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ON PERTURBED BASES OF EXPONENTIAL
FUNCTIONS WITH COMPLEX COEFFICIENTS

Abstract

A perturbed double system of exponents with piecewise continuous complex-
valued coefficients is considered. Its basicity in Lebesque spaces of functions
is established under definite conditions on the coefficients. Such systems arise
while considering spectral problems for discontinuous differential operators.

Introduction
Consider the following system of exponents{

eiλn(t)
}
n∈Z

, (1)

(Z−are integers), where λn (t) has the representation

λn (t) = nt− α (t) signn + βn (t) , as n → ∞. (2)

Let us assume that the following conditions are fulfilled.
a) α (t) is a piecewise- continuous function on [−π, π], {tk}r1 : −π = t0 < t1 <

... < tr < tr+1 = π− are its discontinuity points of first kind, with respect to the
function βn (t) we have

βn (t) = O

(
1

nγk

)
, t ∈ (tk, tk+1) , k = 0, r, {γk}

r
1 ⊂ (0,+∞) . (3)

Systems in the form of (1) arise as the root functions of ordinary discontinuous
differential operators. In order to bring clearness to this circumstance, consider the
following system of exponents {

eiλnt
}
n∈Z

, (4)

where {λn} ⊂ C− is a sequence of complex numbers. Systems (4) are model ones
while studying spectral properties of differential operators. Under suitable choice of
the bounded variation function σ (t) on the segment [−a, a], they are eigenfunctions
of first order differential operator Du = du

dt with an integral condition of the form∫ a

−a
u (t) dσ (t) = 0.

For this reason, many mathematicians appealed to study of basis properties of the
systems form (4) in different spaces of functions. If the operator D is considered in
the Lebesgue space Lp (−a , a ) , 1 ≤ p < +∞, then its natural domain of definition
is the Sobolev space W 1

p (−a, a) i.e. the space consisting of absolutely continuous
on [−a, a] functions, whose derivatives belong to Lp (−a , a ) and the relation

Du =
du

dt
= λu (t) , (5)

holds a.e. on all the segment [−a, a] .




