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ON PERTURBED BASES OF EXPONENTIAL
FUNCTIONS WITH COMPLEX COEFFICIENTS

Abstract

A perturbed double system of exponents with piecewise continuous complex-
valued coefficients is considered. Its basicity in Lebesque spaces of functions
is established under definite conditions on the coefficients. Such systems arise
while considering spectral problems for discontinuous differential operators.

Introduction
Consider the following system of exponents

{ei)\n(t) }nez ’ (1)

(Z—are integers), where A, (t) has the representation

An (t) = nt — a(t) signn + B, (t),as n — oo. (2)

Let us assume that the following conditions are fulfilled.

a) a(t) is a piecewise- continuous function on [—m, 7], {tx}] : —m =19 < t1 <
wo < tp < tpy1 = m— are its discontinuity points of first kind, with respect to the
function 3,, (t) we have

B0 =0 () t€ (utin) B =0T () € 04). (3)

Systems in the form of (1) arise as the root functions of ordinary discontinuous
differential operators. In order to bring clearness to this circumstance, consider the
following system of exponents
iAnt
e } 4
{er) 4)

where {\,} C C'— is a sequence of complex numbers. Systems (4) are model ones

while studying spectral properties of differential operators. Under suitable choice of

the bounded variation function o (t) on the segment [—a, a], they are eigenfunctions
du

of first order differential operator Du = 7 with an integral condition of the form

a
/ u(t) do (t) = 0.
—a

For this reason, many mathematicians appealed to study of basis properties of the
systems form (4) in different spaces of functions. If the operator D is considered in
the Lebesgue space L, (—a,a) , 1 < p < 400, then its natural domain of definition
is the Sobolev space Wz} (—a, a) i.e. the space consisting of absolutely continuous
on [—a, a] functions, whose derivatives belong to L, (—a,a)and the relation

_du

Du—E:/\u(t), (5)

holds a.e. on all the segment [—a, a .
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Apparently, the first results for basis properties of the systems of the form (4)
in the spaces L,, 1 < p < 400, (Lo = C[—a,a] ) belong to the famous mathe-
maticians Paley P.- N.Wiener [1] and N.Levinson [2]. Further, this direction was
developed in the investigations of many mathematicians. For more detailed infor-
mation see the monographs of R. Young [3] and A.M.Sedletskii [4] (and also the
papers [5-8]) and their references. There is also the survey paper [9].

Many problems of mechanics and mathematical physics reduce to discontinuous
differential operators, i.e. to the case when the domain of definition of a differential
operator is not connected. As an example, consider the following Cartesian product
Wé“ = W}f (=1, 0)x W}f (0, 1). Let us identify L, (=1, 1) with the Cartesian product

L,=L,(—1,0) x L, (1, 0). Consider the matrix differential operator
D11 Dy2 >
T= ,
< Dy1 Do
where Dq1, Doy (D12, Do) are some differential operators with domains of defini-
tion Wé (=1, 0) (W} (0, 1)). Let u = (u1, ug) € W;f be some vector. By definition
Tu =W = (Wy; Wy)), where W; = Djjuy + Dijgug, @ = 1,2. Such a consideration
allows to extend the problem’s statement by spectral parameter (5) with respect to

the spectral parameter A\. Namely, instead of the scalar spectral parameter A, we
consider the spectral matrix A (\):

A A12 (N) >
A )\ - )
W < Ao1 (M) Az ()
where \;; (A) are some analytic functions on X. Thus, A ()) is said to be an eigen
matrix of the operator 7', if there exists a nonzero u # 0 : Tu = A (\) u. In this
case u is called an eigenvector responding to the eigen matrix. Consider a simple
Wy
D/,,— is contraction of the operator D on M). Let A2 (A) = A21 (A) =0, A2 (A) =
1 (A). Then, it is obvious that the function

[N, —1<t<0,
U(t)— 6“(A)t,0§t§1,

case, when D15, Do are zero operators and Dy = D/ , Dog = D/ (

is an eigen element of the discontinuous operator D, responding to the eigen matrix

A_<3 u?ﬂ)’

Naturally, for the operator T we can consider the different conditions (for example,
boundary conditions ) that determine the structure of the spectrum 7". The following
system is a trivial example of the case under consideration

sinnt, 0<t<?Z
1) = ) PR
sn (1) {cosnt,g<t<7r.

Let J; = (O, g),Jg = (%,w). It is obvious that {s,} are the eigen functions of the

following spectral problem with a spectrum in boundary conditions
u )+ Nu(t)=0,te iUy,
u(0) = () =0,
W (5-0) =M (5+0) . (5 -0) =/ (5 +0).
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It should be noted that the systems of the form (1) arise as eigen functions of
appropriate differential operators while solving many problems of mechanics and
mathematical physics by the method of separation of variables. Concerning these
issues see the papers [1-3].

These examples very clearly demonstrate expediency of study of basis properties
of the systems form (1). Present paper is devoted to investigation of basicity of
system (1) in L, = L, (—m,m), 1 < p < +00.

1. Necessary information and main assumptions

In further we’ll need the following notion and facts from the theory of bases.

The Banach space will be called a B- space, the Hilbert case a H- space. X* is
a space conjugate to space X.

Definition 1. The system {z,},cny C X in B-space X is said to be w- linearly
independent, if from Y 7 apt, =0 = a, =0, Vn € N.

It holds the following

Lemma 1. Let X be B- space with the basis {xn},cny and F : X — X be a
Fredholm operator. Then the following properties of the system {yn, = Fxp}, oy in
X are equivalent:

L. A{yntpen is complete;
2. {Yn}nen is minimal;
3. A{YUn}nen i85 w- linearly independent;

4. AYn}pen 18 a basis isomorphic to {xn},c -

We will need the following notion

Definition 2. The systems {Tn},cn and {yn},en 0 a B- space X with the
norm ||-|| are said to be p-close, if ., ||xn — ynl|P < +o0.

Definition 3. The minimal system {x,},cn C X in a B-space X with con-
jugated {x}}, . C X* is said to be a p- system if for Vo € X : {x) (z)},cn €
lp, where l, is an ordinary space of sequences {an},cn of scalars with the norm

1
H{an}neNHlp = (Zn |anl?)P.
In the case of basicity, such a system will be called a p-basis.
The following lemma is also valid.
Lemma 2. Let X be a B-space with q-basis {xn}, cn and the system {yn}, cn C
X be p- close to it: 1% + % =1,1<p< +oc0. Then the expression

Fr= Z:U;'; (%) Yn,
n

generates a Fredholm operator in X, where {x},}, . C X* is a system conjugated
to {xn},en -

One can see these or other facts in the monographs [4-7], and also in the papers
[8-12].



48 Transactions of NAS of Azerbaijan
[B.T.Bilalov,S.M.Farahani]

2. Basic results
At first we consider the system of exponents

{eiun(t) }nez ’ (6)

corresponding to the main part of (2), where u,, (t) = nt — « (t) signn, n € Z. For
the basicity of system (6) in L, the results of the paper [13] will be used. Represent
system (6) in the form

{6—ia(t) eint. eia(t)e—i(n+1)t} (7)

’ nezy ’

(Z4+— are non-negative integers). Let us denote by {ax}] : ar = a(tx +0) —
a (ty — 0) a jump of a function « (¢) at the points {t;}] . Let the following condition
be fulfilled:

)%—%%Z, Vk=1,r.
Finding {n;}; C Z from the following inequalities <% + % = 1):
—1<%—l—ni_1—ni<l,i:1,r,noz(). (8)
q ™ p
assume
s_aCm—a@ o

™
Based on Theorem 1 of the paper [13] we can directly conclude the following:

Statement 1. Let the conditions ),) be fulfilled for the function a (t). Suppose
that w # %. The system (7) forms a basis in L,, 1 < p < +oo( for p =2 a Riesz
basis ) iff it holds the inequality —% <w< i

We’ll use the following statement obtaining from the results of the paper [14].

Statement 2. If system (7) forms a basis in L, 1 < p < +oo, then it is
isomorphic to the classic system of exponents {emt}ne .

So, let system (6) form a basis in L,, 1 < p < +00. Denote by {¥,},c, C L, a
system biorthogonal to it. Let f € L, and {f,},c, be its biorthogonal coefficients
by system (6), i.e.

fu= [ F@)Tn@dtinez

where (%) is complex conjugation.

The following theorem can be directly concluded from Statement 2.
Theorem 1. Let system (6) form a basis in Ly, 1 < p < +o0o. Then there hold:
1. Let 1 <p<2and f €Ly Then {fn},c; €14, and

K fndnezlly, < moli£ll,

is fulfilled, where m,— is a constant independent of f , H-||p—z's an ordinary
norm in Ly.

2. Let p > 2 and the sequence of numbers {ayn}, c, belong to l,. Then 3f € L,
such that f, = a,, VYn € Z, moreover

11l < My |[{fatnezll,, -
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where M,— is a constant independent of { fn},c, -
Now, study the basicity of system (1) in L,. We have

eidn () _ g, (t)‘ _

_1’

o oo —
Mn™ -
g —_— =cn /,
k=1 k=1

where v = mkin Y1 » c—is a constant independent of n. The last inequality follows

from (3). Consider the different cases.

ILLet 1<p<2 v> %.We have

Z N i (t H <CPZ| |7p +00.

n

Assume that all the conditions of Statement 1 are fulfilled. Then, system (6)
forms a basis in L,. Thus, from Theorem 1 it follows that it forms a g-basis in L,
in this case. Let {¥,}, ., be a system biorthogonal to it. Consider the operator
F:L,— Ly

Ff=>Y dn(f)e™W ferL, (10)

where ¥, (f) = [_f(¢)U, (t)dt , n € Z. By Lemma 2 operator (10) is Fredholm

in L,. It is easy to see that F' [ei“n(t)] = () Vn € Z. Then, the statement of
Lemma 1 is valid for system (6).

II. Let 2 < p < 400, v > %. It is clear that ¢ < p. Consequently, for Vf € L,
it is valid || f[|, < ¢p [|f|,,» where ¢, depends only on p. Assume that all the conditions
of Statement 1 are fulfilled. Consequently, system (6) forms a basis in Lj,. It is clear
that f € L, and 1 < ¢ < 2. Then, from Theorem 1 we obtain that {f.},c; € lp,
where {f,.},c, are the orthogonal coefficients of f by system (6). From the same
theorem we obtain:

| adnezlly, < mallflly < My £1l, Y1 € Ly,

where the constant M, is independent of f. Thus, system (6) forms a p-basis in L,,.
It is easy to see that systems (1) and (6) are g-close in L,. Consider operator (10).
Further, we behave similarly to case I. Hence the validity of the following theorem
is proved.

Theorem 2. Let asymptotic formula (2), hold, the function «(t) satisfy the
conditions ),) and for the function B, (t) the relations (3) be valid. Assume that it

holds
1 1 {1 1}
—~ <w< -,y >max
q p P q

where v = mkin’yk , w is defined from expressions (8), (9). Then, the following

properties for system (1) in L, are equivalent :

1. complete;
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2. minimal;
3. w-linearly independent;

4. forms a basis isomorphic to {ei"t}nez.
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