1) Lr()(0,1)

for a positive measurable function f.

Corollary 2. Let 3:(0,1) — R be a measurable function. Suppose p: (0,1) —
[1,00) be decreasing on some interval (0,€), € > 0 such that B(z)p'(z) < 1 for
0 <z <1 and the condition

/ L BOr O gy < Cp @@ g < < e (8)
0
1s satisfied. Then it holds the inequality

s()-1 [°
z /Of(t)dt F>0 (9)
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for a positive measurable function f.
Since there is a relation between modular and variable exponent norm (see, f.e.

[17]):
”fHprol) L () <10 0n 12 Iflloos (10)

Hflleo opn =T (f) < HfHLp(> on L= IFllzeo o - (11)

we can perform our estimates in terms of the modular.
Proof of Theorem 1. To prove the inequality (1), it suffices to consider the

wﬁf“ < 1 (see, [2]).

case when f is a positive measurable function such that ‘

1

It follows from (10) that I, (w ( p(0) f) < 1. In order to prove Theorem 1 we have to

show )
-]

Lr()(0,1) ~ C1. (12)

To prove (12), we shall establish the estimate
Ly (Wlen H ) < Gy

Using the triangle inequality of p(.)-norms for ¢ € (0, 1), we have

HW_I(')U(')ﬁHf(')Hp(-) = HW_I(')U(')ﬁHf(.)Hp(-);(Oﬁ) *

L

+[wre )

HIL i . 1
4 >Hp<.>;(6,1> nieg (13)

Define by w(W) an inverse function for W (w) = / o(u)du. A change of variable
0

z =W (z)t in the interior integral below gives

W) flw(z U f(w x
o) [ Iy [ LD,

o(w(z)) o o(w(tW(z)

Using this and Minkowskii’s inequality for LP() norms (see, f.e. [17], [2], [5], [9]), we
see that

1

1 1 w .
1 = HW_l(.)U(-)p(-)Hf<-) /0 g(_)mwdt

a(w(tW(.))

Hpc); 08) ‘ p(): (0.3)
1 (W)

o(.) Ri=mrian)] dt. (14)

p(.); (0,9)

Now estimate the norm HW‘l(.)a(.)POHf(.) for 0 < t < 1. Since p is

Hp(');(oﬁ)
decreasing on (0,6), we have p (w (W(v)» < p(v) for v € (0,0). Therefore,

p(z) L

5 U(ﬂf)ﬁ fw(tW(z)) B 5 wm p(x)
/0 s ) dx_/o <a(w(tW(x))t( )> o(z)dx
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O 1 flw(tw (z)) "™ [ wW(z) =v, tW(z)=W()
= /0 <a(w(tW(m))> to(z)dr = [ to(z)dx = dW (v) = o(v)dv

wIWO) ¢ f(o)\ ) w(EW ()
</0 <a(v) X{M21}a(v)dv+/o X{M<1}a(v)dv

o(v)

5/ F(o)\PW 5
S/O <U(U)) X{f(v)>1}0(v)dv+/0 X{f(v)<1}a(v)d1)§ 1+ W(6),

o(v) = o(v)

where p g 5 is minimum of p over (0,9).
This implies
) p(z)
’ o(x)r0 fw(tW (z))
1

(1+ W((S))%@ ti”(;é) o(w(tW ())

dr <1, 0<t<l.

0

Therefore and using the definition of p(.) -norms, we get
1 1

<(1+W(O) ot oo 0<t<1.  (15)

1
W) o ()0 () f(.t H
O OLCIOF{] N,
Using (15) and (14) for the first summand in (13) we get the estimate

1

1 ——1 ’ —
iy < (1+W(5>>”1/ t "ondt < (p&m) 1+W())'en <C. (16)
0 b

Let us estimate HW‘I()U()ﬁHf()H S For z € (4,1) using Young’s inequal-
p(.);(9,
ity, we get

(W @@ @) = ot ([ ma(s)d8>p<”

o(5)
< Co(x) /0 xpéc) (i)p(x)a(s)ds—i—Ca(x) /0 p,(lx)a(s)ds

< ClO'(x),

( (7)toae) <201

W(z) > W(6) for z € (4,1).

<o(z)(1+ 1/(/(1))5;*1 W' (5) /Ox I() 0 6)ds

since

0| <20+ W(1)
p()

and

Therefore,

Hence
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Inserting this estimate and (16) in (13) we complete the proof of Theorem 1.
Proof of Corollary 2. This Corollary follows from the Corollary 2 by using of
the inequality (6) in the the estimate (1)).
Proof of Corollary 3. This Corollary follows from the Theorem 2 by using of
the inequality (8) in the the estimate (7) for o(z) = z~#@)¥'(2),
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