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Rovshan G. POLADOV

ON THE BASIS IN THE SPACE L, (0,1), 1 <p < 400
OF THE SYSTEM OF EIGEN FUNCTIONS OF
STURM-LIOUVILLE PROBLEM WITH A
SPECTRAL PARAMETER IN BOUNDARY
CONDITIONS

Abstract

We consider the following spectral problem
—y” (.’t) = )\y (CC) , S (07 1) )
(a0A+b0)  (0) = (coh+ do) ' (0).,
(al)\ + bl) Yy (1) = (ClA + dl) y/ (1) )

where X\ is a spectral parameter, a;, b;, ¢;, d;, i = 0,1 are real constants,
moreover

o9 = agdg — bocg < 0, o1 =ayd; —byecp > 0.

Necessary and sufficient basicity conditions in the space L, (0,1),1 < p < o0
of the system of eigen functions of this problem with two removed functions are
found.

Consider the following boundary value problem

4" (x) +q(2)y (z) = My (z), =€(0,1), (1)
(aoA =+ bo) y (0) = (coX + do) ¥/ (0), (2)
(A +b1)y (1) = (A +d1)y' (1), (3)

where A is a spectral parameter, ¢ (z) is a real continuous function on [0, 1], a;, b;,
¢, d;, © = 0,1 are real constants, moreover

o9 = agdg — bpcg < 0, o1 =a1d; — bicg > 0. (4)

The problem of the form (1)-(3) arises, for example, by separating variables in a
dynamic boundary value problem describing small torsional vibrations of a bar with
both pulley stiffened ends. A more complete information on the physical sense of
the problems of type (1)-(3) may be found in [1] and [2].

In the paper [3] the complete description of general characteristics of arrangement
of eigenvalues on a real axis is given, vibrational properties of eigenfunctions are
studied, asymptotic formulae for eigenvalues and eigenfunctions of problem (1)-(3)
are obtained. The basis properties of eigenfunctions where it is established that
the system of eigenfunctions of this problem after removing two arbitrary functions
having different parity ordinal number forms a basis in the space L,, 1 < p < o0 is
also investigated.
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In the paper [4], problem (1)-(3) is reduced to an eigen value problem for a linear
operator acting in the Hilbert space H = Ls (0,1) @ C?, necessary and sufficient
condition of basicity in L, (0,1), 1 < p < oo, of the subsystem of eigen functions of
this problem is established. More exactly, it is proved the following theorem.

Theorem A. Let r and | be arbitrary fized entire non-negative numbers. If

1 1

A(rl) = ay. (1) —ary, (1) ay (1) — a1y (1)

£0. (5)

then the system of eigen functions {yk}z‘;mk#,l of problem (1)-(8) forms a basis in
the space Ly, (0,1), 1 < p < oo, for p =2 the Riesz basis, if A(r,1) =0, this system
is incomplete and not minimal in the space L, (0,1), 1 < p < oo.
The basis properties of the system of root functions in the space L, (0,1), 1 <
p < oo of problem (1)-(3) (in special cases) were investigated also in the papers [5]
and [6]. In the case ¢ =0, bj =¢; =0, (—1)jJr1 aj >0,d; =1, j =0,1, (therewith
oo < 0,01 > 0) in [5] it was proved that if ag # a1 then the system of eigenfunctions
of problem (1)-(3) with two removed arbitrary functions forms a basis in the space

L,(0,1), 1 < p < oo; if ap = —ay, then the system of eigenfunctions with two
removed arbitrary functions having different parity numbers forms a basis in the
space Ly, (0,1), 1 < p < o0, if ap = —ay, then the system of eigenfunction with two

arbitrary removed functions having the same order parity, is neither complete nor
minimal in L, (0,1), 1 < p < co. In the case ¢ =0, b; =¢; =0, a; < 0,d; =1,
j = 0,1 (therewith o9 < 0, 01 < 0) necessary and sufficient basicity condition in
L,(0,1), 1 < p < oo, of the system of the root functions of problem (1)-(3) with
two removed root functions is found in [6].

The present paper is devoted to the investigation of basis properties of the sub-
system of eigenfunctions of problem (1)-(3) for ¢ = 0.

Note that the solution of equation (1) satisfying the initial conditions

y(0,X) = cor+do, ' (0,\) = ap\ + bo (6)

is of the form

sin vV \x
5y .

y (x,\) = (coX + do) cos VAz + (agA + bo)

Taking into account boundary condition (3), we get

cot \/X{(ao)\ + b()) (01)\ + dl) — (al/\ + bl) (Co)\ -+ do)} =

_ \% (a0) + o) (@A + br) + (coh + do) (1A + di) V.

Thus, the eigenvalues \g < A\; < ... < A\; < ... of problem (1)-(3) are the roots
of the equation

COt\fI (ao)\+bo) (al)\+b1) + (Co)\—l—do) (Cl)\+d1))\

{(ag)\—i-bo) (Cl)\+d1) — (al)\—i-bl) (Co)\—Fdo)}\a (8)
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and by (7) has only the eigenfunctions

3] /)\
yr (x) = (coA + do) cos \/ Az + (apA + bo) u, k=0,1,...
2

Then we have

sin v/ i _
V%
= sin /A {(co)\k + do) cot /A + \/1)\? (apAk + bo)} =
— sin \/g{ (CO)\ + do) {(a())\k + bo) (al)\k + bl) + (CO)\k + do) (Cl)\k + dl) )\k}
{(a0Mk + bo) (1M, + di) = (a1 Ak + 1) (oA + do) } VA
(aoAr + bo) {(aoAx + bo) (c1 Ak + d1) — (a1 Ak, + b1) (coMr + do) } }
{(aoMk + bo) (c1Mk + di) — (a1 Mg + 1) (coA + do) } VA

(et Mk + dy) {(ao)\k 4 b0)2 + (oM, + do)? Ak}

Yr (1) = (coAk + do) cos v/ A + (ao Ak + bo)

=siny/ A\ .
"{(aohe + bo) (c1 ) + d1) — (a1he + br) (coX + do) } vV
Note that
sin /A, = (—1)F !
L= ( .
(1 + cot? \/)\k)l/Q

We have

.+ b A\ +b A\, +d A4 dp) M\ )2
1—i—cot2\/g:1+{(a0 g+ bo) (a1 Mg +b1) + (oA + do) (c1 N+ dy) A}

= {{(aopAr + bo) (c1 A + d1) — (a1 A, + b1) (cor + do)}> A+
+ {(ao)\k + bo) (al)\k + bl) + (CO)\k + do) (Cl)\k —+ dl) )\k}2 X
x {(aoAr, + bo) (c1Mr, + d1) — (a1 )y, + b1) (colr, + do)} A =

= {(GO/\k +b0)” (1M + d1)® + (a1 he + b1)* (codk + do)Q} Akt
2 2 2 2

+ {(ao/\k +bo)” (a1 Ak + b1)” + (corx + do)” (a1 Ak + b1) )\Qk} X

X {(ao)\k + bg) (Cl/\k + dl) - (al)\k + bl) (CO)\k + do)}iz )\];1 =

{(CLO)\k +b0)? (coMp + do)® Mg (a1 + b1) + (1A + dy)? Ak}
{(ao)\k + bo) (61)\k + dl) . (al/\k + b1) (Co)\ + do)}2 A

Taking into account the last two equalities, from (9) we find

{(ao)\k + bo) (Cl)\k + dl) — (al)\k + bl) (Co)\ + do)} \F)\

x 172 172
{(GOAk +bo)® + (corg + do)? )\k} {((11>\k +b1)% + (c1dg +di)? /\k}

{(aoMr, +bo) (1), +di) — (ar My, +br) (coA +do) > A

89
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(c1Ar +d1) {(ao)\k +bo)? + (coM + do)? )\k}
X —
{(ao)\k + b()) (Cl)\k + d1) — (al)\k + b1) (CO)\k + do)} \/E

1/2
(ao)\k + 60)2 + (C())\k + d0)2 A
(a1 Xk + b1)* + (c1he + d1)? Mg ‘

= (—1)k (Cl/\k + dl) <

Thus, we have

1/2
(a0, + bo)? + (colp + do)’ Ak) (10)

yk (1) = (=1)" (c1he +da) <(a1>\k+b1)2+(01>\k+d1)2)‘k

Let the following relation be fulfilled
a1 =ag, by =0by, c1=—cy, di = —dp. (11)
Then from (10) we get
yr (1) = (=1)F (cidp + dv). (12)

If (cjAr +d;j) (cjAi +dj) #0, 7 =0,1 then by (14) from [4] (see also [3]), equal-
ities (6) and (12) we have

A(rl) = A () =

1 1 ‘
cyy (1) —aryr (1) ey (1) — aryr (1)

1 1
Hesye (1) ey, (1)
1 1 1 1
yr(1) yi (1) ‘ ! (13)
Cl)\r“l‘dl Cl)fl-f—dl (_1)7’ (_1)

If cg # 0, Ny = —do/co, then \; = —dy/c1, ¢jA +d;j # 0, j =0, 1. Consequently,
by (12) we have

1 1 1
A(rl) =250 =] , ay () | = ‘ " ciyl(1) (14)
c1Ar+dp T o (_ ) o1
From formula (7) we get
siny/A
y (1) =y (1,N) = (coN + dp) cos \/)\7 + (apA; + bo) v =
va
sin /N
= (agA; + bo = 0.
w0k +00) =0

Taking into account this equality, from formula (7) we find
yr (1) =o' (1, A) = =N (cod; + do) sin v/ Nz + (o + bg) cos /A =
d dp — b
= (ao (—CO> + bo) cos \/)Tl = —w COS\//\il =
0 0
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di — b —1)k
I e L s WL Y SR IC R, wl Gl A
c1 Cc1 C1

Taking into account this relation in (14), we get

As (r,]) = ‘ (15)

(- (=)

From (13) and (15) it follows that if » and [ are entire non-negative numbers
having the same parity, then A,; = 0 and by theorem A, the system of eigenfunctions
{yk}Z‘;m vy Of problem (1)-(3) for ¢ = 0 is neither complete nor minimal in the space
L,(0,1),1<p< +o0.

Thus, we proved

Theorem 1. Let r and [ be entire non-negative numbers having the same parity,
and condition (11) be fulfilled. Then the system of eigenfunctions {yk}zozo’ kot OF
problem (1)-(3) for q¢ = 0 is neither complete nor minimal in the space Ly (0,1),
1 <p<+o0.

From this theorem it is seen that the condition of theorem 4 from [3] about that
the numbers r and [ have different parities is essential.

Let r and [ be entire non-negative numbers having the same parities. Then it
holds the equality

1 1

yr(1) (1)
ciAr+d1 caN+dy

A(rl) = A1 () =

1 1
= (=1’ ((a())\z+bo)2+(00)\z+do)2>\l)1/2 ((ao)\r+bo)2+(00>\r+do)2/\r)1/2 : (16)
(a1 \+b1)°+(ci X +d1)* N (a1 Ar+b1)*+(c1Ar+d1)* Ay

Now, let’s consider the function

F () = (W +b0)” + () + do)’ A) " (1)

(a1 A+ b)) 4 (1A +dp)* X\

Let 3 + ¢ > 0 . We rewrite the function F ()\) in the form

1/2
Py = (aoX + bo)® + (coX + do)* A _
(a1 A+ b)) 4 (1A +dp)* A

(BN + (a3 + 2e0do) N+ (df +2agho) A+ 83
AN+ (a2 +2e1d1) A + (d2 + 2a1by) A + b3 ‘

Hence we have

F'(\) = (1/2) (F (\) 72 x
x {AN + (af + 2e1d1) A + (df + 2a1b1) A + b%}_2 X

x{(3cGA* + 2 (af + 2codo) A + (d§ + 2agbo)) x
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x (cIX® + (af 4 2c1d1) A° + (df + 2a1b1) A+ b) —
x (cgA? + (ad + 2codo) A + (d§ + 2aobo) A + ) x
x (3N +2 (a + 2c1di) A + (dF + 2a1b1)) } =

= (1/2) (F (N) "7 {2X® + (a2 + 2c1dy) A% + (d3 + 2a1by) A+ B2} 2 x

x {cd (af +2c1dr) — ¢ (af + 2codo) } X* + 2{c} (d} + 2a1b1) —
—ct (dg + 2aobo) }A* + {3 (c§b] — c1b5) + (af + 2codo) (df + 2a1by) —
— (a3 + 2c1dy1) (d§ + 2c1dy) (df + 2apbo) JAZ+
+2{b? (a3 + 2codo) — B3 (a? +2c1d1) } +
+b7 (dg + 2aobo) — b§ (df + 2a1b1)}. (18)

It follows from formula (18) that either

1) c3 (a% + 261d1) —c? (ag + 2Cod0) £ 0;

or

2) Cg (a% + 261d1) — C% (a% + 2Cod0) =0, 6(2) (d% + 2a1b1) - C% (dg + 2(1()[)0) #0;

or

3) @ (a} 4+ 2c1dr) — ¢ (ak + 2codo) = 0, & (d? + 2a1b1) — ¢ (d3 + 2aby) = 0,
cb? — 2b3 = 0, then there exists \* € R such that F’()\) # 0 for A > \*, i.e. the
function F () is strongly monotone for A > A*. Consequently, there exists an entire
non-negative number k* such that for r,i > k* we’ll have A (r,l) = A;(r,]) # 0
from (16) and (17), i.e. condition (5) is fulfilled. Then on the base of theorem A,
the system of eigen functions {yx (¥)};Z¢ yz;» 7> > k* of problem (1)-(3) for ¢ =0
forms the Riesz basis in the space L, (0,1), 1 < p < oo, for p = 2 the Riesz basis.

And if

4) & (af + 2c1dr) — ¢ (af + 2codo) = 0, 3 (df + 2a1b1) — cf (d§ + 2aoby) = 0,
cdb? — c3b2 = 0, then F'(\) =0 for all A € R, i.e. F()\) = const. Consequently,
from (16), (17) we’ll have A (r,l) = Ay (r,I) = 0. Then on the base of theorem A
the system of eigenfunctions {yx (z)};Z j4,; of problem (1)-(3) for ¢ = 0 is neither
complete nor minimal in the space L, (0,1), 1 < p < oc.

Now let ¢g = ¢; = 0. Then from formula (10) we get

5 o\ 12
(ao)\ + bo) + do)\k) . (19)

vk
ye (1) = (=1)"dy ((al)\+b1)2+d%/\k

Consider the function

(ao\ + bo)? + d2\ V2

0 0

F()\) = s : (20)
(@A +b1)" +diA

We rewrite the function F'(A) in the following form:

1/2 1/2
Foy— (oAt b2+ d2\\"7 a3+ (2a0bo + dB) A+ 02\ o
(a1 X+ b1)* + d2A N+ 2ab + )N+ )



Transactions of NAS of Azerbaijan 93
[On the basis in the space ...]

From (21) we get

F'(\) = = (FO) Y2 {3+ (d? + 2a1b1 ) A+ 53}

N |

x{(2a2\ + (d2 + 2a0bo)) (a3X2 + (dF + 2a1b1) A + b3) —

— (afA? + (df + 2aobo) A+ 03) (207X + (df +2a1b1))} =
= (1/2) (F (\) 7% x {a2X + (4 + 2a1b1) A + B3} % x
x{{ad (&2 + 2a1b1) — a? (d} + 2agbo) } N2+
+2 (adb? — abg) A+ {b7 (d5 + 2a0bo) — b3 (dF + 2a1b1) } . (22)

From (22) it follows that either

1) a3 (df + 2a1b1) — a3 (d3 + 2agbo) # 0;

or

2) ad (d3 + 2a1b1)—a3 (df + 2aobo) = 0, agbi—aibg # 0, then there exists \** € R
such that F’(A) # 0 for A > A*™, i.e. the function F ()\) is a strictly monotone for
A > \**. Consequently, there exists an entire non-negative number k** such that
for r,1 > k** we’ll have A (r,1) = Ay (r,l) # 0, from (16), (17). Then on the base
of theorem A the system of eigen functions {yx ()} sz.;» 751 = k™ of problem
(1)-(3) for ¢ = 0 forms a basis in the space Ly, (0,1), 1 < p < oo, for p = 2 the Riesz
basis.

And if

3) a3 (d} + 2a1b1) — a? (d + 2aobo) = 0, adb? — afb3 = 0, then F’(\) = 0 for
all A\ € Rie. F'()\) = const. Consequently, from (16), (17) we’ll have A (r,1) =
A (r,l) = 0. Then again on the base of theorem A, the system of eigenfunctions
{yr ()} 320 pozrs» Of problem (1)-(3) for ¢ = 0 is neither complete nor minimal in the
space Ly (0,1), 1 < p < oo.

So, we proved the following

Theorem 2. Let r and [ be entire non-negative numbers of the same parity.
Then there exists such an entire non-negative number k (k = max {k*,k**}), that
for vl > k the system of eigen functions {yk (z)};Zo ks, of problem (1)-(3) for
q =0 in the cases

a) 2 +c? >0 and either

1) 3 (a? + 2c1dy) — f (ad + 2codo) # 0, or

2) 3 (a% + 201d1) —c? (a% + Qngo) =0, c (d% + 2albl) —c? (d(z) + 2a0b0) #0

or

3) 0(2) (a% + 2cld1) - C% (ag + QCOdO) =0, 0(2) (d% + 2a1b1) - C% (d% + 2a0b0) =0,
cobi — b # 0,

b) co =c1 =0 and either

1) a% (d% + 2a1b1) —a? (d% + 2a0b0) #£0; or

2) ag (d3 + 2a1b1) — af (df + 2aobo) = 0, adbi — aibd # 0 forms a basis in the
spaces Ly, (0,1), 1 < p < oo, for p =2 the Riesz basis. In the cases

c) cg +¢2 >0 and 0(2) (a% + 201d1) —c? (ag + QCodg) =0,

G (& + 2a1by) — & (& + 2apho) = 0, BB — A2 = 0;
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d) co=c1 =0 and ag (d% + 2a1b1) —a? (dg + 2a0b0) =0, a%b% — a%bg =0, the
system of eigenfunctions {yx (x)},?;oyk#nl is neither complete nor minimal in the
space L, (0,1), 1 <p < +o0.

Note that in the case cg =c; =0 and bg =b; =0

F(\) = (ng - dg) "
(@3N 2 ’

Py =

<<a%A - d%)“ (a3d? — a3d3) X
(agA + dj (a2X + d2)?

Hence it follows that if a2d? — a?d% # 0, then F'(\) # 0 for A € R\ {0} and
consequently the function F'(\) is strongly monotone in R. From (16) and (17)
we'll have A (r,l) = A5 (r,l) # 0. Then on the base of theorem A, the system of
eigenfunctions {yy ()} 4z, of problem (1)-(3) for ¢ = 0 forms a basis in the
space L, (0,1), 1 < p < oo, for p = 2 the Riesz basis. But if aZd? — a?d3 = 0, then
this system is neither complete nor minimal in the space L, (0,1), 1 < p < +o0.
Recall that in the case dy = —1, dy = 1 this result was obtained by N.Yu. Kapustin

[5].
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