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ON PERTURBATION OF b»-BASIS IN BANACH
SPACES WITH RESPECT TO CB-SPACE

Abstract

In the paper, the perturbation of b-basis in Banach spaces is studied. The
notain of CB-spaces and b-Bessel basis in Banach space with respect to CB-
space are introduced. Theorems on pertirbation of b-Bessel basis in Banach
space with respect to C B-space are set up. In particular, the known theorem on
the Riesz basis is generalized.

Introduction. Sometimes the basicity of the system in this or other space is
established by means of the known theorems on perturbation of the basis of this
space. The Bari theorem about perturbation of orthonormed basis in Hilbert space
is known.

Theorem ([1]). Let {¢,},cn be an orthonormed basis in Hilbert space H, the
system {1, },cn C H be w-linearly independent in H, and

00
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n=1

Then {¢,}nen forms a basis in H isomorphic to {p,}, i.e. the Riesz basis.

Under some weaker condition it is valid

Theorem ([2]). Let {¢,},cny C H be an orthonormed basis. Then the system
{n}nen C H is a basis in H if

oo o 2
Z (Hwn - (anqu - ’(Spn ¢n72 wnﬂ ) <1
=1 190l

Paley-Wiener, Krein-Rootman-Milman, Birkhoff-Rota theorems, Kadets theorem-
1/4 for the theorems on perturbation in Banach spaces are known.

1 .
Note that Kadets theorem -7 °n Riesz basicity of the system {e*! }neZ , {} C
R in the space Lo (—m, ) is obtained from Paley-Wiener criterion provided
sup | A, —n| < T The accuracy of the constant 1/4 is illustrated by the Levinson
n

example ([3]). One can be acquainted with these or other facts of theory of bases in
the monographs [4-8].
In Hilbert space H, each orthonormed system {y,,}, o is a Bessel system, i.e.

o
there exists a constant B > 0 such that Z (R, ¢,)|* < B||R||3; for any h € H. The
n=1
Bessel system in H is a particular case of frame [9-11]. The frames find numerous
applications in many fields such as signal processes, in image processing, data
compression and etc.
The present paper is devoted to studying the perturbations of b-basis ([8;12])
in Banach spaces. The notion of C' B-space, b-Bessel basis in Banach space with
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respect to C B-space are introduced, the proximity conditions, in definite sense, of
the system to b- Bessel basis under which the system forms b-isomorphic b-basis are
found. In particular, Bari’s known theorem on Riesz bases is generalized.

1. Some denotation and auxiliary facts. Cite some notion and facts from
[8] and [13] used in the course of the paper.
Let X, Y, Z and be Banach spaces, b(z,y) : X x Y — Z be a bounded bilinear

mapping:
16 )ll, < Mljelx ll2lly forany 2€X and yeY.

The system {¢, },cy C Y is called b-basis in Z if for any z € Z there exists a

o0
unique sequence {z,} C X such that z = Z b (zn, )
n=1
The systems {¢,, },,cy CY and {¢}},cn C L (Z, X) are called b-biorthogonal if
or (b(x,¢)) = Opix for each z € X.
The system {@,},cny C Y is called b-complete if the closure of the totality
Ly, ({¢n}nen) of all possible finite sums Z b(zn,p,), xn € X coincides with Z.
The systems {¢, },cn and {1, },cny C Y are said to be b-isomorphic if there
exists a bounded inversible operator T' € L(Z) : T (b(x,p,)) = b(z,,,) for any
re€ XandneN.
Let X be B-space of sequences {z,} C X with coordinate wise linear operations

HXJ(Z-) (n):cn} NHX = 0, where J (i) = {k € N: k >i}, and x; is a
ne
characteristic function of the set J (i) (abbreviated K B-space).
The system {¢,, },,cy C Y is called wy-linearly independent in Z with respect to

and lim
1—00

X, if from 3 b (@, p,) =0, {Zn}pen C X it follows that x,, = 0 for any n € N.

In what follows we’ll use the following lemma.

Lemma ([13]). Let X,Y and Z be B-spaces, the system {p,},cn C Y form
a b-basis in Z with b-biorthogonal system, {)},cn, F € L(Z) be a Fredholm
operator, the system {¢,},cny CY and F (b(z,p,)) =b(x,v,) Vxc X, ne N.
Then the following properties are equivalent.

a) {n}pen is b-complete in Z;

b) {¥n}nen has b-biorthogonal system;

c) {¥ntnen 5 wo-linearly independent in Z;

d) {¥p}en forms a b-basis in Z, b-isomorphic to {0, },cn-

Perturbation of b-Bessel basis in Banach space with respect to CB-
space.

Let X be a K B-space, the systems {¢,} C Y and {entnen € L(Z,X) be b-
biorthogonal. The pair ({¢}},cn s {@ntnen) is called b-Bessel in Z with respect to
X if

1) {e5 (2) }hen € X for any z € Z;

2) there exists a number B > 0 such that ||{¢}; (Z)}neNHx < B||z]||, for any
z € Z.
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In the case of b-basicity {¢,, },,c the b-Bessel pair ({¢}},cn » {@n tnen) is caled

b-Bessel basis in Z with respect to X.
X is said to be a C'B-space if

X *= {{tn} C X" ({ta}, {zn}) =D tn(wn), {2a} € 5(’} .
n=1

Y isa KB space over Y. Say that X is normally subjected to Y if from {zn} C
X, {en} €Y, lznllx < llenlly and {g,} € Y it follows that {z,} € X and
1{zatle < I{en}ls-

It is valid

Theorem 1. Let X be OB space, Y be K B-space and X* be normally sub-
jected to Y, the systems {¢,} C Y and {ontnen C o (Z,X) be b-biorthogonal and
({5 nen » {Pntnen) be b-Bessel basis in Z with respect to X, the system {1} C Y
be sich that {¢, — Y, }en C Y. Then the following properties are equivalent:

a) {Vptnen b is complete in Z:

b) {¢n}nen has a b-biorthogonal system;

c) {¥n}nen 5 wp-linearly dependent in Z;

d) {1n}pen forms a b-basis in Z, b-isomorphic to {o,},cn-

Proof. Define for the fixed f € Z* and y € Y the mapping (f,y) : X — C by
the formula (f,y) : (x) = f(b(x,y)). It is clear that

KLl < M - (1)

Since X *is normally subjected to Y, then from (1) we get

v bnenllge S M IS {wndnenlle asany feZ"and {ya}eyY (2

[e.e]
Show that the series Z b(ek (2),p, —1,) converges for any z € Z.
n=1

For any m,p € N and z € Z from the corollary of Hahn-Banach theorem there
exists frmp € Z%|| fmpll = 1, that

m-+p m—+p
Frp ( > b(en (). en- m) = 2 blen (), 0n—wn)
n=m+1 n=m+1 A
We have

m+p m+p

Z b(w:(z)7Wn_¢n) = Z fm7p(b(90:1(z)790n_wn))‘ =
n=m+1 A n=m+1

m-+p
=| > (fonpr 0 — Un) (00 (Z))‘ =
n=m-+1

= |(Losmiimin ) < fups ea =0 >} Ak @hen)]s  ©)

where J (i,j) ={k € N :i <k < j} for any i,j € N.
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From (3), taking into account (2), we get

S 06 0 pn )| = {Cormsrman ) fonp 00 =00} ||
n=m+1 Z
< |{en (D hnenllg =
< Mol | (smsrmen ) en =)} | 118 ()bl e <
<M B|[{Xsons1min ) (o0 =)} || lzll- @

oo
Consequentely the series Z b(er (2), ¢, —,) converges for any z € Z. Then

n=1
we can define the operator T' (2 Z b(e —1,,), z € Z. Consider for each
m
m € N the operator T;,, : Z — Z by the formula 75, Z ©n — V),
n—=
z € Z. Obviously, it follows form {¢} (2)},cn C 0(Z,X) t hat Tm € 0(Z,X).

Tending p — oo, from (4) we get

121l 7 -

IT(2) =T )l z €M B |[{xsmin) () (00— ) |

nENH?

Thus,
17~ Tonll < M B |[{xsmeny ) (e = w0} _ |-

Therefore T' = lim T, € o(Z,X). Then the operator F' given by the equality
m—0o0
F = [ —T, is a Fredholm operator, there I is an identity operator in Z, and F (z) =

Zb (¢% (2),1,), z € Z. Obviously, F (b(x,¢,)) = b(z,,) Yz € X, n € N. By

lemma 1 the properties a)-d) are equivalent for the system {¢,,},cn. The theorem
is proved.

Theorem 2. Let X be C B-space, Y be K B-space, and X*be normally sub-
jected to Y, the systems {entneny CY and {¢}},cn € L(Z,X) be b-biorthogonal

({5} nen - {ntnen) and be b-Bessel basis in Z with respect to X, the system
~ 1
{Yntnen CY be such that {¢, — ¥, ey €Y and H{(pn_wn}nGNH? < B

Then {1, },cn 15 b-isomorphic to {©,},cn-

oo
Proof. From the proof of theorem 1 we get that the series Z bk (2), 0, —¥,)

n=1

converges for any z € Z. Define the operator T' by formula T (z Z bk (2),1,),

z € Z. For any z € Z by the corollary of Hahn-Banach theorem there exists f, € Z*

such that ||f.]| =1 and f, (Zb (pk (2) 0, — wn)) = Zb (@ (2) 500 — ¥y,)
n=1

n=1

Z
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Then similar to (4) we have

I =T) (7= Db (2) 0n — Zfz ) e
n=1

=D {feron — ) (07 (Z))| =|({{fzs en = Yu)tnen» {20 (D hnen)| <
n=1

§ H{<f2a Pn _¢n>}nEN”X* {SD; (Z)}"ENHX S

<M HfZH H{gon - wn}nGNH? H{SO:; (Z)}neN’ b3 <M B H{@n - wn}nENH?’ ||Z||Z .

Consequently, |1 —T|| < M  Bl{e, — ¥, }nen|le and by the same token
Il —T| < 1. Therefore, the operator 7" is boundedly invertible. It is clear that
T (b(x,¢,)) =b(x,,) Vre X, ne€ N. The theorem is proved.

Remark. Note that from theorem 1 we get the generalization of N.K. Bari the-
orem, more exactly: let X be CB- -space, Y be KB space, and X* be normally sub-
jected to Y, the systems {entnen CY and {p)},cn C 0(Z,X) be b-biorthogonal
and ({5 },en s {©ntnen) be b-Bessel basis in Z with respect to X, the system
{tn}nen CY be wy-linearly independent in Z and such that {¢, — ¢}, cn € Y,
then {1}, cn is b-isomorphic to {©, },cn-
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