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Sevda E. ISAYEVA

THE EXISTENCE OF AN ABSORBING SET FOR
ONE MIXED PROBLEM WITH HYSTERESIS

Abstract

In this work we consider the mixed problem for one quasilinear parabolic
equation with hysteresis (generalized play) nonlinearity. We prove the existence

of a unique solution and the existence of a bounded absorbing set for this prob-
lem.

Let @ € RY (N > 1) be a bounded, connected set with a smooth boundary T.
We consider the following problem

gt[u—i-F( ) —Au+|uffu=h in Q=Qx(0,7T), (1)
u=0 on I'x][0,77], (2)
[u+ F (u)]|eg = v’ +w° in Q, (3)

where 0 < p < 5 N if N>3andp>0if N =1,2,; F is a memory operator (at any
instant ¢, F' (u ) may depend not only on u (¢) but also on the previous evolution of
), which acts from M (Q;C°([0,T])) to M (€;C°([0,T7)) . Here M (Q;C°[0,T7)
is a space of strongly measurable functions Q — C°([0,7]). We assume that the
operator F is applied at each point x €  independently: the output [F (u)] (z,1)

depends on u (x, )|y , but not on u(y, )|, for any y # .
We assume that

{Vvl,vgeM(Q cY([0,T))), vt €[0,T], if vy =vy in [0,¢], a.e. in O,
then [F (u)] (+8) = [F (12)] (+8) ae. in O,

(4)
V{v, € M (;C° ([O’T]))}neN , if v, — v uniformly in [0,7] a.e. in Q,
then F (vy,) — F (v) uniformly in [0,7], a.e. in Q.
()
Let V = H} (Q) and
wWeV, wel?Q), heL?(Q). (6)

Definition. A function v € M (Q;C°([0,T])) N L*(0,T;V) is said to be a
solution of problem (1)-(3) if F (u) € L*(Q) and

T
//{ [u+ F (u }g:+Vu-Vv+\u|puv}dxdt:
0

hdzdt + [ [u? (z) + v’ (z)] v (z,0) dx
- |

Q

Il
St~

for any v e L?(0,T; V)N H' (0,T;L* () (v(-,T)=0 ae. in Q).
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We also assume that

{ JL e Rt, Jge L? (Q)LVUEM(Q;CO([O,T])), (7)
1) @ oo < Lo @ )longory +9(@) - ace.in 2

Yo e M (2:C([0,7])), VY[t1,t2] C [0, 77,

if v(z,-) is affine in [t1,t2] a.e. in Q, then (8)
{1F ()] (@12) — [F )] (0, 00)} - o (2 1) — 0 (2,02)] 2 0 e in

The following theorem (existence of solutions of the problem (1)-(3)) was proved in
[3]-

Theorem 1. Assume that (4)-(8) hold. Then problem (1)-(3) has at least one
solution such that

ue H' (0,T;L%(Q)) N L>(0,T;V), F(u) € L* (2;C°([0,T])). (9)

In this work we consider the problem (1)-(3) under the additional condition
that F' is a generalized play operator (see [1]). Note that similar mixed problems
with a generalized play operator was studied in the works, for exapmle [3], [4]. Well
posedness of problem (1)-(3) without F' was studied in the works of different authors
(see, for example [2]). The corresponding problem for the parabolic equation without
nonlinear term |u|” v was studied in [1]. In this work we prove the existence of a
unique solution and the existence of a bounded absorbing set for problem (1)-(3)
under the additional condition that F'is a generalized play operator.

Assume that we are given two functions 7, (¢), 7, (¢) € C°(R) such that for
any o € R it holds

V() <7 (0). (10)

We denote by FE a generalized play operator (hysteresis operator) (see [1], chapter
IIT). We fix any £ € L' () and set for any v € M (92;C° ([0, 7))

[F (v)] (z,t) = [E (v(z,-) , &0 (x))] t) Vte (0,T), ae. in Q. (11)
The operator E satisfies the conditions (4),(5),(7),(8), the inequality

0

EF (u)

ou
< L|— .€. T 12
< '(%‘ a.e. on (0,T) (12)

and the Hilpert inequality ([1], chapter III).
Hilpert’s inequality. Let (0,¢9) € WH(0,T)x R (i =1,2) and g: [0,T] —
R be a measurable function such that g € H (01 — 02) a.e. in (0,T). Set ¢; =
E (04,eY) (i=1,2), €=¢e1 — &2 and " = max {£,0}. Then
de d
—g>— (") ae. i :
392 3 (*) ae. in (0,T)

Theorem 2. For i = 1,2 let u, &) € L*(Q), h; (z) € L?(Q) and hy — hs €
L?(Q). Let v, (o), v, (0) € CO(R) be as in (10), locally Lipschitz continuous and
affinely bounded. Define F as in (11) and set

w) = min {max {&},v, (u))}, v («))} ae in Q(i=1,2).
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Let u; € Whi (O,T; L' (Q)) NL2(0,T;V) be any solution of the corresponding prob-
lem (1)-(3) with h = h; and w; = F (u;) (i =1,2,). Then for any t € [0,T]

/ [(u1 — ug) " (x,t) + (wy — wa) " (z,1)] dz <

Q
< / [(u(l) - u8)+ () + (w) - wg) da: + T/ : (13)
Q Q
Proof. We set for any m € N
1, if n> i,
"o
Hy (M) =9 . it 0<n> —,
0, if n<O.
By Theorem III. 2.3 (see [1]), w; € W (0,T; L' (), i = 1,2.
Since 5
g [ur + F (u1)] — Aug + |u1]’ uyp = hy,
9 P
5 [ug + F (UQ)} — Aug + |ug|? uy = ho,
then
0 P P
g (w1 = u2) + F (u1) = F (u2)] = A (u1 — uz) + fua ur — |uaf" uz = hy = ha,

whence multiplying by H,, (u1 — u2) and integrating in ,we have

/ [gt (uy — up) + % (wy — MQ)] Hy (w1 — ug) dm+/V (w1 — up) VEp, (w1 — up) da+

—i—/ [ui [P ur — Juz|P ug] Hy, (w1 — ug) dz = /(u1 —ug) Hpy, (w1 — ug) dx.
Q Q

Since

/V(ul —ug) VHp, (ug — ug) de = /H;n (up —u2) |V (ug — ug)]2dm >0
Q Q

a.e. in (0,7") and

/[|U1p uy — |ug|? ug) Hy, (w1 — ug) dz > 0,
Q

we get

0 0
/ |:8t (u1 — UQ) + = ot (w1 wg) H,, (u1 — u2) dz <
Q
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< [ (b = ha) Hyn (11 — us) d. (14)
/

Now we pass to the limit as m — oo. There exists ¢ € L (Q) such that
H,, (u; —ug) — ¢ a.e. in Q. Moreover ¢ € H (u; — ug) a.e. in @, where

{0}, if y <O,
H(y) = [0,1], if y=0,
{1}, if y>o0.

Then from (14) we get that

/ [gt (u1 — u2) + % (w1 — w2)} Ydx < /(hl — hg) ¢pdz < /(hl — ho)" dx. (15)
Q QO QO

Since by the Hilpert inequality it holds
0 0

+ .
g (w1 —wa)p > 5 [(wl — wa) ] a.e. in Q,
then from (15) we have
9 + + + ,
Py [(ul —ug)" + (wy — we) ] de < [ (hy —ho)" dz a.e.in Q,
Q Q
whence it is obtained (13).
Theorem 2 is proved.
Theorem 3. Assume that
wWeV, €eL?(Q), he L2(Q). (16)

Let v, (o), 7, (¢) € C°(R) be as in (10), locally Lipschits continuous and affinely
bounded and F be as in (11). Then the problem (1)-(3) has one and only one
solution with the regularity (9).

Proof. Straightforward consequence of the theorems 1 and 2.

The problem (1)-(3) generates a semigroup {S (¢)},~, in V by the formula

S (t) (u(o)) = u,

where u is a unique solution of this problem.

Theorem 4. Under the conditions of theorem 3 there exists an absorbing set
By C V for the problem (1)-(3).

Note that a bounded set By C V is said to be absorbing, if for arbitrary bounded
set B C V there exists ¢ (B) such that S (t) B C By for all t > ¢ (B).

Proof. We introduce the following functional

® (u) = / (\u|2 + |Vul* + \u|p+2> dr.
Q
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We prove at first that if u is a solution of the problem (1)-(3) then for arbitrary
t > 0 is hold the inequality

d

—® (u) + 6@ (u) < C, (17)

where C' is some positive constant.
By multiplying (1) by u; and by integrating in 2 we obtain

1 1
g2/#m+2/ﬁm.

Q Q

Using at last relation the inequality

/ BT u) urdx > 0,

which is obtained from the condition (8), we have

1
/|ut| daz+2dt/|Vu| dr + — +2 dt/|u|p+2dx 2/h2d95. (18)

Now by multiplying (1) by u and integrating in €2, we have

2dt/‘“' dx+/|Vu] dx+/|up+2dx</‘

Using the inequality (12) at last relation, we have

2dt/|u| d1:+/|Vu| dm—l—/|u\p+2dm<L/|ut||u|dx+/hudx<
Q Q
/]ut| dr + — /|u| dx | + = /th:z:+ /u2dac

)| |u| dz + /huda:.
Q

Q
or
1d 2 +2
3 lul>dz + [ |Vul*dz+ [ [ulfde <
Q Q Q

L? 2
< =
_4y/]ut| da:—l—(u—}- >/|u| d{E-l-Q/hdl’ (19)

) Q
2

L
By multiplying (18) by ym and by adding with (19), we obtain that

d
d Pty / d
o dt/|Vu x+ ( +2) dt/\u| :r—l—th ul? da+
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L? 1 1
—|—/|Vu|2 dx—}—/‘u|1’+2 dz < 4/h2dm—{— <V—|—2)/|u’2d(1j+2/h2d$
14
Q Q Q Q Q

/\V|d 1d/\|d+L2d/|\p+2d+/|V\2d+
4dt ulda + 5= ux2(+2)d u x u|” dz

or

Q Q
—1—/\u|p+2 de — (1/—1-1) /u\2 dr < <L2+1> /h2d:): (20)
2 —\4v 2 '
Q Q Q
Let
Ly = min L—21 L7
' 402 20 (p+ 2)
Since

2 1/ 2 1/ 2 1/ 2 19/ 2
— >
/\ ul”d 5 |Vul|”d 5 |Vul|®dx > 5 |Vul|®dx 502 |u|” dz,
Q Q Q Q Q

then from (20) we have

d

L
Vat

1
/(vu|2+|uy2+ \vuv’”) da:+2/|Vu|2dx+
Q

2
+<2C )/yu\ dx+/\u|p+2dx< (L >/h2d:1;
Q

By dividing by L; this inequality, by setting

5 1 1 1 1
= —min | -
Ly 27 2C% 2
and using
1772y <m
we obtain

i 2 2 p+2
dt/(yw FJul? 4 [Vul?*?) det
Q

L? 1
<41/ + 2) m = C,
that is the inequality (17).

Let
By = Her:cb(y)gch,

where [M] denotes a closure of set M.
It is easy to see that By is bounded.

IA

d 2 2 p+2
+5dt/(|vu\ +fuf? + [Vul*?) da
Q
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We must prove that By is absorbing. For an arbitrary bounded set B C V
(B={y €V :|ylly <x}) we must find ¢; (B) = t1 (x) such that S (t) B C By for
any t >t (x), that is for arbitrary «’ € B it holds u = S (t)u" € By. Since u is
a solution of problem (1)-(3) with initial data u", then it holds the inequality (17).
By multiplying (17) by e’ we have

d

p (@ (u) e5t) < Ce’t

or

P (u) e —d (u)’tzo < % (e‘% - 1)

for any t > 0, whence

t:O) e 0t (21)

if N>3andp>0if N=1,2, then

Si <p<
mce o p_2_N

0 limg = [ (o + 1900 o) e = [ 25 < o+
Q

Since

WweB={yeV:|yl, <x},

then the right part of the last inequality is bounded by a constant which depends
on x. We denote this constant by C (). Then from (21) we obtain

® (u) < % + (—? +C (x)) e 0t (22)

We choose t such that

that is o
5T 1 e
t>=In 50 :5ln( éX)—l):tl(X)
J
¢ (x)
t f -1<
( >0, i c 0)

Therefore from (22) we obtain that
2C
< —
U

that is

for any t > 1 (x) -
Theorem 4 is proved.
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