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Abstract

In the paper, some properties of the functions from the space BMOk
φ,θ are

investigated in terms of Φ-oscillation. Equivalent conditions for belonging of
the function to the space BMOk

φ,θ in terms of Φ-oscillation and harmonic
oscillation are found.

1. Let Rn be an n-dimensional Euclidean space of the points x = (x1, x2, ..., xn),
B (a, r) := {x ∈ Rn : |x− a| ≤ r} be a closed bar in Rn of radius r > 0 with the
center at the point a ∈ Rn, N a set all natural numbers; v = (v1, v2, ..., vn), x

v =
xv11 · xv22 · · · xvnn , |v| = v1 + v2 + ...+ vn where v1, v2, ..., vn are non-negative integrals.
Denote by Lloc (R

n) an aggregate of all locally summable in Rn functions.
Let f ∈ Lloc (R

n), k ∈ N ∪ {0}. Consider the polynomial (see [2], [4])

Pk,B(a,r)f (x) :=
∑
|v|≤k

( 1

|B(a, r)|

∫
B(a,r)

f(t)φv

( t− a

r

)
dt
)
φv

(x− a

r

)
,

where |B (a, r)| denotes the volume of the ball B (a, r), and {φv}, |v| ≤ k is an
orthonormed system obtained from application of the orthogonalization process with
respect to the scalar product

(f, g) :=
1

|B (0, 1)|

∫
B(0,1)

f (t) g (t) dt

to the system of power functions {xv}, |v| ≤ k arranged in partially lexicographic
order (see [6]).

The modulus of the k -th order (k ∈ N) mean oscillation of the locally summable
function f is defined by the equality

Mk
f (δ) := sup {Ωk (f,B (x, r)) : 0 < r < δ, x ∈ Rn} (δ > 0) ,

where Ωk (f,B (x, r)) := 1
|B(x,r)|

∫
B(x,r)

∣∣f (t)− Pk−1,B(x,r)f (t)
∣∣ dt (x ∈ Rn, r > 0).

By Φ denote the class of all positive monotonically increasing on (0,+∞) func-
tions φ (t) such that φ (+0) = 0. By definition, we’ll consider the function φ (t) ≡ 1
an element of the class Φ. Denote by Φk the aggregate of all the functions φ ∈ Φ
such that φ(t)

tk
almost decreases.

Let φ ∈ Φk, k ∈ N , 1 ≤ θ ≤ ∞. Denote by BMOk
φ,θ an aggregate of all the

functions f ∈ Lloc (R
n) for which ∥f∥BMOk

φ,θ
+ < ∞, where

∥f∥BMOk
φ,θ

:=

∞∫
0

(
Mk

f (t)

φ (t)

)θ
dt

t

 1
θ

, for 1 ≤ θ < ∞,




