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INTEGRAL METRIC ON CURVES IN A COMPLEX

PLANE

Abstract

In this paper we obtain constructive characteristic of analogue of Lipschitz
class on curves in a complex plane in intgral metrics. The obtained results are
the first attempt to solve the analogue of J.L. Walsh problem related to Jacson-
Bernstein classic theorem.

This paper is devoted to J.L. Walsh problem [1] related to Jackson-Bernstein
theorem that says:

In order that
f ∈ Lip[0,2π]α (0 < α < 1) ,

it is necessary and sufficient that

En (f ; [0, 2π]) ≤ const

nα
,

(
En (f ; [a, b]) = inf

Pn

‖f − Pn‖C[a,b]

)
.

More specifically, in connection with this theorem, J.L. Walsh formulated the
following problem: what necessary and sufficient conditions should satisfy a closed
curve Γ for Jackson-Bernstein theorem be valid on it. This problem was consid-
ered by J.L. Walsh, H.G. Russell [1,2], W.E. Sewell [3], A.I. Markushevich [4], S.N.
Mergelyan [5], S.Ya. Alper [6] and others.

Note that this problem preserves its actuality in the integral metric Lp (Γ) as
well. Our paper is devoted to this problem, exactly to Jackson-Bernstein theorem
on closed curves in a complex plane in the metric Lp (Γ), i.e. to the J.L. Walsh
problem in the metric Lp (Γ). The first part of this paper, namely, the analogue of
Jackson’s direct theorem, was published in the Proceedings of the 6th International
ISAAC Congress in 2007 [7]. Markov-Bernstein type estimations used in the proof
of inverse approximation theorems are cited in [8].

Here we attempt to prove a corresponding inverse theorem and to get a con-
structive characteristic for the analogue of Lipschits class of order α on the curves
in a complex plane in the metric Lp (Γ), i.e. for the class Hα

p (Γ) (p > 1) (the case
p = 1 requires additional arguments) and 0 < α < 1.

Before we state our results, we introduce the basic classes of curves on which
approximation is conducted, determine some classes of functions and give some
concepts and notations. We also give some known facts to be used in the paper.

Let Ω be an arbitrary simply connected domain in a complex plane containing
a point z = ∞, B be a continuum being a complement to Ω : d0

df
= diamB > 0,

Γ = ∂Ω = ∂B be their common boundary. Further, let ω = ϕ (z) be a function that
conformally and univalently maps Ω onto the exterior of a unit circle and normalized
by the conditions

ϕ (∞) = ∞, lim
z→∞

ϕ (z)
z

> 0.




