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INVESTIGATION OF GREEN FUNCTION OF
HIGHER ORDER OPERATOR-DIFFERENTIAL
EQUATION ON FINITE SEGMENT

Abstract

In the present paper the Green function of a second order operator-differential
equation on a finite segment is studied.

Let H be a seperable Hilbert space. Denote by H; a Hilbert space of strongly
measurable on the segment [0, 7] functions f(z) with the values from H for which

/w@w<w
0

The scalar product of the elements f(z), g(x) € H; is defined by the equality

™

[ﬂ%ﬁZ/U@ﬂ@mmx

0

In the space Hy = Lo [H;0 < x < 7] consider the operator L generated by the dif-
ferential expression

2n

I(y) = (1" + > Qi(x)y®™ 7, 0<a <x (1)
=2

and the boundary conditions of Sturm type

y0(0) =y (0) = .. =y (0) = 0
) ] ] )
YW (m) =y @ () = .. =y () = 0

Here 0 < 1 <l < ... <l <2n —1, OSE <72<...<flvng2n—1, y € Hy,
and the derivatives are understood in the strong sense. Everywhere by Q(z) we’ll
denote Qap(z).

P
Let D’ be an aggregate of all the functions of the form Z o () fr, where ¢ (x)

k=1
are finite 2n-times continuously differentiable scalar functions, and fi €

e D{Q}.

Determine the operator L’ generated by the expression (1) and boundary con-
ditions (2) with domain of definition D’. When specific conditions are fulfilled, the
operator L' is a positive symmetric operator in H;. We’ll assume that the closure
of the operator L is a self-adjoint and lower semi-bounded operator in Hj.

In the paper we study the Green function of the operator L. Note that the Green
function of the Sturm-Liouville equation with self-adjoint operator coefficients was
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first studied by B.M. Levitan [1]. The Green function and asymptotic behavior of
the eigen values of the operator L generated by the expression

l(y) = —(P(z)y) + Q(x)y

in the self-adjoint case was studied by E. Abdukadyrov [2], E.G. Kleiman [3], M.G.
Dushdurov [4], G.I. Kasumova [5] investigated the Green function of the Sturm-
Liouville operator in the case when Q(x) for each z is a normal operator in H.

In [6] M.Bairamoglu studied the Green function and asymptotic behavior of the
eigen values of a higher order operator equation given on the all axis. The case
of a semi-axis was considered in the papers of G.I. Aslanov [5], A.A. Abudov, G.I.
Aslanov (8), G.I. Kasumova [9].

For the operators Q;(z), j = 2,2n we’ll assume the followings.

1) The operators Q(z) for almost all x € [0, 7] are self-adjoint in H, there exists
the set D {Q(x)} common for all z, on which the operators Q(x) are defined and
symmetric (in such a way we’ll prove that the operators Q(z) may be unbounded in

2) The operators Q(z) are uniformly lower bounded, i.e. for all f € D the
inequality

Q@)f, f)>c(f.f), ¢>0

is fulfilled.
3) For [x —&| <1

11Q(€) — Q)] Q*(x)]| < Alz — €], where 0 < a < Q”QZ L oa=0

| F@.em©| < |lefi@.e =@ <c
C4 and (5 are positive constants.
4) For |z — ¢ > 1

Imw1 1
oo |- o - Q%) <
where Im w; = min {Imwi > 0, Imw?" = 71}, B = const > 0

5) HQj(x)le;»f+6(x)H <C, j=1,2,...2n—1, ¢>0

Some other restrictions on Q(x) we’ll be shown later if it is necessary.

The following theorem is the main result of this paper.

Theorem. If the conditions 1)-5) are fulfilled, then for sufficiently large p > 0
there exists an inverse operator R, = (L + /UE’)_1 being an integral operator with
the operator kernel G(x,n; ) that will be called the Green (operator) function of the
operator L. G(x,n;u) is an operator function in H that depends on two variables,
z,n (0<x, n<m), the parameter u, and satisfies the conditions:

oFG (z,m; S —
a) W k =0,2n — 2 is strongly continuous in variables (x,n);
n
0% 1G(x,m 1)
877271—1

PG, a +0; p) 0P 'G(z,x — 05 p)
877271—1 B 877271—1

b) There exists a strong derivative , moreover

= (-1)"E;
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82n 2n .
&) (1" g + D2 G @ 10Q5 () + G s 1) = O
j=2
oG, _ oh¢ . a
W ‘Z:O - W |CL‘:0 o T 8777[” ‘Z:O -
8716” o e 87716“ _
an’l"l =T 87’]72 =T an’l"n =T

d) G*(z,n; pn) = G(n; 23 p);
o) [ 1GOsw:) dn < ox.
0

At first construct the Green function of the operator Lg, generated by the ex-
pression

lo(y) = (=1)"y®" + Q(2)y + py (3)

and boundary conditions (2).
As is known [1], the Green function Cy(z,n; ) of the operator Ly satisfies the
following integral equation

Go(z,n; 1) = Gi(x,m; p) — /Gl(%f;u)x
0

X [Q(&) — Q(x)] Go(&, =3 p)dg, (4)
where G1(z,n; ) is the Green function of the following problem:
(=1 + Q€ + py = 6(z — €) (5)
y(0) = Y (0) = .. =y (0) = 0 "
y® () = 4@ () = ... =y () = 0

Here 7¢” is a fixed point from the segment [0, 7]. The Green function G1(x,n,&, i)
of problem (5)-(6) is represented in the form:

Gi(x,n, & pn) = g(x,n,& p) +V(z,n,& p), (7)

where g(z,n,&, 1) is the Green function of the equation (5) on all the axis. It has

the form:
K1—2m n

g(m’ n, 5, /JJ) = ;nz Z waeiwaKdI—m’ (8)

a=1

1
where K¢ = [Q(§) + pE]?~ .
Here w, are the roots from the (—1) degree of 2n lying in the upper half-plane.
The function V' (z,n,&, p) is a solution of the homogeneous equation

(—1)"VE £ QEOV + puV =0 (9)
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satisfying the boundary conditions

VE (21,6, ) om0 = =" (2, 1,€, 1) |a=0 (10)
V(lj) ('T7 m, 57 /L) |x=0 = _g(lj)(xa m, ga /‘L) ‘ZEZﬂ'
For the general solution of (9) we get
1-2n 2n ‘
V(1,6 p1) = £, petortier, (11)

The coefficients Ag(n, &, p) are determined from boundary conditions (10). As a
result, for Ag(n, &, u) we get the following system of equations:

Li+1 .
E Akwk =— E wdewelen =12 ..n

a=1 (12)

I )
E Agw)! erKem = E wi T giwaKe(m— n, j=1,2,..,n
k=1

Denote by Ag, Ak the determinants of this system:

A l1 1
2 2 2
Wy Wy Won
w'n whe Wl
No=| _wi wy o
l1 i la i 1,
wllelw]_KEﬂ' w22€zw2K§7r wQ%ezwanETr
(I In i 1,
wll ezleyr w2nezw2K5ﬂ' er;Leznggw
Iy lj+1 eiwakem l1 l1
wy wk 1 g Wa atte Wy Wap,
lo lo+1 zo.) Kem la lo
wy wk 1~ E we e Wi Way,,
_ ln +1 zw Kem 15 lo
Ay = W whe | — E why atfte Wit wa,
l~1 twi Kem l~1 zw Kem zwaK T—n TJ twpa1 Kem l~1 twon Kem
wy et O Y g w g(m=m) W @RS Wy et e
wgneilegTr w%l_l(iiwk_leﬂ- _ E w‘l;,(LJrleiwaKg(ﬂfn) win_i_leiwk_HKETr wgy;leiwgan‘n'
a=1

A
The solution of the system (12) is written in the form Ay = A—k Denote by M,

some minor of the determinant A containing the first n-tuples and any n columns.
Its cofactor W, = WreiKﬁﬂ(“ﬁ*“'*wrn) contains the last n—tuples n columns with
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the remaining numbers r{, 79, ..., r,,. Write the expressions for M, and M,:

5 l1 1

w;ﬂl wlm w}"n
w2 w2 ... ownr
— T T T
M, = 1 2 2 |,
l l l
w,f; w,!; w"::z
1y 0 Iy
w[1+n rot+n  °C wfn—i-n
— lo lo la
M, = Writn Wrogn o0 Wrogn
I, Iy Iy
Wrptn  Wrpdn oo Wrpdn

Using the Laplace theorem, we can expand the determinant /\q in the following way:

Ny = Z MTMTeing(wrl+w7‘2+...+wrn) (13>
r

Introduce denotations for the right sides of the system (12):
n
bj(n) = = Y _wd etk
" ~ a=1 (14)
b]—i-n(n) == Z wlO]"—i_leiwaKg(ﬂ_n) ] = ]-a 25 sy
a=1

If we at first expand the determinant Ay in the elements of the k—th column and
expand the obtained minors by the Laplace theorem, we get:

81 = 30 [t 32 by e

j=1
by n(n) S My Do 2 ]
'

The sum Y w,, contains n addends except wg, the sum 3" w,, contains n — 1
addends and wy, also is not contained in this sum.

So, the Green function of the equation with boundary conditions (6) is of the
form:

Kl—?n n _ 2n 4
Gl(x7777§7/*6) — ;nl [Z fowa §|9E—77| 4 ZAkelkaEI] (15)
a=1 k=1

Since for k = 1,2n and any x € [0, 7]

Re [iKem (Y wr, + Y ws) +iKewgz] <0,
Re[iKem (32" wr, + > ws) + iKewga] <0,
and as p — oo the following estimates hold

n

I;+1 5
E :wo_éj ezwaKgn

a=1

<Cy
H

165 ()l 7y =
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E Wit giwaKe(m—n)

«

1bj4n (Ml 7 = < Gy,

H

we get that as pu — oo for the Green function of the problem (5)-(6) it holds the
asymptotic equality

}(I—Qn n )
Gra,n,6 1) = — Y wae™ NCTN(E (. €, ), (16)
a=1
moreover, for u — oo there is ||r(z,n,&, 1)|| = o(1) uniformly with respect to (z,n).

As it was noted above, the Green function G (z,n, ) of the operator Lg satisfies
the integral equation (4). For investigating the solution of the integral equation (4),
following the paper [1] we introduce the Banach spaces X1, Xo, Xép), Xés), Xis) and
X5 (p>1, s >0) whose elements are the operator functions A(x,n) in the space
H, and the norms are determined in the following way:

™

lAG, )%, = / / VAGe, )% dn b d,
0

0
JAG, )%, = / / VA, m)|2 dy b de.
0 0

(Here ||A(z,n)||, denotes the Hilbert-Schmilt norm (absolute norm) of the operator
function A(z,n) in H).

JAG@ Dy = | sup / |AGe )2 dn|
3 0<z<m
0
A )l = [dod [ lAznQwI3dng .
0 0

Al = sup [ [AG0)Q )l dn
0

0<z<m
[A(z,M)llx, = sup sup [[A(z,n)lg -
0<zx<m 0<n<m

Determine the following integral operator:

NA(z,7) = / G (.€.1) [Q(E) — Q)] A(E, m)de (17)
0

The kernel G(z,&, 1) {Q(§) — Q(z)} is a bounded operator in H with respect to
(z,8), 0<z, &€ <mfor u> 0. Indeed,

1G(, &, )l I{Q(E) — Q) H g =
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" H Qa) + uE] B 3 waeiel QB el
n

2
a=1
(B (e, 1) + Q) ~ Qi <
< L Q) + w1 5 okl () - Qo) <
< 22 0(e) + ' (@)~ @), < €
For |z — & > 1:
G ) 1QE) ~ Q) <
< S oo (g(e) - Qo)) <
< 0o { -5 @) + w2 1o -l f o) +

Im wq

<C.
5 <C

+0| Qe {5 Q) + ) 1o - €1}

Therefore it makes sense to consider the operator N generated by the kernel
G1 (£, 1)Q(E) — Q(x)

It holds the following important lemma.

Lemma 1. If the operator-valued function Q(x) satisfies the conditions 1)-
5), then for sufficiently large p > 0 the operator N is contractive in the spaces
X1, X0, X x$ X9 x5

In all the considered Banach spaces, the equation (4) has a unique solution that
may be obtained by means of the iterative method if the operator function G (x, 7, 1)
belongs to the appropriate space.

In the space H estimate the norm G1(z,n, i) :

1 1 —2n ,
G ()l < 2 )H{Q(x)wm% | max [letentisle—]| =
«
o0 o
1
+O /)\‘l‘/i 2" dE)\ /MO‘ )\+M2"| n'dEA(SU) <
1 1 H
1+ o0(1) 1-2n 1
< (L) e exp [—Imm(Hu)% &~

w1 is the nearest point among wy,ws, ...,w, to the real axis. Hence we have:

™

f 1 1)) _on 1
/HGl(ﬂc,n,u)HEdn < (—F?Jt())(1+u)lf/e—ZImwl(l-&-u)ﬁx—ndn <
1

(1o(1))? Gﬂmmawﬁw _ 1>

18
8Im wq (18)

<
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Additionally assume that the following condition (6) is also fulfilled along with
conditions 1)-5).
6) Almost for all z € [0,7], Q(z) is inverse to the completely continuous oper-

ator. Denote by §(z), By(x), ..., 8,,(x)... its eigen values in the increasing order, i.e.
1— 4n
B1(z) < By(x) < ... < B,(z) < ... and assume that the series ZB () converges
k=1

almost everywhere and its sum F'(z) € L1 [0, 7] .
Using this condition, estimate the absolute norm |Gy (z, 7, 1)||3 (Hilbert-Schmidt
norm)

o0

2
IGatam ) = EE AP }j

n
1-2

Z + 1) T g eiwalBi(@ i) i Jo—n[?

: }S

o 2 24n
S(l‘zngl))Z{(ﬁ on

Jj=1

Zw giva (8, (@)+) 2 |z

2 n
ME :(ﬁj(ﬁ) + 1) St 2 lmwi (B, (@)-+12) 27 |2
4dn

J=1

<

Hence

—on A 1
/ |G1(x,n, u)Hg dn < (1+4(;(1)) (B;(x) + p) =2 /6—2w1(ﬁj(ﬂv)+u)ﬂIac—77|d77 <
j=1 /

Io) 2 0 1—4n 0 2
< (1 +o(1))” Z(gj(x) +p) 2 = MF(@

&n Imwq &n Imw,

Integrating in the segment [0, 7] with respect to x, we get:

s

2
dn pdxr < F(x)d 1
[ [16inwigan g as 8nlmm/ p<oo (19
0

0

From estimates (18) and (19) we get that the function Gi(z,n, ) belongs to the
spaces X§2) and X only if the operator function Q)(z) satisfies conditions 1)-6).

Therefore for sufficiently large p > 0, the function Go(x,n, 1) is also an element
of the spaces X§2) and Xo.

Using the obvious form of the function Gy (z,n, 1), we easily prove the following
lemma.

Lemma 2. Let the operator function Q(x) satisfy conditions 1), 2) and 6), and
for |x —n| < 1 it hold the following estimation

o] <0, © ot

(%)

Then the function Gi(z,n, 1) belongs to the space X,
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Lemma 3. Let Q(x) satisfy conditions 1), 2) and 6). Besides, let |x —n| <1

HQﬁ(x)Q_ﬁ(n)H <C, C =const

oG —L
Then the operator-valued function 8172"1 (x #1n) belongs to the space X£ 2").

It is proved that the solution of the integral equation (9) is the Green function
of the operator Ly, i.e. satisfies all the main properties of the Green function.

The Green function Gp(x,n, ) of the operator L generated by the expression
(1) and boundary conditions (2) is sought in the form

G, 1) = G, / Gi(z,€, w)p (€,m) de (20)

Using the main properties of the Green function G1(z,n, i), for determining p(z,n)
we get the following integral equation

61,‘2" 7

2n
Pn=iGy( e
p(z,n) +ZQj( 17,71, 1) ZQ] S ]1 p(§;mdn =0 (21)
—

If we denote
8271 ]Gl
$ 15 B ZQ] 6x2n Y
equation (21) is written in the form:

™

p(x,n) = F(z,n, 1) —/F(x,é,u)p(ﬁ,n)dﬁ (22)

0

Using the asymptotic estimations (16), for the function G (x,n, &, u) we can get the
following estimation for the norm of the operator function F'(z,7,£)

|F(x,m,8)|y < Cu e mwr Vil
Hence

) _
sup / 1F ()|l < Cp=™
0<x<m

From this estimation it follows that the function F'(x,n, 1) is an element of the space

X:gz) and as . — oo it converges to zero with respect to the norm of the space X§2).
Hence it follows that the solution of equation (22) as  — oo asymptotically behaves
as the function F(x,n, ). As a result, from the integral relation (20) we get the
following asymptotic equality

G(x,m, 1) = Gi(x,n, 1) [E + afx,n, 1) (23)

where Ha(x777>M)HH as b — 0.
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From estimations (8), (16) and (23) we finally get:

G(x,n,p) = g(z,n, 1) [E+ B(z,n, 1)],

where [|3(x,n, p)l| g = o(1) as pp — oc.
Above we showed that for the function g(z,n, ) the following estimation is
fulfilled

™

™

[ [16@ i3y do < o
o \o
Hence it follows that the integral operator with the kernel G(x,n, 1) is an operator
of Hilbert-Schmidt type. Since the function G(z,n, ) is a kernel of the operator
Ry = (L+pE)~1, we get that the operator L has a discrete spectrum A1, Mg, ..., Ap...
with a unique limit point at the infinity.

The authors express their deep gratitude to prof. M. Bairamoglu for his useful
advices.
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