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ON THE COMPLETENESS OF A SYSTEM OF

ELEMENTARY SOLUTIONS FOR AN

OPERATOR-DIFFERENTIAL EQUATION

Abstract

In this paper, we prove the completeness of the system of elementary solu-
tions for a class of third order homogeneous operator-differential equations with
multiple characteristics in the set of all solutions from the space W 3

2 (R+;H).

Consider in a separable Hilbert space H the polynomial operator pencil

P (λ) = (−λE + A)(λE + A)2 +
2∑

j=1

λ3−jAj , (1)

where E is the identity operator, A, A1, A2 are linear operators,A is a self-adjoint

positive-definite operator with compact inverse A−1, and the operators AjA
−j ,

j = 1, 2, are bounded on H. Then it is obvious that the pencil P (λ) has a dis-

crete spectrum.

We associate to pencil (1) the boundary value problem of the form

P (d/dt)u(t) = 0, t ∈ R+ = [0, +∞), (2)

dsu(0)
dts

= ϕs, s = 0, 1, (3)

where u(t) ∈ W 3
2 (R+;H) (see [1]), ϕs ∈ H5/2−s, s = 0, 1. Here we denote by Hα

the scale of Hilbert spaces generated by the operator A, i.e. Hα = D(Aα),

α ≥ 0, (x, y)Hα = (Aαx,Aαy), x, y ∈ D(Aα).

If λn(Re λn < 0) are the eigenvalues of the pencil P (λ), ψ0,n, ψ1,n, ..., ψm,n is the

chain of their corresponding eigen and adjoint vectors [2], Then the vector-functions

uh,n(t) = eλnt

(
ψh,n +

t

1!
ψh−1,n + ... +

th

h!
ψ0,n

)
, h = 0, 1, ..., m,

belong to W 3
2 (R+;H) and satisfy equation (2). These vector functions are called

elementary solutions of equation (2). By means of these solutions we define the

vector

ψ̃h,n =
{

ψ
(0)
h,n, ψ

(1)
h,n

}
∈ H̃ ≡ H5/2 ⊕H3/2,

where ψ
(s)
h,n ≡ ds

dts
uh,n(t) |t=0 , s = 0, 1, h = 0, 1, ...,m. The system

{
ψ̃h,n

}∞
n=1

will be called the derivative chain of eigen and adjoint vectors of the pencil P (λ)

generated by the boundary value problem of the form (2), (3).




