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Sevda E. ISAYEVA

THE EXISTENCE OF AN ABSORBING SET FOR
ONE MIXED PROBLEM WITH MEMORY
OPERATOR

Abstract

In this work we consider the mized problem for one semilinear hyperbolic
equation with memory operator. We prove the existence of a bounded absorbing
set for this problem.

Let Q ¢ RY (N > 1) be a bounded, connected set with a smooth boundary I'.
We consider the following problem:

f82u+9[u+F(u)]—Au+!u\pu—finQ—Qx(0 T) (1)
o2 ot - - L)
u=0onT x[0,7], (2)
0 o vl oy
[U+F(u)”t:0—u + w\, — =u'" in Q, (3)
ot |,_,

where p > 0 and F' is a memory operator (at any instant ¢, F' (u) may depend not only
on u (t) but also on the previous evolution of u) which acts from M (Q; C° ([0, 7)) to
M (Q;C’O ([O,T])). Here M (Q; o ([O,T])) is a space of strongly measurable func-
tions Q — C°([0,7]). We assume that the operator F is applied at each point
z € () independently: the output [F'(u)] (z,t) depends on u(x,-)[j 4, but not on
u(y, -)\[Oﬂ for any y # x.

We assume that

Yo, v € M (Q;C°([0,T))),Vt € [0,T], if wvi=wv2 in 0,1, A
a.e. in Q, then [F(v1)](-,t)=[F(v2)](-,t) a.e.in £, )
V{vn EM(Q;CO([O,T]))}neN, if vy, —v uniformlyin [0,7], 5
a.e.in then F (vp)— F(v) uniformly in [0,T], a.e.in €, 5)
dL € R, 3g € L?(Q) :VUGM(Q;CO([O,T])), (©)

I[E ()] (z, Mooy < Lllv (@, ooy +9(@)  ae in €,

Yo e M (€;C°([0,T])), V[ti,t2] C[0,T],
if v(xz,) is affine in [t1,t2] a.e. in Q, then (7)
(F )] (@ 62) — [F (0)] (2,800} - [0 (2 82) — 0 (2, 6)] 2 0 ae. in O,

3L, € R, Yo e M (;C°([0,T))) , V[t1,t2] C 0,77,
if v(z,) is affine in [t1,t2] a.e. in §, then (8)
I[F (v)] (z,t2) — [F (v)] (x,t1)] < L1 |v (x,ta) — v (z,t1)] a.e. in Q,
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{ 30 < Ly < 1:Vor,ve € M (;WH([0,7))), o)
‘% [F ('1)2) — F('UI)H S L2 ‘% (Ug — '01)| .
Let V = H} () x L? (Q) x L?(Q) and
u® e HY (), w®eL?(Q), «V e L?(Q), (10)
heL?(Q). (11)

Definition. A function u € L* (0, T; H} (Q)) N H' (0,T;L? (Q)) is said to be a
solution of problem (1)-(3) if F (u) € L?(Q) and

Ou v o
—_ . p _
//{ oo WA FWlg 4+ Vu- Vot uv} dadt

_ / / hvdwdt + / w® (z) + 4@ (x)} v (z,0) dz
Q

Q

for every v € L? (0, T; Hg (Q)) N H' (0, T5L*(Q)) (v(-,T) =0 a.e. in Q).

Well posedness of problem (1)-(3) without F' was studied in the works of different
authors (see, for example [2]). The corresponding problem for the parabolic equation
without nonlinear term |ul” u was studied in [1].

The problem (1)-(3) has a unique solution under the conditions (4)-(11) (see [5]).
We have proved the existence of a bounded absorbing set for this problem.

The problem (1)-(3) generates a semigroup {S (¢)},~, in V by the formula

S () (1, w®,u) = (u, F (u) ),
where u is a unique solution of this problem. We introduce the following functional
1, .9 1 1 9 1 9
o = s - (o) o
n () =5 llall” + 5 llu I* = (hyu) + 5 +1 | (w,q) + 5 llul™}

where y = (u, F' (u),q), n - any positive constant. We denote by |[|-|| and (-,-) the
norm and scalar product in L? ().

We fix any m € N, set k = %, ud = u(o), wd, = w©®, ul, = u® + Eu),
ul = u® — ku® | w? (2) = upy, (x,0k), n =2, ...,m,

n _un—l
no__ n n m m _ .
¢ = P (um,w ) , n=1,..m a.e. in Q,

T
wy, () = [F (um)] (x,nk), n=1,...m a.e. in,
U, (2, -) =linear time interpolate of wu,, (x,nk), for n =0,...,m, a.e. in Q and define
Wy, (z,+) similarly.
We consider the following problem
ul, —2un o —u
k2 k
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PO g P = hin V) (12)
wd, = u@) wl =w®, wl =u® 4 k@)t =u© — g™ (13)
and functional
on L up, — up 2+1HVU” 12 = (h,u )+L<|u” p+2 1>+
g z g [V Hm 2 \fml

u™ _un 1
[ (e ) 4 Gl (1)
n=12,....m

Lemma. Assume that (4)-(11) hold and let u be a solution of problem (1)-(3).
Then there exists some § > 0 and a natural number my such that for arbitrary
m > myq holds the following inequality

n 1
o — P,

k’m +007 . <C, n=1,2,..,m, (15)

where C' is a positive constant independent of m.
Proof. By (12), (14) we have

-1 — — — — — —
@%—@%Liiiu%—ﬁf_u%hﬂ%Qu%—ﬁf+u%Lﬂ%2 N
k 2k

% (hyup, — u:fl_l) +

a7 = 1)+

2k: (Vu — Vit vl + V) —

1
+@+mk0

u — unfl unfl _ un72 1
[(uﬁl,m . m > — <u’,ﬁl_1,m ’ o >+2 (uﬁl—uﬁl_l,u”m+u%_1)] =

,2Vuy —up +un 1)—

2
u — 1 1 |u |p+2 un— 1‘p+
— ( h, 1
(’ k >+p+2< )T

1 (Vup, — Vup!
2 k

n 2 n—1 n—2 1 n—1 2
1 n—1 U’Z‘”jl — u:?L”TQ 1 u:Ln — /u’:Ln ! n n—1 _
“k <“m Tk 2 g U TUm )=
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1 (u”m —2ul 4l
2

- m

a un_unfl
— +2

L1 <|uz|p+2—\uz1\p

+2

u — 2un—1 4 un—2
p ,1) +1n <ufn, m 7;2 )+

p
. <u?1 —kuﬁi—l’ ull u

m 2“%_1 + u?n_Q UQL — u?n_l n
e ) (v () ) -
_1 <v <un _ unfl

n—1_ ,n—2 n _ ,n—1
B R
N k2 ’ k +
ut —

o2 1 102
w2 - L v, - v
u™ _2un—1+un—2 u™ _un—l
o B (55 ).

n n—1 n n—1 n n—1 n—1 n—2
m — Um U — U Uy — Uy U~ — Uy n n n—1(2
— — — ||y, —u =
+77< Tk R k ) o e = |
_ ult, — ult 2_<w,’}1—wﬁll Uy, — U
k )

o 1 1 212
o >_2k3Hu;g_2ug P -

) =V = g (1) +

2 n n—1 n n—1 n—2
. <um—um ult, — 2ul ol

ko k )_
_EHn n—1||2

1
o Itm — U |- (16)
Let
o <. (17)
Then by (7), (8) from (16) we obtain
L o 17 A ek ek S
k e k k ’
1

~ 93 |up, — 2upy

m

1 n _ ,,n—1
e g9 - v (MR

un
T = (W 2.0) + ko) 4

n—1
m — U
<un _unfl u™ _2un71+un

—n m m m

-2
m m
k )

n n —1(|2
) -+
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(lug#2.1) +

n n—112
m — Um

)
SV = 6 () +

k p+2
ul —ult o\ lu — =112
o (a2 ) 4 < (<1 )[R
1 n n 91 n—2(2 nLivg m—UTﬁL_l ?
otz ) e 2un P
n 2 g 2
o P+ (= ) 19+ (<o 3 ) (i 1) +
2 —1112
n||u? —ut on u
— 8 (h.u? i m m m
(0= 0) (hyupy) + 3| “m e s
O < (1 g O g B0 0 0N il 2+
g Itm TTeT 9 T2y 2
nk—1 _ _9)12
573 Huﬁl—Quﬁll—i-u”mzH +
2 0 ) c2
T B )Q+5ncQ [Vl ||* +
2vg 2 2
4 2 n—2a 2
b (5 ) (i 0) + T (13)
We choose the numbers vg, 1, §, v, k such that
( 6  nlwvo m  dn
1 T %<
—|—7)—|-2—|- 5 2+ 5 =0
nk —1<0,
nC§ g v(n—20)ch
o 24 0% 4 sne2 <o,
20 77—1-2—1- 5 Q4 an
)
—n+——0 <0.
[ T2

Combining last inequalities with (17) yields:

c2

Q
I/0>?,

2 1

<—" k<=

3+ Livg n
2-n(3+ Livo) n(2vo —c})
n+1 " v (1—1—2770?2)

0 < min {77,

n (21/0 — CQ) — dvg (1 + QnCQ)
(n—9) CQVO

v <
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Thus from (18) we obtain that for any m > m; it holds the following inequality

q)n — o 1 75
— T 450 _THhH?, n=1,2,..m,
14

where mq = I ,k:1 77

Let ||h||* < m. Then

(I)n —_ on— 1
%Jr&cb" <0, n=12,...m

where C' = ‘5m

Lemma is proved

Theorem. Under the conditions (4)-(11) there exists an absorbing set By C V
for the problem (1)-(3).

Note that a bounded set By C V' is said to be absorbing, if for arbitrary bounded
set B C V' there exists ¢; (B) such that S (t) B C By for all ¢t > ¢; (B).

Proof. Let

Bo=|{y=wrw.evie,ws

where [M] denotes a closure of set M.
1. We prove at first that a set By is bounded.

1 2 1 2 2 1 2
¢Mw=2MH+2WMI—WwHVHQOM”,Q+nPw®+2WH >
1 1 2 2 n 2
- Z h ( pt 1) _ —
> 2l 5l = g A0 = 2l + = (1l71) = 5
77V2 1 2 , 1 2
Jall + 2 ulf® = QO—UWHM\+*WwH+
1 n p+2
bl (YR . 1) : 1
+2<u1 ot Tl = g WP + 5 (fup™. (19)

We choose v1, v such that
U
1—nve >0, —vi——4+n>0,
)
that is

1 1
1l<vy < —, I/1<T]<1—).
n V2

Let v = %min {1 — nyg;% (—V1 — % + 77) } Then by (19) we have
2 2 2 1 2
@ () > v (llal® + el + 2 ) — 5 ] =

1
2 2 2 2 2
= v (Il + sall* + 1ull®) 4 ul* = 5~ 1] (20)
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By the condition (6) we have
2 2 2
IF (0)II* < 2L [lo]* + 2 |lg]

or
1 1
2 2 2
02> g 1F @)1~ 5 gl
Using the last inequality in (20) we obtain

V3

2 2 2
@y (1) 2 v (lall + el + ) + 575

2 V3 2 1 2
1 @)l = 75 gl = 5, WAl >

2 2 2 2\ V3, o2 1 2
> va (llall® + el + Jul® + 17 @)I) = 7l = 5~ 1] >

2 123 1
> vy |yl — 72— TVIW% (21)

where v4 = min {vs; ﬁ} and ||g||* < m.
At last from (21) we obtain

1 1 rvsm m 1 20 1 vsm m

9 3MmM1 3771

< - + = +— )< — — 4+ — [z o,
Hy” V4 n(y) V4 ( L? 2V1> Vg o Vg < 2 2V1> ’

that is By is bounded.

2. Now we prove that By is absorbing. We put an arbitrary bounded set B C
V:B={yeV:|yly <x} Let y° = (u9, 0@ «M) € B. We must find #, (B) =
t1 (x) such that y = S (t) y° € By for any t > t; (x). Since ¥ is a solution of problem
(1)-(3) with initial data y°, then it holds inequality (15). By multiplying (15) by

9% we have

o _(Dn—l
nm ’ nm 66nk+5q):]zm66nk < Ceénk
or
onk —1,6(n—-1)k —1,6(n—1)k onk
L iﬁm edn=1) Qo ek(” ) B <I>kae n N 6(D:7Lm66nk < Cednk
or nk 1,.8(n—1)k
n nk _ Hn— n— ) S(n—
Qe Qe B @”7;156 nk _ é(n 1)k+
k K ok
+5<I>Zme‘s"k < Cedkedn—1k, (22)
It is evident that
onk _ _o6(n—1)k
fn—k & T T + a(k),

ok
where a (k) — 0 (k — 0).
By the last relation from (22) we have
q)gme(snk _ (I):]L;lle&(n—l)k
k

6 (@, — o 1A DE) o (k) @t <



92 [ ] Transactions of NAS of Azerbaijan
S.E.Isayeva

or

whence we obtain, that

C C — 6Pt
n _onk n—1_0(n—1)k onk o(n—1)k nm
e —@nme( ) §—5 (e — & )>+71+5k ko (k).

We sum the last inequality for n = 1,...,1, for any [ € {1,...,m}. Then we have

!
@ﬁlme‘;lk _ (I)gm < % (eélk )

whence
l

C C  ka(k) _ _
I o  can—1 5lk

4]

Since HyOHV < z, then it is eident that <I)9]m < ¢(x), where ¢(x) is a positive
constant wich depends on x. Therefore from the last inequality we have

l
}: (C oo, 1) e Ok, (23)

C
@m§5+<dm—+

We choose [ such that

l
C | ka(k) n-1y\ —ox _ C
- = — < =
(c(x) 51 —|—(5kn§1 (C—dop )) e "< < (24)
or o o
R P
<c(x) 5)6 <5 o (k).
Since C' = m then we choose v such that
C
<
C(X) (5 —_ 07

0
Then (24) holds for any [ € {1, ...,m}. Therefore from (23), (24) we obtain that

that isuﬁ%(ﬂ—l).

2
P! TC for any le{l,...,m},

nm —

1 2 1 p+2
+ B HVuan — (h,u£n> + — <)uﬁn ,1> +
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! -1
o) ) <2 2
() 4 3 ] < 5 (25)
for any [ € {1,...,m}.

Let Uy, (z,t) =ul, (x),if (n—1)k <t <nk,n=1,2,...,m; a.e. in Q and define
Wy, similarly. Then from (25) we have

2

1 8um 1 ~ 2 ~ 1 ~ p+2
3 ||+ 315l = )+ (2 0) +
~ 8um 1, 2 2C
Zm) g 2 <=
o | 2 )+ g M| < % (20

Since as m — oo (look [5])

Um — u weakly star in H' (0,7 L* (Q)) N L> (0, T;V),
Uy — u weakly star in L™ (0,7;V),

then by taking m — oo in the inequality (26) we have

1lou]®* 1 ) 1
- 1== - _ h7 7( P+271)
5 H@t —i—2 IVull ( u)+p+2 | +

w0 00 + 2 | < 2
T\ ") T2 =75

or
2C
(0] <
that is
y € By.
Theorem is proved
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