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Rasoul HASHEMI

ON A CONJECTURE OF ZIMMERMAN ABOUT
AUTOMORPHISMS OF S,

Abstract
All groups considered are finte. For a group G and a € Aut(QG), we set

S(G,a) = {g € Glga = g*}

15(G.a)] : _
Tl and define the function s(G) by s(G) = aerggggc) s(G, a)

we calculate for the permutation group S,.

Welet s(G, o) =

1. Introduction. The function s(G) was investigated by Zimmerman in [8],
who proved the following result (his notation was slightly different from ours):

Notation: we will write simply S(«) for S(G, «) and s(a) for s(G, a).

Theorem A. Suppose o € Aut(G) with s (a) > %, then s(a) = s(G) and one
of the following holds:

L. G is abelian of odd order and s(G) = 1.

II. G splits over an abelian, odd-order subgroup of index 2, coinciding with S(«)

and s(G) = %

III. Z(QG) 2‘53 abelian of odd order, G/Z(G) = A4 and GN Z(G) = {1}. In this
case, s(G) = 13"

Zimmerman conjectured that if s(G) > é, then G is soluble. It turns out that the
conjecture is true, but that one can prove much stronger results. Peter V. Hegarty
proved two theorems in [2].

One of these is the complete classification of those groups G of even order such

1 1
that s(G) > 6 plus a partial classification of those for which s(G) = 5 The number

1

6 arises naturally, as follows. Clearly, an even order groups satisfies s(G) = 1 if G

has an odd order direct factor O of index with s(O) = 21. In [3], Liebeck proved
1

that if G is non-abelian of odd order, then s(G) < 3’ and he classified all odd order

groups where equality holds. The following theorems can be seen in [2].

1
Theorem B (i). Let G be a group of even order such that (G) > 6 Let

1
a € Aut(G) be such that (o)) > 5 If s(a) = s(G) then of the following holds:

1
L s(G) = 2 G s of type II in theorem A.

II. s(G) = %, G is of type III in theorem A.

1
II1.s(G) = T G has a normal, odd order subgroup of index 4 which coincides
with s(a).
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IV. s(G) = %, G is a split extension of a group of type II by Zs.

9
V. s(G) = 8 G is a central extension of an odd order subgroup Z C S(a) by a
group H of order /8. H has a homocyclic, normal Sylow-2 subgroup, which is acted
upon fized-point freely by the elements of H of order 3.

2
VI s(G) = T454’ G is a central extension of an odd order subgroup Z C S(«) by
A4 X A4.

1
VII. s(G) = 5’ G has an order subgroup of index 2, which is isomorphic to one

of the groups of theorems 4.5 and 4.10 of [3].
1

If s(a) # s(GQ) then G is of type I above, has order divisible by 3, and s(«) = 6

(ii) If G is one of the groups of types I through VI above, then G does indeed

1
possess an automorphism o such that s(a) = s(G) > =.

6
Theorem C. If s(G) > %, then G is soluble.

For more information, one can be seen in [1,2,3,4,5].

In this paper, we consider G = S,,, then we have, every element of Aut(S,) is an
inner automorphism [7]. So for a given o € Aut(S,) there exists an element g € S,
such that xo = 29(x € S,). If o is 7 squaring elements ” automorphism ,i.e., ro = 2>
then z is an even permutation, for, otherwise 29 will be an odd permutation and x>
is even, a contradiction. Moreover, for such an automorphism, g is of even order,
because 29 = z? yields, 29" = 2 for every positive integer k, if k = |g| (order of
g) then k is the least integer that satisfies 227 = 1, so k = 2. This yields in turn
2% =1, i. e., every element of the set

S(G,0) = {z € Sy|zo = 2}, (G = S,)

Is of the form x = cico...cny, where m > 1, cico...c, are disjoint 3-cycles. Also we
conclude that g is a product of disjoint transposition.

_ |5(G,0)]
n!

Following Hegarty [2] and let s(G,0) = and s(G) = max s(G,0) . The

o€ Aut(G)
lower bounds of this number is of interest in classification of groups (one may see

Zimmerman [8] and Hegarty [2]). In this paper we give explicit values for s(G)
(G = S,,) for every n > 2 our calculation gives a generating set for maximal abelian
subgroup of S,, of order as well. (we have used [m], for the integer part of m ).

By the above considerations if xo = z? then zo = x9 where ¢ is the form
g = (1,2)(3,4)(5,6)...(2m — 1,2m) where m > 2 and (4,7 + 1) is a transposition.
It is easy to see that if g1 = (a1, b1)(az,b2)...(am, by,) (disjoint transpositions), and
roy = 291, where xo; = 22, then |S(G,0)| = |S(G,01)|, (G = Sy). So to calculate
s(G) we only need to calculate |S(G, )| for all values of o where zo = 29 and g one



Transactions of NAS of Azerbaijan 65
[On a conjecture of Zimmerman about]

of the value:

g2 = (1,2)(3,4)

g = (1,2)(3,4)...(2k — 1, 2k), k= [=].

|3

Notation. For simplicity let t; = |S(G,0;)| where zo; = 2%, zo; = 2% for
1 = 1,2...k. Then our main results are as follows :

Proposition 1.1. Let G = S,, then

(i) For every n > 2, t; =|S(G,01|=2n—3

(ii) For every n > 4, to = 4n? — 32n + 65

(iii) For every n > 6,t3 = 24n3 — 492n? + 3354n — 7587

Proposition 1.2. Let G = S,,,n > 8and k = [g} . Then, for everym (4 <m < k) :

m—2 [2m+i—2
ty = 1+ 2m (n — 2m) + 8 () + 4 () I[I m=-p2G-0¢)+
=2 j=2m
m—1 . 2m—+1
+2) > 2 [] (n—4)
=1 j=2m

Proposition 1.3. Let G = S,,n > 2and k = [g} then, s (G) = i' max {t1,to, ..., tx}.
Proofs based on the classification of the elements x = cica...¢p (d(?c.omposed into
disjoint 3-cycles) and enumerating their numbers satisfying zo = 2 for every
91,92, - - -, gk First we note that if 29 = 22(1 < i < k), then every component ¢; of
x should have common elements with g;. Indeed, if ¢; = (a,b,c) then c? = (a,c,b)
and c?i = (agi, bgi, cg;) = (a,c,b) yields bg; = ¢, cgi = b, ag; = a .So g; = (b,c) g;
where g, € st(a) (stabilizer of the element a). By these preliminaries and letting
A={1,2,....,n} we give the proofs.

Proofs of 1.1. (i): Let g1 = (1,2), then every = (1,2, ¢) where c € A—{1,2}
satisfies 29" = 22 and there are exactly n — 2 values . For each x of his kind
=% and (1) the identity permutation are also satisfying 29" = x2. So there are
2(n —2) + 1 = 2n — 3 solutions for #9' = x2. No more x satisfies 29 = 22, for, if
T =cica...cp, p> 1, then ¢; s could not be disjoint, which is a contradiction, this
proves (i).

(ii): Let g2 = (1,2)(3,4).There are four different classes of the elements z € A,
satisfying 292 = 22, as follows :
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(I (1,2,¢),(2,1,¢), ce A-{1,2,3,4}

(IT) (3,4,¢),(4,3,¢), deA—{1,23,4}

(I1I) (5,6,¢),(6,5,¢),(1,2,¢),(4,3,c)e, € A—{1,2,3,4} c#

(IV) (2,1,¢),(3,4,c),(2,1,¢),(4,3,c)e, ¢ € A—{1,2,3,4} c#¢

Then, there are 4(n — 4) + 4(n — 4)(n — 5) + 1 different values for z. Any
other 3-cycle different from above appearing in the disjoint the decomposition x =
cica ... cp should fix 1,2,3 and 4, the doesn’t satisfy 92 = x? The prove (ii), that
to=4(n —4)(1+n—5)+ 1 = 4n? — 32n + 65.

(iii): Let g3 = (1,2)(3,4)(5,6). All of the classes of values for x = cjcac3. .. ¢p
satisfying x93 = x are as follows:

1) (1,2,¢),(2,1,¢), ceA—1{1,2,34,5,6}

(I) (3,4,¢),(4,3,¢), ce€ A—{1,2,3,4,5,6}

(III) (5,6,¢),(6,5,c)ce A—{1,2,3,4,5,6}

These classes contain 6(n — 6) elements all together.

(IV) & = c¢1co where ¢; and co are disjoint 3—cycles of the classes I,IT and III
indeed this class contains :

(2,1,¢),(3,4,¢),(2,1,¢),(3,4,c), (3,4,¢),(5,6,¢)

(2,1,¢),(5,6,¢),(2,1,0),(5,6,¢), (3,4,¢),(6,5,¢)
(1,2,¢),(4,3,¢), (2,1,¢),(4,3,¢), (4,3,¢),(5,6,c)
(1,2,¢),(6,5,¢), (2,1,¢),(6,5,¢), (4,3,¢),(6,5,c)

where ¢ # ¢ and ¢, € A —{1,2,3,4,5,6}. This class contains 12(n — 6)(n — 7)
elements.

(V). & = c1coc3 where 3-cycles are disjoint elements of the first three classes.
To enumerate the elements of this class we note that each element this class maybe
made from the elements of the class (IV) , by multiplying a new 3—cycle, indeed this
class consists of the following case of elements:

(a,b,¢)(3,4,c)(5,6,¢”)

(a,b,¢)(3,4,c)(6,5,¢”) (1)
(a,b,c)(4,3,)(5,6,¢”)
(a,b,c)(4,3,)(6,5,c”)
)

where (a =1,b=2) or (a =2,b=1);¢,¢,¢" € A—{1,2,3,4,5,6} and ¢ # ¢ # .
Also

1,2,¢n)(5,6,c”

) )
1,2,¢1)(6,5,c”) (2)
)(5,6,c¢”)
) )

2,1,¢)(6,5,c”
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where (a =3,b=4) or (a =4,b=23);¢,d, " € A—{1,2,3,4,5,6} and ¢ # ¢ # .
(a,b,c)(1,2,¢/)(3,4,¢”)

(a,b,¢)(1,2,¢1)(4,3,¢7) (3)

)

(a,b,¢)(2,1,¢/)(3,4,¢”)

(a,b,¢)(2,1,¢/)(4,3,¢”)
)

where (a =5,b=06) or (a=6,b=05
And

e, e A—{1,2,3,4,5,6} and ¢ # ¢ # .

(4)

Obviously, 8 +24(n —6)(n — 7)(n — 8) element obtained and then t3 = |S(G,03)| =
14+6(n—6)+12(n—6)(n—7)+24(n—6)(n—7)(n—8)+8 = 24n3—492n2+3354n—7587.
This compelets the proof.

Proof of 1.2: Let ¢, = (1,2)(3,4).....(2m — 1,2m) wher 4 < m < k. Every
value of x satisfying #9m = 22 should be in the form x = cjcs...c; where ¢, s are
disjoint 3—cycles and 1 <t < m.

Generalizing the method of classification of 3—cycles in 1.1 give us:

f —1+2®(n—2).
ty = 1+2(f> (n—4)—|—2<i>(n—4)(n—5).
ts = 1+2<?1)>(n—6)+[8<2> +4<z>(n—6)(n—7)]+8<;>(n—6)(n—7)(n—8)

b= 1+2(‘11> (n—8)+[8<;l> +4<§> (n—8)(n—9)]+[16<§> (n—8)+8<;"> (n—8)x

x(n—9)(n—10)] + [0+ 16<;1> (n—8)(n—9)(n—10)(n — 11)].

fy = 142 @ (n—10)+[8 (Z) 4 @ (n—10)(n—11)]+[32 @ (n—10)+8 @ (n—10)x

x(n—ll)(n—l2)+[64(§> (n—10)(n—11)+16 @) (n—10)(n—11)(n—12)(n—13)]+

+[0+ 32 <2> (n—10)(n — 11)(n — 12)(n — 13)(n — 14)].
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And by an induction method on constructing cico ... ¢y from cics...cm—_1, we get:
b = 142 (T) (n—2m)+[8 <Tg> +4 <T;L) (n—2m)(n—2m—1)]+[8 (?) (2m—6)(n—2m)+

m

2x4
raxa

) (n—2m)(n—2m—1)(n—2m—3)]+[8 <73n> (2m—6)(2m—4)(n—2m)(n—2m—1)
422 x 4@) (n—2m)(n —2m —1)(n — 2m — 3)(n — 2m — 5)] + ...

[0+ 2m<7;> (n—2m)(n —2m — 1)...(n — 2m — m + 1)].

The sequence 8, 8(2m—6),8(2m—6)(2m—4),...,8(2m—6)(2m—4)...4x 2,0 is indeed
the defined sequence {a;} and 1, (n —2m), (n —2m)(n —2m —1), (n —2m)(n — 2m —
1)(n —2m — 2),...,0 is the defined sequence {b;}. This gives the result at once,
because

m—2 m—1
_ m m m . m i—1y
tm—1+2<1>(n—2m)+8<3>+<3>;albl+4<2>;2 bit2,

2
where for a given n > 8, k = [] and 4 <m <k,
n

, -3
a; =8, ai:2%+2(z‘—1)!("fl 1>,¢22
Z_

2m—+i—2

blzl, bi: H (n—j),iZQ
j=2m

whence (T__l?’) is used for the binomial coefficient.
Corollary 1.4. H =< 01027,_,@[
and |H| = ol2],

Proof : Foreveryiand j 1<4,5 < [g} , 00 = 0;0;, for by the definition

] is the mazimal abelian 2-subgroup of Aut(Sn)

n
2

we get xo;o; = x0;0;, for every x. So H is abelian .Every o; is of order 2 for,

2 _

. 2 ..
xo; = (x0;) 0y = 2% 0; = 2% = x, moreover , every element of order 2 is in H, for,

TO109 = 234 — 71 = 271 = T1 € H.

5,6)

TO1TO3 = a( =x7T9 = To € H.

So, z(#*t1) ¢ H for every i. Consequently H is a maximal abelian 2-subgroup of

Aut(Sy). Obviously, H 2 Zz[f] and |H| = ol3].
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As a result our calculation we give the following table for G = S, the same

notation g1, go and the corresponding o1, 079,...., and s(o) = |S(G, o).
n | s(o1) | s(o2) | s(o3) | s(oa) | s(os) | s(oe) s(G)
41 5 1 — — - — B
50 7 5 — — -~ — &
6 9 17 9 — - — i
7| 11 | 37 | 15 — - — =
8 | 13 | 65 | 45 | 33 - - %
9 | 15 | 101 | 147 | 105 | — — 5
10| 17 | 145 | 369 | 225 | 81 — 369

References

[1] ConwaylJ. H., Curtis R. T., Norton S. P., Parker R. A., Wilson R. A., Atlas
of finite Groups. Oxford 1985.

[2] Peter.V. Hegarty, On a conjecture of Zimmerman about group automorphisms.
Arch, Math. 2003, 80, pp. 1-11.

[3] Liebeck H. Groups with an automorpism squaring many elements. J. Austral.
Math. soc. 1973, 16, pp. 33—42.

[4] Liebeck H., Machale D. Groups with automorphisms inverting most elements.
Math. Z. 1972, 124. pp.51-63.

[5] Liebeck H., Machale D., Groups of odd order with automorphisms inverting
many elements J. London. Math. Soc. 1973, 6 (2), pp.215-223.

[6] Potter W. M. Nonsolvable groups with an automorphism inverting many ele-
ments. Arch. Math. 1988, 50. pp. 292-299.

[7] Rotman J. J. An introduction to the theory of groups. Fourth Edition.
Springer-verlag 1995.

[8] Zimmerman J. Groups With Automorphisms squaring most elements. Arch.
Math. 1990, 54. pp. 241-246.



0 Transactions of NAS of Azerbaijan
[R.Hashemi]

Rasoul Hashemi

Azerbijan Technical University,

Institute of Mathematics and Mechanic of NAS of Azerbijan.

9, B.Vahabzade str., AZ1141, Baku, Azerbaijan

E-mail:Rasoulhashemi@ymail.com.

Received: January 11, 2012; Revised: April 18, 2012.



