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Lala R. ALIYEVA

EQUIVALENT NORMS IN MEAN OSCILLATION
SPACES

Abstract

In the paper, some properties of the functions from the space BMOZ;Q are
investigated in terms of ®-oscillation. FEquivalent conditions for belonging of
the function to the space BMOZﬁ in terms of ®-oscillation and harmonic
oscillation are found.

1. Let R™ be an n-dimensional Euclidean space of the points x = (z1, zo, ..., ),
B(a,r) == {x € R": |z —a| <7} be a closed bar in R" of radius r > 0 with the
center at the point @ € R™, N a set all natural numbers; v = (v1,v9,...,v,), ¥ =
)t xy? -, [v] = v + v+ ... + vy, where vy, v9, ..., v, are non-negative integrals.
Denote by L. (R™) an aggregate of all locally summable in R™ functions.

Let f € Lioe (R"), k € N U{0}. Consider the polynomial (see [2], [4])

Pestan! @ = Y (G0 /f “Dar)e, (20,
Bla,r)

v |<
where |B (a,r)| denotes the volume of the ball B (a,r), and {p,}, |v] < k is an
orthonormed system obtained from application of the orthogonalization process with
respect to the scalar product

(1:9) = 5D /f

B(0,1)

to the system of power functions {z"}, |v| < k arranged in partially lexicographic
order (see [6]).

The modulus of the k -th order (k € N) mean oscillation of the locally summable
function f is defined by the equality

MJ]E”((S) =sup{Q (f,B(z,7)):0<r<d, z€R"} (0>0),

where Qy (f, B (x,r)) := ‘B(i’r)‘g(f ) ‘f (t) = Py1,B(ay) f (t)‘ dt (x € R™r>0).
x,r

By @ denote the class of all positive monotonically increasing on (0, +o00) func-
tions ¢ (t) such that ¢ (+0) = 0. By definition, we’ll consider the function ¢ (¢) = 1
an element of the class ®. Denote by &, the aggregate of all the functions ¢ € ®
such that (k) almost decreases.

Let ¢ € &, Kk € N, 1 < 60 < co. Denote by BMOZ;Q an aggregate of all the
functions f € Ly (R™) for which Hf||BMO$ﬁ + < 00, where

1
S 0 0
ME (t)\ " dt
£ laros, = /< ; )t o 150<o0,
@,
0

¢ (1)
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Mg (t)
— S .
1l Baror . = Sup{ (1) -t>0}-

Note that the spaces BM OZ o were first introduced in [3]. These spaces are
Banach for the norm indicated above.
2. Let a >0, r >0, and
1

T () = ¢l . ,
(1') Cn 1+‘x’n+a

U (z) = @ (—) ,

where c%a) is chosen so that the condition

/ T () dg = 1.

is fulfilled.
It is easy to see that for any r > 0 it holds the equality

R7L

For the function f € L, (R™) we introduce the following denotation

Qk,a (faB (1’;7’)) = /\Ilﬁa) ($ - t) ‘f (t) - Pk—l,B(:c,r)f (t” dt (.f € Rn7r > 0)7
R

HY (8) == sup {Qpa (f, B (z,7)) : 0<7r <8, z€R"} (6>0).

Obviously, the function H]]f’a (6) monotonically increases with respect to the
argument 0 € (0, 400).
The following statements are proved in [7].
Proposition A. Let f € Ljp. (R"), « >0,k € N, k < a+1. Then the following
inequality is true:
o
H, (0)<c-o pros dt, ¢ >0, (1)
)

where ¢ > 0 is independent of f and §.
Proposition B. Let f € Lj,. (R"), @ > 0, k € N. Then the following inequality
is true

M} (8) < c- HP™(5), (6> 0), (2)
where ¢ > 0 is independent of f and 9.
Let P (z) be a Poisson kernel for R", i.e. P(x) = ¢, - ——=r, where ¢, =
(1+lal*) =

(25 7. Tt s easy to verify that P (z) ~ ¥() (z), z € R". Note that for the
non-negative functions F' () and G (z) (x € X) the notation F (z) =~ G (x) (z € X)
means the following: there exist positive constants ¢; and cg such that for all x € X

it holds the inequality

a1 -F(z) <G(x)<co-F(x).
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For f € Li,. (R") we assume

Hy (0) := Oiligé/Pr (x—=t)|f(t)— P.f (x)|dt, §>0,
zER™ R™

where P, (z) :=r""P (%) (r>0), P.f (z) := (P = f) (z) = }LPT (x —t) f(t)dt.

Hy (9) is called a harmonic oscillation modulus (see. [1]). In [7] it is proved that
Hy (0) = H}’l (0) (0 > 0), where the constants with respect to ”~” are independent
of f and 4.

In the sequel, by («) we’ll denote the greatest integer that is less than the number
a.

Let f € Lipe (R™), a >0, k € N, ¢ € &y, and the following integral converge

o0

o (1)
¢4
1
We'll use the following denotation
1
00 0 )
HP® (1) dt
ko L f at
A@,e(f)~— /( o) ) . for 1<6 < o0,
0
HY (1)
ARA(f) == sup / >0,
e /) { oW

3. Theorem 1. Let f € Lijpc(R"), @« > 0, k € N, ¢ € &, . Then, if
AZ’%O (f) < +oo then f € BMOZZﬂ, and the following inequality is true

ka
I lmasos, < - AL ().

where the constant ¢ > 0 is independent of f.
Proof. Let at first § = co. If A’;’(g (f) < +o0, this means that

k,a Q
1 (5) < A () ¢(5), 5> 0.
Hence, by inequality (2) we get

MF(8) < c- HP™(6) <c- AR (f) -9 (), §>0.

f
The latter means that f € BM OZ;OO, and furthermore
I lpaos . < ¢ AZS (), 6>0, (3)

where c is a constant from inequality (2).
If 1 <60 < o0, again in the case AZ";‘ (f) < 400 we apply inequality (2) and get

o\ )’ ke )\ )
lomos, = | [ ( @Qfﬂ) )</ ( 5;@;)) 1) —eats i, @
0 0
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i.e. in this case we get the required statement. The theorem is proved.
Theorem 2. Let f € Lip. (R"), @ >0, k= (o) + 1, ¢ € ®y, and the following

condition be fulfilled

o [Pt
5 /taifdt—O(cp(é)), 50, (5)
1
Then if f € BMOZ;Q, the following relations are true:
a) [ 1-5|-}|;E|m")‘+“ dr < +o0,
RTL

k,a
b) Ay (f) < 4o0.
The following inequality is true:

k7
Ay (f) <e Hf”BMOge ’

where the constant ¢ > 0 is independent of f.
Proof. Let f € BM O:Z ¢- At first consider the case § = co. Then we have

(7)

M}C (r)<ec- HfHBMOfg’OO ~p(r), r>0.

In this case, the validity of the statement a) follows from theorem 1 of [5].

Further, from inequalities (1), (5) and (7) we have
oo [e.@]
MFE(t) t
k, f v ()
HE(5) < 00 [ L < o laos 6" [ E00at <
6

< e flpyos.. 9 (6), 6>0,
where ¢; > 0 is independent of f and §. Hence we get
ABS (f) =su EIi@-bo < |f]
$,00 = Sup © (6) : = €1 BMOE

i.e. the statement b) of the theorem and inequality (6) hold in the case § = cc.
Let now 1 <6 < oo and f € BMOé,e. Then for any 7 € (0,+00) we have

2r

FoN a\ (o e e
/(m) i) s [(@@) v) Zeey T 0

T

Show that if condition (5) is fulfilled, the relation ¢ (2r) ~ ¢ (1), > 0 is true.
Really, by the monotone increase of ¢ we have ¢ (1) < ¢ (2r), » > 0. On the other

hand, by means of inequality (5) we get
oo

W e e
) 26
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7 1
> @ (2r)- 6% [t %t = (2r) - ——
> ()50 [ o (2r) oo

20

ie. p(2r)<c-a-2% ¢ (r),r>0. Thus, ¢ (2r) = ¢(r), r > 0.
Further, from relation (8) we get

5 0\ e
el /(mt)) V) s

T

=

Mj (r) < (In2)~

<er-9 () I lmaros, 7 € (0,4+50).
Hence, in particular we have

o0 k o0

M} (1) t
Z gpf(t) dt < ¢y - HfHBMOS’;G /fagl) dt < +oo0. )

T

Therefore in this case also, by applying theorem 1 from [5], we get the validity
of the statement a).
Introduce the denotation

and prove that

= ok o\ ar)’
{< SJ;(t) ) t SC'||f||BMoj;’07 (10)

where the constant ¢ > 0 is independent of f.
Let g € L% (0,+00), g(r) > 0 (r>0), % + 4 = 1. Then changing the
integration order, we get

JATily T LM
{M-g(t)dt:[ 1705 (¢) -t / yiﬂ dy | g(t)dt =
MW 10
_[ yotl [tl/g-go(t) dy. (11)

It is known that if condition (5) is fulfilled, there exists a number v € (0, ) such
that “Dt(f)—almost decreases. Let 3 =v — a + %. Then by means of (11) we get

[e.9] o0

) MEG) (T g
/tl/GQO(t) g(t)dt_/ ya+1 {(L’D(f)> -tﬁdt dy <

0 0
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o) Yy
Y’ / B
g ()t Pdt | dy =
{ a+1 903/

C

=c

<

Cc

0
OOMk Yy
@(y)
0 0
[e'e) )
/ 1/9 Yo 1/g t_ﬁdt dy, (12)
0 0

where ¢ > 0 is a constant depending on ¢ and v only.

Further,Wegetﬂzv+%—a<a+%—a:lSli.e. 6 < 1.
Considering this, for §; = co (i.e. § = 1) from inequality (12) we get

G (1) “F ME (y) v
f . ) . f 8—1 [ ,-8B .
/tl/% (t) g(t) dt <c HgHLQI(OHFOO) / Y /t dt | dy =
0 0

y e )
0
1
=Cyg 191l Lo1 (0,400) * HfHBMOS’Z’e : (13)
Consider now the case 1 < 01 < co. Then applying the Holder inequality, from
(12) we get
Gl} (t) M}c )\ dy
79 cg(t)dt<c- —
t1/% (t) e )y
0 0
(S) Y 01 1/6
X / yﬁ_l/g (t)-t=Pdt | dy . (14)
0 0

Introduce the denotation r = (1 — 8) 61 — 1. Then we have r = (1 —v — 1 4+ a) 61 —
1>(1-v—g+0v)i—1=(1-5)01—1=5 0-1=1-1=0,ie 7 >0
Applying the Hardy inequality (see [8])

1/61

fe'e) T 01 0 1/91
o 0 .

//|h<y>|dy e | < /@\h(ym@ly dy

0 0

0
having taken h (y) =

g
TG 6

f . : et
[ o< e flso, -
0

1/0,

) o
/ (y g (y) - y’ﬁ) y(B=10 gy
0
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[ee] 1/91
_ 01 01 _
=c: W Hf”BMOZZﬁ /(9 ()™ dy =
0
01
= UZB e, -1 £ Barox , 191zos 0,400) - (15)

Inequalities (13) and (15) show that for 1 < 6 < oo the following inequality is true

00 @ 0 1/6
/ SOy <c-|fll
y \ ¥ (t) t = ¢ BMOg,

where ¢ > 0 is independent of f.
Hence, by means of inequality (1) we get

0 0 1/6 fo'%s) 0 1/9
H O\ at G\
k,a
Aea (D= /( o0 ) 7)ol ) T e,
0 0

i.e. the statement b) of the theorem and inequality (6)are valid in the case
1<0 < 0.

The theorem is proved.

Theorems 1 and 2 yield

Theorem 3. Let f € Lijpe (R"), a >0, k= (a) + 1, p € & and condition (5)
be fulfilled.

Then the following conditions 1) and 2) on f are equivalent:

1) f € BMOE y;

2) a) f ll{(fnmdzv < +o0;

b) A’W( f) < +oc.
Moreover, HfHBMO:Zﬂ A Al;’f; (f), where the constants in the relation

H% ” are

independent of f.
Let BMOyg := BMOWQ, BMOy, := BMOy, «. From the previous theorem we
get the following statement in terms of modulus of harmonic oscillation Hy (0).
Corollary 1. Let f € Li,. (R"™), ¢ € ®1, and the following condition be fulfilled:

5-/(Z(2t)dt:0(<p(6)), 5> 0. (16)

)

Then the following conditions 1) and 2) are equivalent:
1) fe BMOSO 05
2) a) f g ‘nﬂdaﬁ < +o0;

b) A%g( ) < o0, where

0o 1/0

o= (] (B0 2) T o rc0ee
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_ H @) }
Apoo (f): sup{ o 1t) >0,
Moreover Hf||BMOM ~ Ay (f), where the constants in the relation "=" don’t
depend on f.
Corollary 2. Let f € Lj,. (R"), ¢ € ®1, and condition (16) be fulfilled. Then
the following conditions 1) and 2) are equivalent:
1) fe€ BMO,;

2) a)Rf @l gz < 400,

14|z|™
b) A= supﬁfPr(x—tﬂf(t)—Prf(:c)|dt<-l—oo.
r>0 R™

TERM™
Moreover,

C1- HfHBM% <A<c- HfHBMO(p )

where ¢1 and co are some positive constants independent of f.
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