Transactions of NAS of Azerbaijan, 2013, vol. XXXIII, No 1, pp. 13-20.

Vusala F. GULIYEVA

EXISTENCE OF GLOBAL SOLUTION OF CAUCHY
PROBLEM FOR A CLASS SYSTEM OF
SEMI-LINEAR HYPERBOLIC EQUATIONS WITH
DAMPING OF FOURTH ORDER

Abstract

A theorem on the existence of global solution of the Cauchy problem for a
class of a system of semi-linear equations containing partial derivatives of fourth
order with respect to some variables and second order partial derivatives with
respect to some other variables is proved.

The existence of global solution to the Cauchy problem for semi-linear hyper-
bolic equations with damping was investigated in [11-13]. The global solvability
of the Cauchy problem for hyperbolic equations of higher order was studied in
[6,9,10,14,16], for the system of semi-linear hyperbolic equations in [11-13].

In [7] the Cauchy problem for the system of semi-linear equations with a weak
connection is considered and the conditions for the growth of a non-linear part pro-
viding the existence of global solution are found. In the present paper, the Cauchy
problem for the system of two semi-linear hyperbolic equations with weak connec-
tion, with dissipations and a quasi-elliptic part is investigated. Different derivatives
of second and fourth orders with respect different variables participate in the quasi-
elliptic part of the equations under consideration.

Problem statement and main result. In the domain [0,00) x R,, consider
the Cauchy problem

Uttt + Ut + A%lul - AJlul = fl (Ul,'LLQ) } (1)

Unty + uge + AF ug — A jyug = fo (u1,ug)

ug (0,2) = ¢ (), uge (0,2) =Y, (z), z€R,, k=1,2, (2)
where Ap, = Z %, Ajp = Z %22_, Iy C N, = {1,...,71}, Jp = Nn\f ,k=1,2.
el ° ey 7

Denote by m, = f, r = 1,2 the number of the elements of J,. by n, = I:T =
n — m, the number of the elements of I,.. For definiteness suppose

mi Z mo.

The system of type (1) is met by investigating the vibrations of deformed systems
under mobile loads (see [18]).

Assume that the following conditions are fulfilled:

1) Let n +m, < 4;

2) f1 () and f5 (-) are continuously-differentiable functions on Rp;

3) For any (u,v) € Ry the following estimation is fulfilled:

|fr (u,0)] < eful™ ful*, (3)

where
pr>0, ¢ >0, p+q > 2, (4)
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n—+m n—+m
4 1pr 4 2Qr>1+\P(QT‘)a r=1,2. (5)
Here .
my—ma 8>2
_ z Z 4
\IJ(S)—{ (ml—msg)(2—s)? 0<s<2.

Denote by W22 2%,k =1,2 functional spaces with the finite norm:
2 2 2s, (|2 s 2 %
Julfyzy = { Nl + 050+ 3 [0z}
’ i€l i€Jy

Let U gf be a ball of radius § > 0 centered at the zero in the space [WQQ kl N Ly, (Rn)} X
[L2 (Rn) N Ly (R, iee.

UF = { (v : lullyzy + Tllg,, )+ 1 gy + 1,y < 0}

We prove the following main theorem.
Theorem 1. Let supposition (3) and conditions 1-3 be fulfilled. Then there
exists such § > 0 that for any ((¢1,11), (P2, 1s)) € Uy x UF problem (1), (2) has

a unique solution (ui,ug) € C ([0, 00) ; VV2211 X W2221> N ([0,00); La (Ry) X La (Ry))
and for (u1,ug) the following estimations are valid:

n+mk

[uk Gy (R, < C0) (L) 5,

9 _n+mk+4
S D2k )y + S IDag ()l gy < C0) (1475
=0 i€y
lury (& y(r,y < C(6) (L 4+)77%,
where v, = min {”Jﬂ’glﬂr@7 (Prl)é”*mk) ., k=1,2.
When p; =0, g2 = 0 problem (1), (2) was investigated in [19].
Auxiliary results. By denoting
—A% + Ay +1 0
w:<gl>, _ 1 L D(A) = WA X W,
2 0 — A2 AL+
_(1 0 _ _( fi(ur,uz)
B=(4 1) DB)=La(R)xLa(Rr), Fluw)=( i)

we can write problem (1), (2) as the Cauchy problem for the operator-differential

equation
W+ Bw+ Aw = F (w), (6)

w(0) = wp, w(0) =wy (7)

in Hilbert space H = Ly (Ry) X Lz (Rn), where t = ( U1t ) W = ( U1t ) wo =

U2t U2tt
(5 w=(06)
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Obviously, A is a self-adjoint positive-definite operator. Using the imbedding
theorem and conditions 1-2, we can prove that the nonlinear operator F' (w) acting
from H =D (A1/2) = 1/1/2211 X 1/1/2221 to H satisfies the Lipschits local condition.

Using the theorem on solvability of the Cauchy problem for nonlinear differential
equations in Hilbert space (see [8]), we get the following theorem.

Theorem 2. Let conditions 1-2 be fulfilled. Then there exists such T' > 0 that
for any wy € D (AY?), wy € H problem (6), (7) has a unique solution w(-) €
C ([0, T"); H ) nCL([0,T"); H).

If Ty = sup T’ i.e. if Ty is the length of maximal interval of the existence of the
solution w () € C ([0, Tp); H1) N C* ([0, Tp) ; H), then

1) either T = +o0;

2) or limsup [[|w (t)]| g, + [l (t)]] =

t—To—

From theorem 2 it follows that if a priori estimation

2
S [k (& Yz + sk, () pm,] < C5 te 0,T), (8)
k=1

is fulfilled, then Ty = +o0, i.e. in this case there exists a global solution.

Proof of theorem 1. The following representation holds for the solution of
problem (1), (2)

ug (@,1) = ugo (-x,t) * o (¥) + upr (2, ) * Py (x) +

t
+/uk1 (x,t —7) * fr. (ug (x,t),ug (z,t))dr, k=12, (9)
0

where uy (-, t) = F~1 (uy, (+,t)), k = 1,2, F~! is the Fourier inverse transformation,
Uko (+,t) and ugy (+,t) is the solution of the following problems:

Urott + Trot + Y- EiTko + Y EFuro =0, >0, €€ Ry,
i€y i€Jk (10)
ﬁkO (075) = 17 ﬂkot (Ové-) = 07 § € Rn’ k= 17 27
Upie + kst + 30 &g + Y. Sk =0, >0, €€ Ry,
i€l i€y (11)
ﬂkl (075) = ]-7 Ek}lt (Oaé) = 07 é- S RTH k= ]-a 2.

If by I" = (I7,15, ..., 1) we denote a vector in R,, with the coordinates I} = 2 for
kel I =1 for k € J., then we get ‘l%‘ = %+...+% = %, where 7,k =1, 2.

Therefore, from the results of the paper [9] it follows that for wugg (-, %), ugy (-, 1),
k =1,2 the following estimations are valid:

ko (£:) * 21 (Y Ly, <
c+n) vt [Hm()HLI(Rn) + ek Oy, (12)

Z HD (uro (2, ) * oy, ( HLQ (R T

i€ly,
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"‘Z HDIJ ko (T, ) * @y ( HL2 (Rn) <
1€y

e+ [lon Ol + lox Ol ] (13)
1D (ko (&) * 1 (D) | o) <
< (@75 e Ollary + ok Ollwz ] (14)
T @)+ Ol <
@+ ok Ol + 106 Oll sy (15)
D DE e (1) 0 (D g + D 1Py (i () % i )|y, <
1€l 1€y
e (075 [l Ol + 190 Oll oy (16)
1D (i (1) i (Dl sy <
(14075 [ Oy + 196 Olly(rn] - (17)

Using (12)-(17), from (9) we get the following estimations

n+m

_nomE
g (0 pyryy S c(L+8)7 5 Eg (g, %) +
¢

+/(1+t—7)—"+§"’“ Gy (7) dr; (18)

0

Z HDi“k ("t)HLg(Rn Z [ Daj e (- HL2 (Rn) =

1€l i€Jy
t
_nimgtd _ ntmyp 44
e+t T B e [0 Guman, )
0
where
Gr () =fe (wr (- 7) w2 Co )y (myHI e (un (1) w2 (7)) pymyy - B = 1,2, (20)
B (r Vi) = lwllwzr + 10l o) + lenllny oy + 190l g, - (21)

Using conditions 2 and the Holder inequality, we get
i (7 sz () Ly <

1/py, 1/p},
< (/ |U1 (l‘, T)|pkpk dﬂl‘) ' (/ |u2 (:Ev 7_)|le7;€ dl‘) ) (22)
R, Ry,

11
pp>1, pp>1, —+—=1, k=12 (23)
Pk P

where
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Using the multiplicative inequality (see [17]), from (22), (23) we get

Vi, kPk
La(Ry)

i Cn ()2 Dl gy < el Gl e - TT || D2 )
i€},

Y,k Pk

Y0,k9k
Lo(Rn) ol

uz (-, L1(Rn)

i€y

X H HD%UI

1€

x H HD%Z’LLQ (7)

i€l

Yi,kqk
M (R (24)

where

rk=1,2, r#k.
Similarly, we have the following estimations

77 ¥4
1 (a5 7) 32 Gy < el o) Etmy - TT 110301 G

Mi,kPk
LQ(Rn)

i€ly,

Mj,kPk

6 19k
La(Ry) H 2 )H i

Lo(Ry)

X H HD%ul

JE€Jk

X H HDQZCzUQ (

1€y,

nO,Tzl_(l_pklpk) n+27nk-, ni,r:%<1_ﬁ>v iefk,
(27)
1 n+myg

1 1 : / — 1 _— N S
§<1_f)kpk)’ ]EJka 770,7’_1 1 Phax 1

1 1 1 1
/ . / y
n o= (1-- >, iel,, 1 z(l—A)7J€Jk7
! ( Plian "2 PPk

rk=1,2, r#k

773 k9K

Ve T 1Dy )k (26)
JEJk

nj,’r -

where
R N 1 1
Pk Pk
Denoting
+
Xe(t)=(1+7) % |l (-t Wiy (ra) > (29)
n+ mp+4
Yie(t)=(1+ ® H HD HL2 Ra) T H || Da, e (-, HL2 (Rn) | (30)
i€l Jj€J)

from (12)-(17), (24), (26) and (29), (30) we get

Jr

Xi(t) <A+ 5 By (0, 00) +
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(14 1) %" /(1+t—7)—"+sm’“ [+t —7) 7% [X) (r) + Y ()" x
0

X [Xa (1) + Ya (7)™ +
+ (L4t = 7)™ X (7) + Y (D] [Xs (1) + Ya (1) } dr (31)

n+mi+4

Vi (t) < (141) E, (or, ¥p) +

t
n+m+4 ntmy+4 _
(148 /Htf F (L4t =) TR X () + Vi (D] x
0

X [Xa (1) + Ya (7)™ +

+ (L4t —7)7" [Xy (7) + Y1 (1)]* [X2 (1) + Y2 (T)]qu} dr, (32)
where
n+my n+mi+4
V=g PKYor T ——g Pk | D ik T D V| +
1€y, JjE€Jk

n + ma , n+meo+4

g Wor T B Z’Y;k + Z’Y;k

1€l j€Jk
n -+ mq n+m; +4
e = g Pklor + s Pk ka + ank +
_iEIk JEJL
n + Mo n+mo +4
+t—3 QN Yor + — =5 % Zﬁ;k + ank
_’iEIk jeJk

Hence, taking into account (25), (27) we get

n+mq +n—i—mz [n—i—m1 n + ms }
Ve = Pk kE— gk ak | »
g 8 8 4pyp, Apfan

n -+ mq n + msy n -+ mq n+ ma
M= Pkt Gk [2f)kpk Tk P Qk}, k=12
Introducing the denotation
2
Z(t) =supess> [Xy () + Vi (7)], (33)

T€[0t]

from (29)-(33) we get

A4 (t) <cEy+ [CQZp (t) + 6322p (t)] X

t
XZ <1+t)”+§”’“/(1+t—7)—"+s”%{(1+7)‘7k+(1+7)‘”k}d7+
0
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nt+my +4

+(14t)" " & x

x /(1+t—7)n+2k+4{(1+r)7k+(1+7)”’f}dT te[0,Tp),  (34)
0

where )
Eg =) By (ér ) -
k=1
Subject to conditions (4), (5)
ve>1 o me>1 k=12,

therefore

2 n+mk t ”+'mk
Z (14¢)" "= /(1+t—r)s{(1+r)’yk+(1+7)”k}d75
k=1 0

<e< oo, tel0,Ty) (35)
2 t
n+m +4 n+mk+4 _
> 1+t / tt—7) 5 {1+ (A +7) ™ dr <
<c< +oo, tel0,Tp), (36)

(see [20]).
From (34)-(36) we get the inequality

Z (t) < cEy+ 2P (t) + coMZP (t) , t& [O,To) R
Hence it follows that for rather small Ey it is fulfilled the inequality
Z({t)y<M; te|0,Tp). (37)

From (29), (30), (33) and (37) it follows that a priori estimation (8) is fulfilled,
therefore Ty = +o0.

From (29)-(33), (37) it also follows that estimations (3)-(5) are fulfilled.

The author expresses her gratitude to prof. A.B. Aliev for the problem statement
and helpful discussions.
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