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Akbar D. HASANOV

A HARNACK INEQUALITY FOR THE SOLUTION
OF KOLMOGOROV EQUATION

Abstract

In the paper, an inequality of Harnack type is obtained for non-negative
solutions of Kolmogorov equations in one-dimensional case under the condition
of Cordes type.

In the paper we consider an operator of the form

02 0 0
L:a(x,y,z)ﬁ—xa—y—a, (z,y,t) € R?, (1)

where the coefficient a (z,y,t) is measurable, bounded and satisfies the ellipticity
condition
0<Ci<a(z,y,t) <Ch. (2)

The equation Lu = 0 is called the Kolmogorov equation. This equation was first
introduced and investigated in A.N. Kolmogorov’s classic paper [1].

The paper is devoted to investigation of internal properties of the solutions of the
equation under consideration, i.e. to the proof of a Harnack type inequality under
the Cordes type condition. Note that subject to the Cordes type condition for
parabolic equations with discontinuous coefficients, the similar results were proved
in the works of Yu. Mozer [2], E.M. Landis [3] and R.Ya. Glagoleva [4]. In the
papers of N.V. Krylov and M.V. Safonov [5], Harnack inequality without restriction
of Cordes type condition was proved for solving parabolic equations with measurable
coefficients.

Recently, there is great interest to investigation of quality properties of Kol-
mogorov equations. So, for instance, in the papers [8,9]. Harnack type inequality
for non-negative values of this equation is obtained. [8] considers the Kolmogorov
equation in divergent form, where the Holder continuity condition with the exponent
a (0 < a < 1) is required from the coefficients of the equation and their derivatives.
Their methods are based on the mean-value theorem for solving the equation. In
the paper [9] the Kolmogorov equation in non-divergent form is considered and the
Holder continuity condition with the exponent « (0 < a < 1) is required from the
coeflicients.

In the present paper, such restrictions are not imposed: we consider the Kol-
mogorov equation in non-divergent form with a bounded and measurable coefficient
but subject to the Cordes type condition. The method used in the paper is very
close to Landis method, i.e. it is based on the lemma on increase of the solution of
Kolmogorov equation proved by the author in [7].

1°. Denote by C’;B:%th a cylinder defined by the inequalities:

L <t<ty, 1 <y<y, |r—ax9]<R.
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Give some definitions and statements without proof from [6].
Let D € R? be a bounded domain. The aggregate of points (g, yo, o) for each
of which there will be found such A > 0 that even if one of the cylinders

to—h,to;yo—h+(zo—h)(t—to),y0+(zo—h)(t—to)
zo,h

or
cto —h,to;yo+(zo+h)(t—to),yo+(xo+h)(t—to)+h
zo,h

belongs to the domain D, will be denoted by M.

We'll call the set I' (D) = 0D\ M an eigen boundary of the domain D and the
set v (D) = OD\I' (D) an upper cover of D.

Theorem 1. (Maximum principle). Let D be a bounded domain in R3,
v (D) be its upper cover, I' (D) its eigen boundary.

Let in D U~ (D) operator (1) be defined, and u (z,y,t) be a sub solution (super
solution) for operator (1) in D U~ (D) (see [6]). Then

supu = lim  wu(z,y,t), infu = lim  wu(x,y,t
D (z,y,t)—=L(D) ( ) D (z,y,t)—>T'(D) ( )
(I,y,t)ED (:E,y,t)ED

20, We’ll consider Cordes type equations, i.e such equations
Lu =0, (3)

for which the constrants C; and Cy of inequality (2) satisfy the condition

20

—= < 3.
Ch

For negative solution of equation (3) prove a Harnack type inequality.

As a preliminary we prove an auxiliary lemma being a corollary of the increase

theorem (see [7]).
1
—min ( ——,1].
b mm(lOC’g’ )

Assume
. . bn?;0,2bn3
Lemma 1. Let in the cylinder Cg;n" 30,26

der Cjbgn?;an;bnSang
07(7)’,71;172;0,217773 be situated. Denote by ' the part of the boundary D situated sbrongly
interior to the cylinder nggnQ;O,%n?" Let in D, the solution of equation (3) that is
continuous in D, positive in D and vanishing on T' be defined.

Then for any K > 0 there will be found ¢ > 0 dependent on K, C7 and Cy such
that from the inequality

the domain D intersecting the cylin-

and having parallel points on the eigen boundary of the cylinder

mesD < 6n° (4)
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it follows the inequality
supu
D > K. (5)
sup u
DQC%Z’2’b"2;b"3’2b"3
2

Proof. Take § = C; and S = 252, Then by = 155; and by the condition

b = min <ﬁ, 1), i.e. the condition b < by is satisfied.
Let & be a constant of theorem 3 from [7]. Then in this case £ depends only on
Cq and Cy. Let further m be such a least natural number that

€ m
(148) <

Assume
b2
~ POmb
Divide the difference
1 2 2 3 3
0,bn2;0,2bm3 \ ~30n",bn”;0n°,2bn
Chproi ¢ (6)

into m parts by the eigen boundaries I';, of the cylinders
300? (1= 35 ) 30 (1= ) 26m°
n3(14+5)

. i=0,1,...,m— 1.

o =

1bm2,bn?;6m3 2003

Iy coincides with the eigen boundary of the cylinder C77 n
2

Assume
M; = glaxu, t1=20,1,....,m— 1.

Let M; be attained at the point (xi, Yy, ti) € I';. Consider the cylinder

b () (-0 -2 o (e ) 1)
T 5 '

o =c
Show that '
D c ot i=01,..,m—1.

Let (z,y,t) be any point from Cl(i). From (mi,yi,ti) € I'; we have

sb? (1= ) <t <bip? (7)
bn® (1— L) <y <26’
It is easy to show that
+ 1 1 i+ 1
]w—n\<ﬁ 1—|—i and  =bn? 1—Z+ <t < b (8)
2 m 2 m
It remains to show i
bn3<1—z+ )<y<2bn3 (9)
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The right side of inequality (9) is obvious, prove the left side. From (x,y,t) € C’Y)

and (8) we get
3

9 . .
y>y’——n3+<xl—i> (t— 1) >
m m

8
' b’ n i n S
> b3 _ i _ i oy 1 _ ) =
> by (1 m> m3+<n+2<1+m> ol ey

If we simplify the last inequality, we get
8m? — 4m > 0,
and this is true for any m € N, i.e. (9) is proved. Consequently, we proved that
c c ot i=01,..,m—1.
In the cylinder C’fi) we consider the cylinders

£ — =) (=) ()4 () ) ()
' 5om

and

G0 ¢ ME ) o) ()R ) =) ) )
5o, )

It is clear that 12,6
i Ui

Denote the set DﬂC’fi) by D'. If now we apply theorem 5 from [7] to the cylinders
C’fl), Cél), C’él) and domain D’; we get

mesk
supu > |1 +&{———=| sup u. (11)
D’ mesCy” | pnct)
On the other hand
supu= sup u< Sup uU=1u (mi"'l,y”l,t”l) = M. (12)
D’ D/mcii) DNCi+1)

In addition, the point (z*,y*,t') € D'N Céi), therefore

sup u > u (', 9", t") = M;. (13)
p'nct?
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Then from (11), (12) and (13) we get

mesE

mesC’éi)

Now, taking into account (10), we get

mesE = mes (C’éi)\D') > mes (Cé”) — mesD >

>

b2n6 B 1 b2776 _ 1 b2776 _ lmes <C(i)>
2.48mb 2 2.483mb6 2 2.48m6 2 3 )
Thus, from (14) we deduce

Mi+1 > (1 + g) M,;.

If we repeat all these operations for i =0,1,...,m — 1, we get

Mm>(1+§> My

and so, by the maximum principle (theorem 1)

supu > K sup
D lb2b2-b32b3
5 bn<,bn=;bn>,2bn
DCZ,

2

The lemma is proved.
Consider the following transformation:

o =x+mg—n, t'=t+to—by’, ¥ =y+ (zo—n)(t—bn*) +yo—2bn°. (15)
. . 0,6m2:0,2bn3 1bm2,bn?;6m3 2003
If we apply transformation (15) to the cylinders Cyp" ™ and C
2
then these cylinders will pass to the following ones

to—bn? tosyo+(zo—n)(t—to)—2bn3 yo+(zo—n) (t—to
Cy = Cxom ( )( ) ( )( )

Oy = ot~ 3017 to;yo-+(zo—n) (t—to)—bn* yo+(zo—n)(t—to) ( - (16)

n
T055

Then we can get the statement, similar to lemma 1 in cylinders (16).

Lemma 2. Let all the conditions of lemma 1 be satisfied in cylinders (16). Then
for any K > 0 there will be found 6 > 0 dependent on K, C1 and Cs, such that
from the inequality mesD < 608 it follows the inequality

sup u
D> K. (17)

sup u
DNCy

Now we can formulate a Harnack type inequality for non-negative solution of
equation (3).
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Theorem 2. (Harnack inequality). Let in the cylinder 0%1?2;0,%}23 the
non-negative solution u (x,y,t) of equation (3) be defined.

Then,

wp eyt o wd) <Gy (19)
LbR2,ZbR2;bR3,1T6R3 C@’;R bRZ; 15 bR, 20
R, &R R.gg R

where C3 > 0 is a constant dependent on Ci and Cs.
Proof. It is clear that it suffices to prove the theorem for the case R = 1. For

convenience denote
Cy = C?:i’;O,Qb, Cy = CfL ; . Oy = Clgi
Then being proved inequality (18) will take the form

supu/infu < C.
Csy Cs

The theorem will be proved if from the assumption

supu = 2
Cs

it will follow that
infu > v,
Co

where v > 0 is a constant dependent on C; and Cs.

Indeed, we can take the function V = Suzpuu and prove inequality (18) for V', and
this proves inequality (18) for the functionci. Therefore, we suppose that supu = 2.
Assume . “
Gy — PR

716

Denote by G the point set (z,y,t) € Cs, where u (x,y,t) > 1.
Assume in lemma 2 K = 27 and find the appropriate 6. Further we assume

co = (40196>65. (19)

Consider two separate cases
mesG1 > gg

and
mesG1 < €.

Case 1. mesGy > gg.

Let S = 20—012, B = C1. Equation (3) is a Cordes type equation, therefore S <
3. Besides, G1 C C’?”i’;mb C 097,11;0,2' Then by the property of (S, 3) capacity
¥s,8 (G1) = CmesGy > Ceg (see. [6]).
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Let © be an admissible measure on (7 such that

1 C
nGy > 3758 (Gh) > EmesGl.

Assume

1

Vv (.’L‘, Y, t) = /gs,ﬁ (xag; y7§;t - 7-) dlu’ (£¢<77-) - b_s exp |:_5,8b:| w (Gl) (866.[7]).

Then, taking into account inequality (20) (see [7]), we find that on the eigen bound-
ary of C; (outside of Gy) it is fulfilled
vV <0.

Further, y is an admissible measure, therefore V < 1 in C1\G. This means that
on the eigen boundary of C1\G
u >V,

therefore, by the maximum principle

u|C1\a1 2 V|Cl\él'

By inequality (21) (see [7])

1
ulo, > Ve, > b *exp [— } uG1 — b %exp {—] uG1 >

1
5,33b 503b

Cegb™*® 1 1
)]

Thus, in case 1 for v we can take

Cegb™* 1 1
(oo el

Case 2. mesGy < gy.

Assume

It is clear that C(©) = C5 and 0(3%) C Cs.
Assume
¢ =ain (C@)\C(m) '

From (19) we have

On the other hand



Transactions of NAS of Azerbaijan

[A.D.Hasanov]

Then
mengl) >0 (,012) as p— 0,

and therefore for rather small p > 0

6

mesGE,l) > (p2) 0.

Therefore there will be found p;, 0 < p; < 6%1 such that
6
mengll) = (p%) 0. (20)

On the eigen boundary of the cylinder C<p%) find the point (xl, yt, tl) € G1 where
U (xl,yl,tl) > 2. By the maximum principle it is possible to find such a point

because supu = 2 and C3 C c(e?),
Cs
Take the cylinder

1 bpt 1oyl —2bpS (21— p2) (1=t ) '+ (2 —p2) (t—t!
Gy = CA (A =A) )

It is easy to prove that this sylinder is disposed in the margin between the cylinders
C© and CP1),
Assume
‘/1 (ﬂj,y,t) = u(xuyat) -1

We have V; (ml,yl,tl) >1and Vi (z,y,t) > 0in Gy, Vi (z,y,t) < 0 outside of G.
Denote by D(;) that component of the set G N C(y) that contains the point
(xl,yl,tl). Applying lemma 2 to the cylinder C(;) and to the domain D(j) in it,
that is possible by (20):
supu > supV; > 2- 26,
D) D)
Denote by Go the points set (x,y,t) € Cs, where
w(z,y,t) > 26
Consider C111H0) 0 < p < 3 — p1. Assume

G? = Gyn (C<pl+p)\0(pl>> _

From relation 0 < p < 3% — p; it follows that p; < p+ p; < 3%, and therefore
CP1tr) ¢ Cy. Since p; < 6%1, and G2 C Gy, then from (19)

112\’
(2) L
mesGé < ((64) > 0.

mesGE?) >0 (pﬁ) as p—0,

We again get
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consequently,
mesGE?) >0 (p12) as p—0.

Then for rather small positive p by the same reasonings that as before
6
meSGEJZ) > (,02) J.

Therefore, there will be found such p, from the interval (0, 6—14) that

6
mesG(pQQ) = (p3)" 4. (21)

Find on the eigen boundary c(P1H63) the point (x2,y2,t2), where u (a:2,y2,t2) >
2 .26, Take the cylinder

12 bpd 12:92 —2bpSt (22— p2) (t—12) 2+ (22 —p2 ) (t—t2
oy = G A () 2) ()

It is clear that this cylinder is disposed in the margin between the cylinders C(1)
and C(P1+73),
Assume
VYQ (l‘,y,t) = U(ﬂj’,y,t) - 267

thus, V5 (xQ,yQ,tZ) > 26 and Vi (2,y,t) > 0 in Go, Va (x,y,t) < 0 outside of Gs.
Denote by D) the component of the set G2NCy) that contains the point (3:2, 2, t2).

Applying lemma 2 to the cylinder C(5) and the domain D sy in it, we find (from
(21))

supu > supVp > 26.27 = 2. 226,
D2 D2

1 ~
If py+py < 61’ we continue the process. Denote by G5 the points set (z,y,t) € Cs,

where u > 226, 1
Consider C(P1tratr) 0 < p < 61"

p+ p1+ py < gq» and therefore Cle1tpate) < Cy.
Assume

p1 — po- It follows from this that p; + py <

G = Gyn (C(p1+p2+p>\ccp1+p2>)

1
and find such p3 < 61 that
6
meng) = (pg) J,

and on the eigen boundary of C(Pi+r2403) there is a point (27, y3,¢%), where
u(z,93,#%) > 2220, Then in the margin between C¥P17°2) and CP1Hr2trs) we
find the cylinder C(3) and the domain D3 in it and etc.

We'll continue this process until for the first time there will be p; +py+...+p;, >
1

64

Note that therewith p, < — —. In the sequel, the moment

when the sum p; + ... + p; will exceed 6%1 will occur: otherwise we could continue
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the process infinitely, and since at its each step the value of w increases more than
26 times, the function u could be unbounded in Cs.

So, let
1
< —
p1t et P o1
and 1
> . 22
prt -t pp 2 o1 (22)
To each number 4, i = 1,2, ..., k there corresponds the set Gg) C C~’3 satisfying the
equality
mestji) = (,0?)6 5 (23)
and
u‘G;ii) > 266=1), (24)

From (22) it follows that there will be found such iy that

- 1
Pi 9948
Otherwise,
+py ety < I T
PLTE P T PR = g T oy T T s T 956 of g 647
but it is impossible by (22).
Then (23), (24) give us
) 2\6 1 ° jo+1
mesGyY) = (p7,)" 8 > (w> § =276 +10)5, (25)
ul gy > 200710, (26)
Go
Let 1 be an admissible measure defined on ng) and such that p (G,()i%)) >
R G('LO)
Wfplo, so that on account of the property of (s.3)-capacity (see [6])
4 C .
<za>) e (io)
I (Gﬂio > 5 mestiO )
ie. C
(io)) & 9—6(i+16)
M(G% > 352 3. (27)

Consider the function

V (2,y,t) = 2500~ 1) / 9,5 (& 9,55t = 7) dp (6,6, 7) — b~ * exp [—] 7 <G§f?)

G
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On the lower foot of the cylinder C; outside of éﬁ,‘” this function negative, on the
20

lateral bounds that are eigen boundaries, it is negative on account of inequality (20)

(saee [7]). Outside of the set Ggg) Cy in doesn’t exceed 26(0—1) Therefore, by the

maximum principle it doesn’t exceed u everywhere in C7\ @ff?).
20
Applying inequality (21) (see [7]), we find

infu > infV > 26(0—1)p=s <exp [—

Co Co

. 1 1 c .
6(io—1)7—s - o . .~ . 9—6(io+16) 5 _
> 2 b (exp [ 5 3ﬁb] exp [ 55()]) 5 2 1)

=27188cgps <exp [—5 ;ﬁb} — exp [_526}) .

Accept the number standing in the right side of the inequality for v. It obviously

depends on C7 and Cs.

We proved the theorem for R = 1. If we make transformations ' = oz, t' = o’t,
y = a3y for @« = R and take into account that operator (1) remains invariant in
this transformation, we can confirm that the theorem is true for any R > 0.
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