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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Natiq K. AHMEDOV, Tamara B. MAMEDOVA

INVESTIGATION OF THREE-DIMENSIONAL
STRESS-STRAIN STATE OF A SMALL THICKNESS
RADIALLY-INHOMOGENEOUS
TRANSVERSALLY-ISOTROPIC SPHERE

Abstract

The tree-dimensional stress-strain state of a small thickness radially-inho-
mogeneous transversally-isotropic sphere is investigated by the method of asymp-
totic integration of elasticity theory equations.

Assuming that the load given on the lateral surfaces is sufficiently smooth,
the inhomogeneous solutions are constructed. Then homogeneous solutions are
constructed and asymptotic expansions of homogeneous solutions are obtained.
The analysis of stress-strain states corresponding to different types of homoge-
neous solutions s carried out.

It is shown that the stress-strain state consists of three types: internal stress
state, simple fringe effect, and boundary layer. Some boundary layer solutions
have no damping properties and they may cover all the domain occupied by the
shell.

1. Consider an axi-symmetric problem of elasticity theory for a small thick-
ness radially-inhomogeneous, transversally-isotropic hollow sphere. In the spher-
ical system of coordinates, denote the domain occupied by a spherical shell by
I' = {refr;ry, 0 €[01;02], p € [0;2m]}. Assume that the shell contains none
of the poles 0; .

The equilibrium equations in displacements have the form [1]:
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Here ug = wg (p;0), u, = u,(p;0) are the displacement vector components: p =

1 1
—In (r) is a new radial variable; ¢ = iln (7“2 is a small parameter, charac-
£ 70 ™

terizing the sphere’s thickness; ro = /rirz, p € [—1;1]; bi; = bij (p) are clastic
characteristics considered as arbitrary piecewise-continuous functions of variable p.
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Assume that the following boundary conditions are given on the lateral surfaces:

P au 8%9 +
Upp|p:il 57«0 [blla + ebya (uectge + 2u, + 39)} - =f=(0), (1.2)
byae™P [ Ougp auﬂ +
_ dug ~ OUup =t (0
T [ o +eap ~u|| | =)

We assume that the loads f* (6) or t* () given on the face are sufficiently smooth
functions, and have order O(1) with respect to e.

Assume that the arbitrary boundary conditions that bring the sphere about
equilibrium are given on the ends of the spherical shell.

2. Consider the construction of special solutions of (1.1) satisfying boundary
conditions (1.2), i.e. unhomogeneous solutions.

We look for the inhomogeneous solutions in the form

up = e (upo + upr + ...,

2.1
ug = 1 (ugg + ugr + ...) . (2.1)

Substitution of (2.1) in (1.1), (1.2) reduces to the system whose sequential integration
gives relations for the coefficients of the expansion (2.1)

upo = d1 (0); ugo =da (),

p
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w1 = / o (21 (0) +d3 (0) ctgb + dy (6)) +d3 (0),
0

ug1 = pda (0) +dy (6),
where
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b
b = / buptdp; by = / basphdp; by = / baaphdp; eo(p) = 5
biy — b11b22

b11bo2 + b11baz — 2b%,

ho (p) = bt

3. Any solution of equations (1.1) satisfying the no stress condition on lateral
surfaces is said to be an homogeneour solution.
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Construct the homogeneous solution. Assume in (1.2) f* () = t* (§) = 0:
Upp|p:jEl = Upg|p:jEl =0. (3.1)
Look for the solution of (1.1), (3.1) in the form:
up (p:0) = alp)m (6); ug (p:0) = c(p)m’ (8), (3.2)

where the function m (6) satisfies the Legendre equation [2]:
m” (0) + ctgh - m’ () + <z2 — ) m (6) = 0. (3.3)

Substituting (3.2) into (1.1), (3.1), allowing for (3.3) we get following boundary
value problems :
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4 p==1 (3'5)

baa[¢ (p) +(a(p) = c(P)llp=z1 =0

For solving (3.4),(3.5) as ¢ — 0 we use the asymptotic method based on three
interative processes [3]. We can obtain the homogeneous solutions corresponding to
the first iterative process, from (2.2), (2.3) if we put f* () = t* (#) = 0. We have:

uf)l) (p;0) = B cosf -1n ctgg -1,
2 (3.6)
(1) . 0
uy’ (p;0) = B (sinf - In ctg + ctgb

3
The eigen values za—L = +— correspond to these solutions.

The stresses corresponding to these solutions are of the form:

() _ (b2 —bas) ™ o

o — ;O _ W

9 pp pd (3.7)

(1)
0; =—
00 ? rosin® 6

Now, appeal to the second iterative process. We’ll look for the solution in the form:

a® (p) = azo (p) + caz1 (p) + ...,
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¢ (p) = & (ca0 (p) + €c21 (p) + ), (3.8)

z=¢ /2 (g +ear + ...).

Substituting (3.8) in (3.4),(3.5), after some transformations we get:

4
=3 "1 (p)m; (9),
j=1

4
ul (p:0) = > Ticl) (p)mi (6), (3.9)
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&7 (o) = | —Lr——
Qp; Po
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For determining ag; we obtain the biquadratic equation:

(popz + b5y (p1 + t1)> ag; + (9100 — gop1) o + 2g0m0 — g5 = 0 (3.10)

The stresses corresponding to solutions (3.9) accept the form:

4 2 b
+ af.p1
<2>_£Z B ECRES U
U’Dp_ro. T] Po 0]
J=1 S\

P /Y . p /Y P
—l—ozéj/ (/ o (x>xdx dy+a§j /(/ ho (x) dx dy+/ho () zdx | +
-1 1 —1 1 el

Y

o
:U)da: dy—/hg(x)dx +

p
+2/h0(;1:)d3:—|—0(s) m; (), (3.11)
el
4 P p .
i X 062‘ —Xar—
o ]ZlTJ _/1 )d + Oy_/leo(x) d
_go—i—agjpl/p ! dz 4O (g) p mj (0)
wo ) aw @
go + ()]pl 5 P -
ZT{ pelp) TNty T OE im0+

go + o1
3 (b22 — b23) 2703 —pP ctg@ +0 (6)
Qp;Po




Transactions of NAS of Azerbaijan 151
[Investigation of three-dimensional ...]

_

2
go + Qp;P1
poe (p)

4
2
Uée):TZTj{

0=

go + af;p1
(b23 - b22) (20] — ,0> ctgd + O (5)

p;P0

+e

p
+ ho (p) — O‘%)jeoi +0 (5)] m; () +
b2y — b11bos

(p)
b11

For the second iterative process, the principal term of the asymptotic solution
of the equation (3.3) has the form:

(1 1 12 2 p 1/21) .
mmexp[ e~1/2\/—al, (0 91)} (1+0 (Y?));

in the neighborhood 6 = 6,

where e (p) =

my (0) = ¢ O . (3.12)
vand oo, 2y —ad (0 - 6)] (14 0 (%))

in the neighborhood 6 = 6,

\

According to the third iterative process, the solution of (3.4), (3.5) is found in the
form:

a® (p) = azo (p) + az (p) + -

3 (p) = ,Big (c30 (p) + €31 (p) + ) , (3.13)

z=ie  (Bg+eby+...).

After substituting in (3.13) in (3.4), (3.5) for the first terms we get:
T (Bo)do = {d(Bo) do; 1(Bo)qp =0 for p=+1} =0 (3.14)

d(By)To = (Bo+ BoB1+ B5B2) T, 1 (Bo)To = (Co + ByCh) Tos

: 0 9(baad) ||” 71 || O (bas) + b120 0
ol bas O, b0 O |, || O b2 - .
B2 - H 0 b22 ’ CO - H 0 b44a 5 1 — H b44 0 ydo = (a30, 630)

The spectral problem (3.14) describes the potential solution of a transversally-
isotropic plate inhomogeneous in thickness. Unlike the isotropic case, purely imagi-
nary values [4] also may be accepted for a transversally-isotropic plate 5, inhomo-
geneous in thickness. By substitution

azo = =B (o) + By b’ + By (er))
c30 = By 2eo)” — ert)

-1
eo =buix, e1=biax, ez =bax, x= (bly— bi1bn)
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the spectral problem (3.14) is reduced to the following problem:

{(eow”(p))"—ﬁ% [(ext O+ et () + (0 () | + Beaw () =0y

¢/ (p)’p:il = 0’ /801/] (p)|p::|:1 =0

(3.15) is the generalization of P.A. Papkovich’s [4-7] spectral problem for the inho-
mogeneous transversally-isotropic case.
In the following stage we get a boundary value problem for determining g, =

(a31,031)T and 61 :

(Bo + BoB1+ B3 B2) @1 = (p (Bo + BoB1 + B3 B2) — 2808, Ba+
+Ao + BoA1 + B142) Qo; (3.16)
(Co + BoCh) @il ps1 = (p(Co + BoCr) + B1C3 + Cua) Qo peiy 5

A — —20 (blg) + (2[)12 — bll) 0 0
0 0 O (bag) — 2b4s0
Ay — 0 (baa + b2 + baz — b12)
! — (b2g + ba3 + 2ba4) 0
A — H 0 —2(0(bi2) + bys0) H
27 1o 0
- 0 —2()12 o _2612 0
N P N e

The solvability condition of (3.16) is the orthogonality of the right side of the solution
of the conjugated problem:

T (Bo)@o =T (—Bo) 75 =0 (3.17)
From (3.17) for 5, we have:
Bi= it
I

1
* d =¥
M, = / {50 [ (pbi2cso) @3 + pbas—— dp asy + dp (pbasazo) 30+
5

dasg
+pbig——

dp 0250 4 (bag + bas + bag — 2b12) c30a5g — (baz + bas + 3bas) a306§0] +

. 7* . d d daso \ _,
+5gp (b44a30a30 + b22€30630) + 030% (b44C3(]) + % (Pbll dp> Q30+
—x d ngo ngo da30 d
+630d7,0 <pb44 > - 3b44 630 2 (bll — blg) dp a30 2a30d (612(130)} dp;

dp dp

1

d de
M, = / {d (b12€30) G50 + by d;o asg + Bo (baaazoasy + b22C30030)} dp.
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The solutions corresponding to the third iterative process are of the form:

ZDk[ Bt (eot))' + BVt vl + Bt (exvn) + 0 (2)] ma (0) (3.18)

up (p;60) = &Y Dy [Boreotsi — Boierto + O (e)] mj, (6) .

k=1

The stresses corresponding to the third iterative process have the form:

b = ;O g [—Boxtbr. + O (&)l i (6)
ol = :0 g [Bokth + O ()] mil (0)
o= g Byl + 0 ()] me (6): (3.19)
ol¥) = 57{0 g [Bor X (b11bas — bTa) U + Bowxbiz (baz — bag) ¥y, + O ()] my (6)

For the third iterative process, the principal term of the asymptotic solution of the
equation (3.3) is of the form:

mg—lﬂ exp {_5—1\/@(9 - m)] (1+0(e);

i (0) = in the neighborhood 0 = 6, (3.20)

e [ B0 - 0] 1+ 00

in the neighborhood 6 = 6,

\

4. Represent the displacements in the form:

up (p;6) = uM) (p;0) + Y Exay, (p) my (6) ;

ug (p;0) = ug” (p;0) + ZEka (0). (4.1)
The second term contains the dlsplacements determined by the second and third

group of solutions.
For the stresses we have;

oo = oy + Z By (o)) ()i (0) + 03 () mh, (0)ctg0) ; (42)

o0 =Y _ Eroa (p) mp (0)

k=1
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—E&

(1) e P / o 1 .
o (p) = - bizay, (p) + € (baz + bas) ax (p) — ebaz { 2 — 1 | e (P)] 5

2) e’

o1 (p) = - (baz — baz) ck (p) ;

© b () + £ an )~ e 0))

ook (p) =
Investigate the relation of homogeneous relations with the principal vector P of
stresses acting in the section 6 = const. We have:
T2
P= 27r/ (orgcos® — aggsind) rsinOdr =
T1
1
= 27erd sin 6 / (09 cos 0 — g sin ) e*Pdp. (4.3)
-1
Substituting (4.2) in (4.3), we get:
1
P = —47T€ToB/G (p) ePdp+
-1

—l—27r€7“8 sin 0 Z E [dgkm;{ (0) cos O — dymy (0) sin 9] , (4.4)
k=1
where
1 1
baz — boz = 2G, dij, = /082 (p) €*Pdp;  doy = / [O’Qk (p) — aﬁ? (P)} e**Pdp.

Prove that dip = do, = 0 (k=1,2,...). For that we consider the following
boundary value problem:

{ Tonlo—s, = 1 (P)ma (O) + o) (D) i, Bi)etgs oy

7log, = o () m (6))

The "k”-th terms in the sums (4.2) is the solution of this problem.
The principal vector that corresponds to the stress state of the problem (4.5) in
the section 6 = const is reduced to the following form:

Py = 2merg sin @ [dogmy, (0) cos @ — digmy, (0) sin 6] . (4.6)

According to the solvability condition of the elasticity theory problem, the principal
vector Py should be independent of the variable §. However in (4.6) the right side
depends on 6. Hence it follows that P, = 0, i.e.

dogmy, (0) cos O — dypmy (0) sin 6 = 0. (4.7)
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By the linear independence of my, (0) sin @ and mj, () cos 6 it follows from (4.7) that
dy, = dog, = 0 for any "k”. Thus, for the main vector P we get.

P = —471'61"()B/G66pdp, (4.8)
~1

The stress state corresponding to the second and third groups of solutions is
self-balanced in each section § = const. The solution of (3.6) corresponding to the
first asymptotic process determines the internal stress-strain state of the spherical
shell.

The stress states corresponding to the solutions of (3.9) are fringe effects in
applied theory of shells. The third asymptotic process determines the solutions
(3.18) that are of boundary layer character. The first terms of (3.18) are equivalent
to Saint-Venant’s fringe effect of an inhomogeneous transversally isotropic plate.

For imaginary [, the Saint-Venant boundary layer damps very weakly, and
the solution (3.18) should be attached to permeating solutions. In this case the
stress-strain state of a transversally-isotropic and isotropic shells differ qualitatively
[4].

5. Assume that the following boundary conditions are given on the ends of the
spherical shell:

a00lg—g, = 15 (P) 5 Opolg_g, = f2i (p), (5.1)

where f1; (p), f2; (p) (j = 1,2) are sufficiently smooth functions satisfying the equi-
librium conditions.

As it was shown, the not self-balanced part of stresses may be removed by means
of the permeating solution (3.6). The relation of the constant B with the principal
vector P is given by the equality (4.8).

We'll look for the solution in the form (4.1). For determining the constants Ej,
we’'ll use the Lagrange variational principle [8].

Since the homogeneous solutions satisfy the equilibrium equation and boundary
conditions on the lateral surface, the variational principle accepts the following form:

J=1=

2 1
S [ ltom— fi5)dua + (00— fo5) |y, - *7dp =0, (5:2)
1

Assuming 0E}), as independent variations, from (5.2) we get an infinite system of
linear algebraic equations:

j=1
1 2
Fy, = / o1k (p)cj (p) € Pdp -y my (6 m) (6) +
‘1 s=1

/O’lk p) €*Pdp - ka 0s) ctgls+
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1 2
+ / ook (9) a3 (0) ¥Pdp - 3" iy (05 my (05)
-1 s=1

2 1 1

toy = 3 |5 0 [ 0 0) s () *Pdp -y 02) [ fau (0)as () >0
s=1 1 1

2BG (p)

roecP sin® 6,

f1s (p) = fis (p) —

The solvability and convergence of the reduction method for the system (5.3) is
proved in [9].

Minding that 05)26) =0 (ve), aé%) = O (1), revise the suppositions for the exter-
nal load. Assume fo; = O (1). Expand the tangential stresses given on the ends, in
the form:

foj = 15 + 15D
1
18 = [ oo 1) = 1oy 15
-1
Note that fs} = O (VE); f52) = O(1) and f§}) ~e'/2f;,.
We look for the unknown constants 7}, Dy, in the form:
T‘j :Tjo—l-ETIjl—i-...; (54)

Dy =eDyy + €2Dk1 + .. (5.5)
After substituting (5.4),(5.5) in (5.3), we have:

4
> aTjo =74 (k=T1,9) (5.6)
i=1
o
> MyiDy =14 j=T,00; (5.7)
j=1
2
o \/_%g \/ Yok ag; (p1 — pop2) + (Prgo — Pogi)
ks 1f02 o2 Po
0k20;

. . o0
7o sin 01 sin 09

1
X
sin 61 — sin 6y SZ:; v/sin 6

2 1
\/ Tk a2 p1+ 9o 1
(-1 ) (SRR Y gy
\/ T %ok

1
1 _
Mj = ——— / [—enthi + bl Wik + BEjeatpts;] dpt
1
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1

! / [eliﬁk%/ - 533‘621/%%’} dp;

v/ BorB; 7,

" 7 sin 61 sin 6o

J (sin91 —Sin02) /TO] < \/W/fll IBOJ 601/)] 611/}]‘:| dp+

+

T

NETI / fia o) [Bieons —erws o+ / far ) [=857 eovs)'+

+ B b + By (ele)’} dp+

1
1 — my/ —17—1_// — /
+\/m/1f22 (p) [_50]'3 (eow]‘) + 50j1b441¢j + 50]'1 (ele) } d,o>

The definition of Tj,, Dy, (p =1,2,...) is invariably reduced to the inversion of
one and the same matrices that coincide with the matrices of the system (5.6),(5.7).

The general solution of homogeneous problem on definition of stress-strain state
of a shell will be a superposition of solutions corresponding to the three iterative
processes described above.
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