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MATHEMATICS

Adalat Ya. AKHUNDOV, Aynur I. GASANOVA

DETERMINATION OF THE COEFFICIENT IN THE
RIGHT SIDE OF THE SYSTEM OF REACTION
—DIFFUSION TYPE IN THE PROBLEM WITH A
NONLINEAR BOUNDARY CONDITION

Abstract

The goal of the paper is to investigate the well-posedness of the inverse prob-
lem on determination of the coefficient in the right side of the system of reaction-
diffusion type in the problem with a monlinear boundary condition. The addi-
tional condition is given in nonlocal-integral form. A theorem on uniqueness
and ‘conditional’ stability of the considered problem is proved.

Let R™ be a real n-dimensional Euclidean space, © = (x1, ..., ;) be an arbitrary
point of a bounded domain D C R™ with rather smooth boundary 0D, Q = D x
(0;T], S=0D x [0;T], 0 < T be a fixed number.

The spaces C!(-), CHe (), CW/2 (), ctHeta)/2(y 1 =0,1,2, a € (0,1)
and the norms in these spaces were determined for instance in [1, p. 12-20]

m
ouy, ouy,
w=(ug, o tim), ful, = ulles Uk = s Uke =5y i=1m,
k=1 ’

n
0%uy, . ouy, . . o
Auy = Z 3 Qk is the Laplace operator, a—vk is an internal conormal derivative.
i=1 i

We consider the inverse problem on determination of the pair of functions
{fe(t), up(z,t), k=1, m} from the conditions:

Wt — Aup = folOge(m. ), (m.1) €9, (1)
u(2,0) = o (z), €D =DUAD 2)
%ﬁ‘j’f — Yulotu), (wb) €S 3)
/ we(z,)dz = ha(t), t € [0,7], (4)

b

where gi(x,t,p), prp(z), ¥i(x,t,p), hi(t) are the given functions.

The coefficient inverse problems were studied in the papers [2-4] (see also refer-
ences in these papers).

For the input data of problem (1)-(4) we make the following assumptions:

19 gi(z,t,p) € 037’,50‘/2(5 x R™) there exists ¢; > 0, such that for any

(z,t) € Qand p1,pa € R™ : [gr (2, T, p1) — gr(2,t, p2)| < 1 |p1 — pal;

20, i (7) € C?*T*(D);

30 4 (z,t,p) € Ca’ta/2(§ X R™), there exists co > 0 such that for any

z,
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(z,t) € and p1,p2 € R™ : [y, t,p1) — i@, t,p2)| < calp1 — pal;

49 hy(t) € C*0,T).

Definition 1. We call the pair of functions {fi(t),ur(x,t)} the solution of
problem (1)-(4) if:

1) fi(t) € C[0, TT;

2) ug(x,t) € C*HQ) N CHO(Q);

3) relations (1)-(4) are satisfied for these functions, and conditions (3) is satisfied
in the following way:

Oug(z, ) . Oug(y,t)

—— = lim —————-,
Ov(x,t) yow 0v(z,t)

where o is any closed cone with the vertex x, contained in D U {x} .

The uniqueness theorem and also estimation of stability of the inverse problems
solution occupies a central place in investigation of their well-posedness issues. In the
paper, under more general assumptions, the uniqueness of the solution of problem
(1)-(4) is proved and the estimation characterizing the “conditional” stability of the
solution is established.

Let {fi(t),ui(z,t), k =1,m} be the solution of problem (1)-(4) corresponding
to the data g; (z,t,u'), ¢} (x), ¥y (z, t,u'), b (t), i =1,2.

Definition 2. Say that the solution of problem (1)-(4) is stable if for any € > 0
there will be found such 0 () > 0 that for Hgl — gQH <4,

H(pl - <p2H < 6, ‘wl - 1/J2H < 4, th - h2H < § the inequality Hul - u2||+Hf1 - f2H <
€ s fulfilled.

Theorem. Let:

1. gi(z, t,ut), ¢i(x), Vi (z,t,ub), Ri(t), k = 1,m,i = 1,2 satisfy conditions
10 — 49 respectively;

2. there exist the solutions {fli(t),u};(:n,t), k=1,m, i = 1,2} of problem (1)-
(4) in the sense of definition 1, and they belong to the set

K, = {(f7 u) ’fk(t) € Ca[OaT]a uk‘(xat) € 02+a,1+a/2 (ﬁ) , k= 1,?7’L} .

Then there exists T* > 0 such that for (z,t) € D x [0, T*] the solution of problem
(1)-(4) is unique and the following stability estimation is true:

ot =2l + 1177 = £l <

<cs [Hgl _92H0 + H‘Pl - ‘702H2 + le - ¢2H0 + th - h2H1] ; (5)

where cg > 0 depends on the data of problem (1)-(4) and the set K,.

Proof of the theorem. At first prove the validity of estimation (5). In order
to get the uniqueness theorem , in the reasonings conducted below the input data
should be everywhere supposed to be identically equal to zero.

Allowing for (2), from equation (1) and the theorem’s conditions, for the function

filt) we get

ouy,

fult) = | h(t) / L / g (o, w)dz, t e [0;7], (6)

oD D
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dr = dxy...dx,, dn=dn...dn, is the element of the surface 0D.
Denote

2 (@, 1) = uy(a,t) — ujz, 1), Me(t) = fi(t) — fi(8),
51k($,t,p) = gli(xvtp) - g%(.’ﬁ,t,p), 62/9(33) = Sollv(x) - @%(x)a
01, t,p) = (@, t.p) — Yi(w,t,p), Sap(t) = hy(t) — hE(L)-

We can verify that the functions A\g(t), wg(x,t) = zk(x,t) — d2r(x) satisfy the
relations of the system:

Wit — Awy, :Ak(t)gli(xvtaul)_FFk(xat)a (:L‘,t) €, (7)

wi(,0) = 0, z € D; %(x,t) — W), () €S (8)

() = (/%’?dn) \/g,i(x,t,ul)dﬂﬂk(t), )
oD D

where

Fi(x,t) = Adog () + f2(0)01 (2, t,ut) + gi(x, t,ul) — gi (2, t,u?),

lll(x’ t) = 53]‘3(1"’ t’ ul) B 85;1(}$) + LbZ(x, tu ul) - @b%(% ta U2),
2 2 9 ou
Hy(t) = < e (t) | gz, t,u)dx + | hi,(t) — de y
D oD

X [D/ (g,i(x,t,uz) — gh(x,t, ul)) dr — /51k(x,t,u2)da:] \
D

\ L gé(x,t,ul)dx g%(w,t,uQ)dt] )
s

From the conditions of the theorem it follows that there exists the classic solution
of problem (7),(8) on determination of wy(x,t) and it may be represented in the form
[5, p. 182]:

t
wi(a,) = / / Tu(e, 6,7) [Me(r)gh(€. 7o ub) + Fu(€,m)] dédrt
0 D

t

+ / / Ti(o, 1€, 7)p (€, 7)dndr, (10)

0 oD
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where T'y(z,t;&,7) is the fundamental solution of the equation, wg; — Awg = 0,
d¢ = d¢,...d¢,, dn is the element of the surface D, p,(z,t) is the continuous
bounded solution of the following integral equation [5, p. 183]

t
— 2// L(, t 5’ [N (T)gi (€, 7, ut) + Fi(€,7)] dédr+
0 8D

t
Fk z,1; ’Sa
+2 —— =2 (&, T)dndT — 2Ug(z,t). (11)
/ /

Assume
RTINS ) 1_ g2
x = flut =g + 15 = o
Estimate the function |zx(x,t)|. Taking into account zj(x,t) = wg(z,t)+
+dox (), from (10) we get:

|2k (25 8)| < wg (2, )] + |02k ()] < [ ()] +

t
+//WWW@ﬂMMﬁ%@mMM+WKJM%w+
0 D

+//wmw@ﬂwm@ﬂmmr (12)

0 oD

For the expression /|Fk(x, t,&,7)| d§ in the second addend of the right side of

D
(12), the following estimation is true [5, p. 20]

[ Ikt nlde < ca (13)
D

The integrand function |\ (t)g} (&, t,u')| + |Fi(z,t)| in the second addend of the
right side of (12), by the requirements imposed on the input data and on the set K,
satisfies the estimation

M () gi (@t ul) | + [ Fr(a, )] < [Ak(t)gp(z, t,ul)| +
+ |A52k(x)| + ‘fl?(t)‘ : ‘51k(xat7u1)‘ + ‘g;%(a:,t,ul) _gl%(xﬂfa UQ)‘ <

<cs[llg =gl + o' =@l + oo xo (@t) € (14)
where ¢z, cg > 0 depend on the data of problem (1)-(4) and the set K.

The expression / Tk (z,t;&,7)|dn in the third addend of the right side of (12)

oD
satisfies the estimation [5, p. 20]

[ Inue gl < cr (15)

oD
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Taking into account expressions (11), the theorem’s conditions, definition of the
set K, and the following estimation [5, p. 20]:

/Ofk:z:tf,
ov(z,t

for the function p(z,t) we get:

1
dé <cg(t—T1)7#, §<,u<1

oz, )] < co [181llg + 1921l + 193]l + 3] + caollplly - 7, (z,¢) € S,

where cg, c190 > 0 depend on the data of problem (1)-(4) and the set K.
The last inequality is fulfilled for all (z,t) € D x [0,T], therefore the following
estimation is true:

lpllo < co[llonllo + 162115 + [193llo + X1 + c10t' ™ lIollo -

Let g< T1 < T be such a number that clngl_“ < 1. Then for all
(z,t) € D x [0, T1] we have

pllo < e [llonllo + N102lly + 193llo + xI (16)

where ¢;; > 0 depends on the data of problem (1)-(4) and the set K.
Taking into account inequalities (13), (14), (15) and (16) for |zx(z,t)| from (12)
we get:
|2k (2, )] < crz[[|61llg + [192]ly + 193[lo] + c1axt, (2,t) € (17)

where ¢12, ¢13 > 0 depend on the data of problem (1)-(4) and the set K,.
Now estimate the function |\ (¢)|. From (9) it follows

Aelt)] < /
oD

+ !54kt(t)’/‘91%(%@“2)}‘“"‘ I t|+/
D

Oz
v

dn\/’gé(m,t,ul)’daz+
D

dn | x

< / (|01, £, 12)| + |gh(z, t,u) — g2z, t,u?)|] da  \

D
okttt ds [ |ghGot?) da,
D

or

8Zk
v

M) < s [|lg" = |, + |2 = P*||,] + e [|zk + } , tel0,T]

14, c15 > 0 depend on the data of problem (1)-(4) and the set K.
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Taking into account (17) and the following estimation:

azk

5 | < o lldillo + 1021l + 193] + errxt' ™, ¢ € [0, T3]

for [\ (t)] we get:
IMe(8)] < cag [l101llg + 110211y + 103llg + 10ally] + croxt ™, ¢ € [0,T1] (18)

care independent c;g,c19 > 0 depend on the data of problem (1)-(4) and the set
K,.
Inequalities (17) and (18) are satisfied for any values of (z,t) € D x [0,T1].
Consequently, combining these inequalities, we get

X < 20 [[161]lg + 162l + 193]l + 164ll4] + caxt'™*, (19)

where g9, c21 > 0 depend on the data of problem (1)-(4) and the set K,.

Now let T, (0 < Ty < T') be such a number that c9175 < 1. Then from (19)
we get that for (z,t) € D x [0,T]*, T* = min(T},Ts), stability estimation (5) for
the solution of problem (1)-(4) is true.

The uniqueness of solution of problem (1)-(4) follows from estimation (5) for

(@, t.u) = gi(w,t,u), oi(2) = @), Yile,tou) = V(e t,u), hi(t) = hi(t).

The theorem is completely proved.
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