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PARABOLIC FRACTIONAL MAXIMAL OPERATOR
IN PARABOLIC LOCAL MORREY-TYPE SPACES

Abstract

In this paper, we study the boundedness of the parabolic fractional maximal
operator in parabolic local Morrey-type spaces. We reduce the problem of
boundedness of the parabolic fractional maximal operator M,, 0 < a < 7~
in general parabolic local Morrey-type spaces to the problem of boundedness
of the supremal operator in weighted L,-spaces on the cone of non-negative
non-decreasing functions.

1. Introduction

For z € R™ and r > 0, let B(x,r) denote the open ball centered at x of radius r
and EB(:):, r) denote the set R™\ B(z, ).

Let P be a real n x n matrix, all of whose eigenvalues have positive real part. Let
Ay =1tP (t >0), and set v = trP. Then, there exists a quasi-distance p associated
with P such that (see, for example, [4, 5])

(a) p(Awz) =tp(z), t>0, forevery xzeR";
(0) p(0)=0, p(z—y)=py—=x)=0
and p(z —y) < k(p(z —2) + p(y — 2));

(¢) dx=p' tdo(w)dp, where p=p(z),w=A, 1z

p
and do(w)is a C*°measure on the ellipsoid {w : p(w) = 1}.

Then, {R", p,dxz} becomes a space of homogeneous type in the sense of Coifman-
Weiss. Moreover, we always assume the following properties on p:
(d) For every =z,

ci]z|® < p(z) < ealz]®? if p(x) > 1
calx| < p(x) < eqlz]™ if p(z) <1
and

p(0z) < p(x) for 0<6<1.

Here o; and ¢; (i = 1,...,4) are some positive constants. Similar properties
hold for p* which is associated with the matrix P*.

There are some important examples for the above spaces:

1. Let (Px,z) > (z,z) (z € R™). In this case, p(x) is defined by the unique
solution of |A;-1z| = 1, and k = 1. This space is just the one studied by Calderon
and Torchinsky in [4].

2. Let P be a diagonal matrix with positive diagonal entries, and let p(z) be the
unique solution of |A;-1z| = 1.
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2,) If all diagonal entries are greater than or equal to 1, this space was studied
by E.B. Fabes and N.M. Riviere [5]. More precisely they studied the weak (1,1) and
LP estimates of the singular integral operators on this space in 1966.

2p) If there are diagonal entries smaller than 1, then p satisfies the above (a) — (d)
with k£ > 1.

Let f € Llfc. The parabolic fractional maximal function MY f is defined by

MP f(2) = sup |Ep(a, 1) 15 / FW)ldy, 0<a<y.
t>0 Ep(x,t)

If « = 0, then M¥ = MéD is the parabolic maximal operator. If P = I, then
M, = M} is the fractional maximal operator and M = MOI is the Hardy-Littlewood
maximal operator.

In the theory of partial differential equations, together with weighted L, ., spaces,
Morrey spaces M, y play an important role. They were introduced by C. Morrey
in 1938 [9]. These spaces appeared to be quite useful in the study of a number of
problems in the theory of partial differential equations, in particular in the study of
local behavior of solutions of parabolic or quasi-elliptic differential equations. The
parabolic Morrey space is defined as follows: for 1 < p < 0o, 0 < A < 7, a function
fe MPM\P if f e L;OC and

1y = W Lrt, sy = e M| Fll Ly Ep (@) < 00
Note that M,y = My x1. (If A =0, then My, 0 p = Lp; if A =, then M, , p = L
if A <0or A>r~, then M, p =0, where O is the set of all functions equivalent
to 0 on R™.)
Also, by WM, » p we denote the weak Morrey space of all functions f & WL;DOC
for which

_ —A
1l sty = 1 hat, s pery = 890 T PUS Ly epey) < o0

where WL,(Ep(z,7)) denotes the weak L,-space of measurable functions f for which

Il ep @) = 1 X W@y = sup LY € Ep(e,r) = [f(W)] > Bl ()

Ep(z,r)

If in the place of the power function r~*/? in the definition of M\, p we consider
any positive measurable weight function w defined on (0, 00), then it becomes the
Morrey-type space My, p.

The following statement, containing the results in [6] was proved in [7] (see also
8)).

1

Theorem 1.1. Let 1 < p; < py < o0 and o = ~ (p—l — ;72)' Moreover, let wq

and wy be positive measurable functions satisfying the following condition:

Y

< cwy ()t (2)

i ()7 ey <

Then for p1 > 1 ML is bounded from Moy, w, p t0 Mpyw, p, and for py =1 ML
is bounded from My, p to WMy, p.
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Earlier, in [6] a weaker version of Theorem 1.1 was proved: it was assumed
that w; = we = w and that w is a positive non-increasing function satisfying the
pointwise doubling condition, namely that for some ¢ > 0

ctw(r) < w(t) < cw(r)

for all t, r > 0 such that 0 < r <t < 2r.

2. Definitions and basic properties of parabolic local Morrey-type
spaces

Definition 2.1. Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0,00). We denote by LMy, p, GMpg . p, the parabolic local Morrey-
type spaces, the global Morrey-type spaces respectively, the spaces of all functions
fe LLOC with finite quasinorms

||f||LMp97w’p = ||f||LMp97w’p(Rn) = Hw(r)HfHLp(Sp(o,r))HLH(OQO) )

£t = S0 17+ g

respectively.

We denote by the (isotropic) local Morrey-type spaces, the global Morrey-type
spaces respectively LMg ., = LMpg .1, GMpgw = GMpga 1, where I be a n X n
identity matrix and

W lear, o = W lleng, - o = 11,

Furthermore, GMpoo,r%/P,P =Mpap, 0 <A<,
Lemma 2.2. Let 0 < p,0 < oo and let w be a non-negative measurable function
on (0,00).
1.If for all t > 0
lw(r) || Ly (t,00) = 00 (3)
then LMpg w,p = GMpg.p = O, where © is the set of all functions equivalent to 0
on R™.
2. If for allt >0
[w ()Pl L0, = 00, (4)
then for all functions f € LMpyg., p, continuous at 0, f(0) =0, and for 0 < p < oo
GMpgwp = O.
Proof. 1. Let (3) be satisfied and f be not equivalent to zero. Then for some
tg >0
A= |fllL,Ep,t0)) > 0

Hence

1 laronr 2 liagenr = (0O el g0m = A0 zeom:

Thel‘efOI'e ||f||GMp9,'LU,P — ||f”LMp(')7w,P = Q.
2. Let (4) be satisfied. If f € LMy, p and there exists

lim [£p(0,7)| 2| fll 1, ep(0.1) = B; (5)
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then B = 0.
Indeed, if B > 0, then there exists tg > 0 such that

Ep O, F Iy ep0my > o (©)
for all 0 < r < ty. Consequently,
B
17180300 2 N0 a0y = 5007 I ],
where vy, is the volume of the unit ellipsoid {z : p(z) = 1}. Hence || ||, p = 00,

f & LMpp , p and we have arrived at a contradiction.
If f € LMy, p and it is continuous at 0, then (5) holds with B = |f(0)|. Hence

f(0) =0.
Next let 0 < p < oo and let f € GMpg . p, then by the generalized Lebesgue
theorem on differentiation of integrals (see, for example, [10]) for almost all z € R™

lim [Ep (2, 1) PN £ 2y ep ey = 1 ()],

By the above argument for all those = we have f(x) = 0. Hence f is equivalent to
Z€ro.

Definition 2.3. Let 0 < p,0 < co. We denote by Qy the set of all functions w
which are non-negative, measurable on (0,00), not equivalent to 0 and such that for
somet >0

1w ()| Ly (t,00) < 00
Moreover, we denote by €, 9 p the set of all functions w which are non-negative,
measurable on (0,00), not equivalent to 0 and such that for some t1,ty > 0

1w ()| Ly (t1,00) < 005 [0 ()P )| 1y (0.409) < 00

Keeping in mind Lemma 2.2, when considering the spaces LMy ., p we always
assume that w € (9, and when considering the spaces GMyg ,, p We always assume
that w € 2,9 p.

Example 2.4. Defined the test function f;, t > 0, by the following way

ft(2) = Xepo200\ep(0,)(®), T ER™, ¢>0.

Note that, for 0 < p < o0

ik
HftHLp(gp(O,T’)) = 0, O <r S t, HftHLp(gp(O,T)) S Ctp7 t<r< oo, (7)

where C > 0 depends only on n and p. Then

J
1illzagp = 0@l yEr0m ) < CF N0 e

Then f; € LMpg ., p for some ¢ > 0 and w € Q.
Lemma 2.5. Let 1 < p; < 00,0 < py <00, 0< <y, 0<60,00 < o0,
wy € Sy, and wa € Qy,. Then the condition

agl

yai
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s mecessary for the boundedness of MO{D from LM, 0, w,,p t0 LMp,6, wo.P-

Proof. Assume that a > v/p1 and MZ is bounded from LM, g, w, p to
LMy, ,,p- Since w1 € g, for some t > 0 |lwilp,¢00) < 00 Let f(z) =
p(a:)'BngP(O’t), where —a < 3 < —v/p. Note that f € LMy g, ., p. On the other

hand for all x € R"

MEf@) = Jim [Epe 0 [ )y > e Jim e =,

t—o00
Ep (337t) \51:’ ($,p($)+2)

where ¢ depends only on n, a and 3, hence f ¢ LMp,9, w,.p-

For the isotropic case P = I, Lemma 2.2 was proved in [1] and Lemma 2.5 was
proved in [2].

Throughout this paper a < b, (b 2 a), means that a < \b, where A > 0 depends

< b, then we write a = b.

~

on unessential parameters. If b < a

3. L,-estimates of parabolic fractional maximal function over ellipsoids
We consider the following “partial” parabolic fractional maximal functions

ME f(2) = sup |Ep(e, )5 / F)ldy,
gP(xft)

0<t<r

—P _ o
77, () = sup |Ep (e, £) 1 / F()ldy.
t>r Ep(at)

Lemma 3.1. Let 0 < p < oo, 0 < a <~ and f € LY. Then for any ellipsoid
Ep(z,r) in R
7 —p
IME fllwi,ep@r) 277 Mo, f(@). (8)
Proof. If y € Ep(z,7) and t > 2kr, then Ep(x, ) C Ep(y,t) and

a— 1 a—77F
MEF) 22 s [ f(ld =2 f ),
t>2r |5P(.'E, ﬂ)‘ v Ep(x,;—k)

Hence, if f is not equivalent to 0 on R", then

1
IME fllwe,(ep@r) = sup t {y € Ep(a,r): MIf(y) > t}|? >
0<t<20=1Ms , f()

1 1y __p
> sup topr?)r =2Tvg re M, f(z).
0<t<20=1Ms , ()

(If f is equivalent to 0 inequality (8) is trivial.)
Lemma 3.2. Let 0 <p< o0, 0<a<yand f € Llloc. Then for any ellipsoid
Ep(x,r) in R™

2 ——P
HMo]szHLp(Sp(z,r)) ~ HMcf(fXgP(I,QkT))||Lp(€p(z,r)) +re Ma,2krf(x)' (9)
Proof. It is obvious that for any ellipsoid Ep(z, )

IME Fllz,en@r) S ||Mf(fxgp(zy%r))HLp(sp(m,r)) + HMg(fXESP Lo @)

(z,2kr)
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Let y be an arbitrary point in Ep(z,r). If Ep(y,t) N Cgp(x,2kr) # 0, then t > r.
Indeed, if z € Ep(y,t) N BEp(x,Qk:r), then t > p(z —y) > $p(z — 2) — p(z — y) >
2r—r=r.

On the other hand Ep(y,t) N CEp(x, 2kr) C Ep(x,2kt). Indeed, if z € Ep(y,t) N
Cgp(l‘, 2kr), then we get p(z —z) < kp(z —y) + kp(y — x) < kt + kr < 2kt.

Hence
1

e Sup ﬁ / o
t>0 |Ep(y,t)| 7 Jep(y,t)n Ep(a,2kr)

1 —p
< sup s / |f(W)ldy = M g o, f (%)
i>r |Ep(a, 2k) 5 Jep(o2kn ’%

ME(fXog, g0 0) ()= <

and the right-hand side inequality in (9) follows.
The left-hand side inequality in (9) follows by Lemma 3.1 and obvious inequality

IME fllz, Ep @y = HMo}zD(fXSP@,QkT))HL,,(Sp(m,r))'

Lemma 3.3. Let 1 <p; <p3 <00 and 0 < a <. The inequality

(L1
IMEPxenai) e S T3 1L eppamy  (10)

holds for all f € L}Dolc if and only if in the case p1 > 1

and in the case p1 =1
1
p2 < 00 and a>7(1>. (12)
p2

Moreover for 1 < ps < 00 and o = v (1 — pi) the inequality

2
IME (fXep @2 W Ly, €0 @) S W F 1Ly e @2k (13)

holds for all f € L°.
Proof. Recall the well-known inequalities for the fractional maximal operator
[10]. If 1 < py; < pa < 00, then

HM,iiii)f”LpQ(Rn) S Iz, @y - (14)

P1 P2

Also if 1 < po < 00, then

HMf(l_L)f”WLpQ(R") S ey - (15)

p2

If 1 < p1 < p2 < o0, inequality (11) holds and z € Ep(x,r), then

Molza(fxgp(a:,Zkr))(z) = sup |8P(Z7t)|;71 / ‘f(y)xgp(x,Zkr) (y) dy,
0<t<3kr Ep(zt)
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because for t > 3kr Ep(z,t) D Ep(x,2kr) hence

0T [ @i )] dy <
Ep(z,t)

<1EnG k0T [ ek ()]

Ep(z,3kr)
Therefore
(L L
ME e S G3 L (Prepean) )
r1 P2
and by (14)

1 1

IME (FXep@omm)ILy, Ep@r) S G HM”(pll‘l) (fXé’p(r,%r))

p2

N
Ly (R™)

DY (S S
S & ’Y(m pg) Hf”Lpl(Sp(a:,Qk‘T)) .

If 1 < p9 < o0 and inequality (13) holds, then by (15) and (1)
P P *
HMa (fXSp(:):,ZkT)) HLPQ(EP(LE,T)) < || (Ma (fXSp(I,ZkT‘))) ||Lp2(0,|€p(m,r)|) <

1-2 * o
< sup ¢ V(Mf (fXSp(m,ri))) Ot L,y 0.ep @) S
0<t<|Ep (z,r)|

a—y(1-2L1 P a—y(1-L1
ST (1-52) HMa (fXEp(:E,ZkT))HWLL(Rn) ST (1-5:) 112y e (,20r)) -
=«
Inequality (13) follows directly from (15).

If pr >1and o < (p% - p%), then inequality (14) cannot hold for all f € L})OIC.

Indeed if f € Ly, (R") and f ~ 0 then by passing in (10) to the limit as r — co we
arrive at a contradiction.
Assume that p;1 =1, 1 < py < 0o and o = 7y (1 - p%) . Then by passing to the
limit in (10) we get
||M§f||Lp2(Rn) N HfHLl(R”)
which, according to known results [10], is not possible.

Corollary 3.4. Let1§p1§00,0<p2§oo,'y(p%—p%) <a<vifpr >1,
Jr

and (1 — p%)Jr < a <7 ifpr =1. Then the inequality

a1
||M£(fX£p(x,2kT))||Lp2 Eplar) ST (5 5s) 11z, Ep(x2kr))
holds for all f € Lg’f.

Moreover for 0 < ps < 0o and o =~ (1 - p%) the inequality
Jr

a—y(1-2+
1M (fXep w2k WLy, (Ep (@) ST 1(1-55) 1N e p (,200) (16)
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holds for all f € L.
Proof. If ps > pi1, the statement follows by Lemma 3.3. If po < p1, then by
applying Hoélder’s inequality and statement of Lemma 3.3 we have

o
IME (fXep o)Ly Ep@ry S TP PIME (FXepoarn )Ly, En@r) <

a1 L
ST (m Pz) HfHLpl(Sp(x,ri)) .

Inequality (16) similarly follows by Holder’s inequality for weak L,-spaces.
Lemmas 3.2, 3.3 and Corollary 3.4 imply the following statement.

Lemma 3.5. Let1§p1§00,0<p2§oo,fy<p%—pi2) <a<yifpr > 1,
+

and ’y(l— pi2>+ < a < v if pr = 1. Then for any ellipsoid Ep(x,r) C R™ the

1nequality

a—y(Lt -1 XL —P
IME fllLy, Epery ST (5 5) 1 fl|z,, (ep(@2rry) + 772 Mo gp f(2) (17)

holds for all f € L}Dolc.
Moreover for 0 < pa < 0o and o = 7y (1 — p%) the inequality
+

a—y(1-L1 2 —p
1M, Fllw Ly, Ep@r) ST 7(1-55) 1 f 1 1 (e p(w,20r)) + 772 M g o1 f () (18)

holds for all f € L°.
Lemma 3.6. Let 0 < p < c0.

1. If~ (1 — %) < a <7, then for any ellipsoid Ep(z,r) C R™ the equivalences
+
2 —P
HMo{DfHLp(Ep(x,r)) ~ HMolszHWLp(&‘p(x,r)) ~ TP Moz,rf(x) (19)
hold for all f € L'c.
2. Ifa=~ (1 - %) , then for any ellipsoid Ep(x,r) C R™ the equivalence
J’_
Y —p
||Mc1v3f||WLp(Sp(z,r)) TP Ma,rf(x) (20)

holds for all f € L°.
3. If1 <p; <o0, v (pil — %) <a< plﬂ then for any ellipsoid Ep(z,r) C R™
+
the inequalities

1

Y —P Y [—P —
ro M, f(@) S IME fliyentem S 77 (Mop, o (1F17)(@)) " (21)
hold for all f € L'°.
Proof. Denote
o 1
Ay :=rr sup 1a/ |f(y)|dy,
t>2kr |Ep(x,t)| 7 JEp(a,t)

a—y(L-1
Ay =7 7(171 P) ||f||Lpl(gP(x,2kr))'
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By Lemma 3.5
IME flln, Epry) < A1+ As.
By applying Holder’s inequality we get
1
< > 1 p1 " 1 (5FP p1 %
Ay e sup ————— Py | =5 (Mo, s (1F17)(@) "
gP(xzt)

22 [Ep(a, D)7
On the other hand, since o < pll it follows that

o a1
Ay = rp (Sup Ep(z, )] pl) 1Ly, Ep(e2kr) S

t>2kr

v 1 P
Sre | sup 1 a / |f(y) Pt dy S
t>2kr \Ep(:v,t)\ﬁ ¥ Ep(z,t)

1

Sri (Mo (417 @)™

Estimates from below follow by Lemma 3.1.
Remark 3.7. We note that the right-hand side inequality in (21) implies the

inequality

1

2 & dt 7
||M(ff||Lp(gP(l‘77‘)) Sre (/ (/5 |f(y)|p1dy) tW—aPlH> .
T p(l?,t)

This follows since

(35, £7)@) ™ 5 ( Ia ( L., |f<y>|mdy> tdﬁ) -

3|~

In fact

— ﬁ 1 ) P1
(Mo (1117 (@) =sup713</gp(x7t)f(y>” dy> <

1 Pl
<sup ———— (/ If(y)lpldy> +
tzr |Ep(x,t)|rr 7 Ep(x,r)

1

1 p1
+sup ————— (/ f\pldy> N
t>r |£p($,t)|p Ty Ep(z,t)\Ep(z,r)

1

1
< ;1 / |f(y)|P*dy " + sup / Mdy " .
T Ep(a, )T \Jern) 2r \Jep@n\epter) PY)T

By using the equality

o 1 & dr
p’Y_Oépl - v — apy o 7—7—04?14—1
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with p =7 or p = p(y) and the Fubini theorem we get

1
1 oo Pl
5P dr
(Mapl,r<|frp1><x>)‘”s</r (/gp(m)u(ynmdy) +) '
t Fardy) — )" <
+ sup / / y)["tdy — S
tzr \Jr \Jép(@m)\Ep(am) TImept

1

00 dr P1
S (/T (/gp(:z ) |f(y)|p1dy> WW) .
~

Remark 3.8. Statement 3 of Lemma 3.6 also makes sense if &« = - in which
. . . . . p1
case the right-hand side inequality in (21) takes the form

o
||M§1fHLp(gp(z,r)) S| flle,, @y

This inequality easily follows directly by the definition of M% f and Hélder’s in-
P1

equality.
Remark 3.9. All statements of this section in the isotropic case P = I were
proved in [3].

4. Parabolic fractional maximal operator and supremal operator

For a measurable set £ C R™ and a function v non-negative and measurable
on E, let L, ,(E) be the weighted Ly-space of all functions f measurable on E for
which

1 £l 2,0y = IV fllL, B < oo

Let Mt(0,00) be the set of all Lebesgue measurable functions on (0,00) and
MT(0,00) its subset consisting of all non-negative functions on (0,00). We denote
by 9 (0, 00;1) the cone of all functions in M (0, c0) which are non-decreasing on
(0,00) and we set

A= {cp € M (0,00;1) :t£%1+g0(t) = 0}.

Let u be continuous and non-negative on (0,00). We define the supremal oper-
ators S, and S, on g € M(0,00) by

(8u9)(t) : =lluglr0, tE€(0,00),
(Sug)(t) : = [[ugllLec(toc)s € (0,00).

In the case u(r) =%, B € R

(Sp
(Sp

Also let S =S5, and S =5

)(t) 2= 11" ()|l L0y, ¢ € (0,00),

g
9 (W) 2 =17 g(r) | Lc(tio0)s € (0, 00).
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If in Lemma 3.6 z = 0, then in the above notation it reduces to the following
statement.
Lemma 4.1. Let 0 < p < o0.

1. If~ (1 - }3) < «a <7, then for any r > 0 the inequalities
J’_

¥ —
IME fllz, ) = IME Fllwryep©r) =17 Samy (1111 Ep0,)) () (22)

holds for all f € L.
2. Ifa=x (1 - %) , then for any r > 0 the inequality
+

o
IME fllwe,p©.)) = 17 Saery (12 en(0,)) () (23)

holds for all f € L°°.

3. If1<p1<oo,’y( L

11 ol ; ;
o p>+ Sa< o then for any r > 0 the inequality

-
1?2 Saery (1flLaep©.)) (1) SIME Flln,Epo0) S

Ma (24)
<73 Sar 2 (I limierony ) )

holds for all f € L°°.

4. ]f1§]91<007’7( -

1 _1 o ; ;
o p)+ Sa< o then for any r > 0 the inequality

v —
7 Sary (IfllL1(er,)) () SIME Fllwr,Eror) S

17
<rvS, (\IflILpl(sp(0,~))) (r)

P1

(25)

holds for all f € L.

Lemma 4.2. Let1§p1<oo,0<p2<oo,’y<p%—pi2) §a<pllifp1>1,
+

and’y(l—p%)Jr <a<7vifpr =1 Let also 0 < 01,02 < oo, w1 € Qy,, and

wo € QQQ.
Then the operator MY is bounded from LMy 9, w, p to LMp,0, w,.p if, and in
the case p1 = 1 only if, the operator S,_~ is bounded from Lg, ., (r)(0,00) to

Pl

~ (0,00) on the cone A.
02,wa(r)rP2

Proof.

Sufficiency. Since S,_~ is bounded from L, w,(r)(0,00) to L ~ (0, 00)

P1 02, wo (r)rP2
on the cone A, by Lemma 4.1 we have

, _
I £y S Ve (ftperon) e, o0 "
S Nwr (Il @p 0. |, 0,00) = 1F 120, 0y 0y -

Necessity. Let p;1 = 1 and the inequality

”MngLMpQQQ,wQ,p S HfHLMwl,wl,P
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be satisfied. Then by (23)

[Samry (I lneron) Iz 2 SIS naer©) 20y 0 27

09,wo (r)rP2

Let g € A. Then there exists a sequence of non-negative functions f, € LllOC such
that
gn(r) = [l fallLyEpr)) / 9(r), 7€ (0,00).

By (27) and the Fatou lemma

1Sa—y gllz o Sllgllze, w, -

62, wa (r)r P2

5. Necessary and sufficient conditions

By Lemma 4.2 and Theorem 5.4 in [3] we get

Theorem 5.1. Let 1 < p; < 0o, 0 < po < 00, 7(171_1%2> §a<pllif
+

p1 > 1, (mdv(l—p%) <a<vyifpr =1. Let also 0 < 01,02 < oo, w1 € Qp,, and
+

wy € QQQ.
Then the operator MY is bounded from LMy g, w, p to LMy,0, 1, if, and in

the case p1 = 1 only if,
(i) if 61 < 62 and 0, < oo, then

_a El (i1 _
iug)(ta P1 || wa(r)rp2 HL02(07t)+Hw2(7")74a 'Y<p1 ”)HLaz(t,OO))wl’Loll(t,oo)<OO; (28)
>

(i) if 2 < 61 < o0, then

01

VRS
sz(tﬁ‘“ 7G58 sy G )uel ooyt 92) <oo  (29)
L, (0,00)
and
o I 916%92 G (O o1 -1 e
a0 hualr)r 15, 5 S6F ) OR | <os (@)
Ly, (0,00
(i) if 61 = oo, then
o _a _
ng(t)tpz S (TO‘ P1 Hw1HL;(r,oo)) (t)‘ o (00) < (31)
2 K
Corollary 5.2. Let 1 < p; < 00, 0 < py < 00, 7(p1 p%) §oz<pl1 ifp1 > 1,
_l’_

and vy (1 — pi2>+ < a<~vifpy = 1. Let also wy, wy be non-negative measurable

functions satisfying w1 € Qp, 00, w2 € Qp,00 and

2 ra_%
esssup | wa(t)trz esssup ——— | < o0, (32)
t>0 t<r<oo leHLoo(r,oo)
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Then MY is bounded from My, 1, p 10 Moy s p-

Proof. It is easy to see that boundedness of Mf from LM, 00w, ,P t0 LM pyoo s, P
implies boundedness of M from GM,, 001, p = Mo,y P 10 GMpyo0 15,2 = Moy s p-

Remark 5.3. Note that condition (32) is weaker than condition (2) in Theorem
1.1. Indeed, if condition (2) holds, then for any r satisfying ¢t < r < oo we get

1 o ds °° ds
— =2 a2 a2
wa(t)tr2 t wi(s)sr rwi(s)sr

& ds 1 >  ds
=z L —a+1 2 X —a+l1 ~
r leuLoo(r,oo) r §P1

||w1||Loo(s,oo)SH_
1

~
~

X
[01]] Log (r,00) 771

Thus

_
r& e 1

ess sup —, t€(0,00),

t<r<oo ||w1||Loo(7"700) - wQ(t)tPQ

so condition (32) holds.

On the other hand the functions wy (t) = t*
(32), but do not satisfy condition (2).

Theorem 5.1 contains necessary and sufficient conditions if p;y = 1. If p; > 1
it contains sufficient conditions. However for #; < 65 and the limiting case a =

~

.
r1 o wo(t) =t P2 satisfy condition

¥ (p% — p%) Theorem 5.1 together with the appropriate necessity condition implies
necessary and sufficient conditions.

Theorem 5.4. Let 1 < p; < py < 00, 0 < 6 g%goo,a:fy(p%_p%),

wy € Qg, and wy € Ly, then the condition

wa(r) (tir)pz

for all't > 0, where ¢ > 0 is independent of t, is necessary and sufficient for the
boundedness of MY from LMy g, w,.p t0 LMpyp, wy p-

Proof. Sufficiently follows by Theorem 5.1 because condition (33) is equivalent
to condition (28) if 1 < oco and to condition (31) if #; = 2 = oo. To prove necessity
one should act like in paper [2].

Recall that, for 0 < p < o0

< clwnllzy, (oo (33)

L92 (0700)

HfHLMpp,w = ||f||Lp,W7

where for all x € R* W(z) = [[wlL,(p(z),00)- For this reason Theorem 5.4 im-
plies necessary and sufficient conditions for boundedness of M from one weighted
Lebesgue spaces Ly, w, to another one Ly, w, for the case of radially non-increasing
weights W1 and Wa.

Corollary 5.5. Let 1 < p; < py <00, a =7 (p% — p%), and Wy, Wy be non-

increasing radially symmetric functions with respect to the distance p. Then the
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e <t—:r>v/pz

for allt > 0, where functions wi and we are defined by the equations

condition

< cllwil| Ly, (t,00) (34)

L92 (0700)

Wl(x) = ||w1||Lp1(p(x),oo)a Wg(l‘) = Hw2HLp2(p(a:),oo)v T € Rna (35)

c > 0 is independent of t, is necessary and sufficient for the boundedness of ML

from Lpl,Wl to Lp27W2‘
In the isotropic case Corollary 5.5 was proved in [3].

Acknowledgement. The authors thank the referees for careful reading the
paper and useful comments.
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