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SEMIGROUPS OF LOCAL HOMEOMORPHIC
MAPPINGS

Abstract

In this paper semigroups of local homeomorphic mappings of topological
spaces are studied.

1.1. Let z be a local compact Hausdorf space under the condition that for
every two points {,n7 € X and for every neighbourhood V¢ of £ there exists an open

homeomorphic mapping a : X " X under the condition that aX C Ve, an =¢.
We’ll denote the class of all such spaces L. In particular, the finite dimensional
Euclidean spaces and the cube D7, 7 > 8y [2] belong to the class L. Tt is clear that
if Q) is an open subset of the space X € E, then € L. We'll denote OH (X),X € L
the semigroup of all open homeomorphic mappings X MO X and LH (X),X € L

the semigroup of all local homeomorphic mappings X T X, Let X € L and {Ki}tier
be a system of compacts of X under the condition that |JIntK; = X. We’ll denote
el

OHky (X) the set of all such open homeomorphic mappings a : X O X that
aX C K;,, ig € I. Let Dx be an arbitrary subsemigroup of the semigroup LH (X)
such that OH g, (X) € Dx C LH (X) and DY be the set of all such elements a of
Dy that aX is a compact. Obviously, D% is an ideal [1] of Dy.

Theorem 1.2. Let X,Y € L. If the semigroups Dx and Dy are isomorphic,
then X and Y are homeomorphic.

Lemma 1.3. Let xg be a solution of the equation ax = b,a,b € Dx. If xg € Dg(
then b € Dg)(. Besides bX C aX.

Lemma 1.4. Let £ € X and V¢ be an arbitrary neighbourhood of the point §.
There exists such an element h € Dg( that £ € hX,hX C V¢ and ph € Dg,.

Lemma 1.5. Let be an arbitrary point of X and a be an element Dg( of under
the condition £ € aX, pa € Dg)/. We’ll denote {a'Y}'yEF the system of all elements of
Dgf under the conditions:

1)¢e€a,X,veTl

2) for each v € T' there exists an element ¢, € Dg( such that acy = a, and
¢ (cy) € Dy..

Lemma 1.6. Let £ € Qx and Vg be an arbitrary neighbourhood of §. There
exists vg € I' such that a,, X C V.

Let b an element of D% such that £ € bX, pb € DY and {bs},. ¢ be a system of
all elements of D% under the conditions 1), 2).

Lemma 1.7. Let {avm};ﬂ be a finite subsystem of the system {amy},yGF and
{bsk}igzl be a finite subsystem of the system arbitrary neighbourhood of &. There

exists an element c € {bs},cq, Ve be an DY under the conditions:
a) € cX C Vg,
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b) for each y,, and sy, there exist d, , I, € D% such that
ay, dy =c by ls, =c,o(dy ), 0(ls,) € Dg, m=12,...n, k=1,2,..1.

It is clear that ¢ € {ay} p and c € {bs} g

Lemma 1.8. The set () a,X = () ayX consists of a unique point &.
vyel yell

Lemma 1.9. The system of sets {(goav)Y 1y € F} is a centered system of
closed sets of the compact (pa)Y and () (pa,)Y = ) (pa,)Y.

yel ~el
Lemma 1.10. The set (pa,)Y = a~)Y consists of a unique point
Pay Pay
vyel’ ~yel'
¢ €Y. The point £ doesn’t depend on an element b € Dg( such that & € bX,

b e DY.

We’ll denote the mapping f¢€ = ¢’. The analogous mapping for the isomorphism
o~ we’ll denote g.

Lemma 1.11. The mappings f and g are bijective and g = f~1.

Proof. Let ¢ be an arbitrary point of Y and o’ € DY such that ¢’ € a'Y, p~td’ €
D%, {d.} s€s be a system of all elements of DY, under the conditions 1), 2) for the
element a’ and the point ¢'. By virtue of lemma 1.10 the set ( —la! ) X consists

s€
of a unique point ¢ and g¢ = ¢ = X. It follows from p'a’. ¢!, = ¢~ ld,

P

2 S
the condition 2, lemma 1.3 that (¢=tal) X C (¢~ 'a/) X and € € (p'd’) X. Let
{ay},er be the system of all elements of D% under the conditions 1), 2) for the
element ¢~ 'a’ and the point £&. For each v € T' the equations (¢~'d’) 2, = a, are

solvable. It’s clear that {¢~'al} o C {ay}, cr and QF (pay)Y C QSGIWY =¢.
5 s

Since () (¢ay)Y consists of a unique point, then () (pa,)Y = &. Hence
vyel vyel’

fE=¢. Asgf’ =¢ then gf¢ =¢, 6 € X and fg€ =¢,€€Y.
Lemma 1.12. If a € D%, pa € DY, then

faX = (paY).

Proof. Let {a,y}Wer be a system consisting of all elements of D% under the

conditions 1), 2) for the element a € D% and the point £ € aX, then () (pa,)Y =
vel
f&. From the condition 2 and lemma 1.3 it follows that pa - pcy = pa,, f§ €

(pay)Y C (pa)Y. Thus faX C @aY. Analogously if ¢’ € (pa)Y, then g¢' =
fi¢ €aX. Tt follows f~! (pa) Y C aX and so (¢a)Y C faX.

Lemma 1.13. The mappings f and f~' are continuous.

Proof. Let V' be an arbitrary neighbourhood of the point f¢. By virtue
of lemma 1.4 there exists an element o’ € DY such that f¢ € 'Y C V' and
¢~ ta’ € D%. From lemma 1.12 it follows that f~!(a'Y) = (¢ 'd’) X and a'Y =
f (90 1a/) X. The set (cpfla’) X is a neighbourhood of the point £ and f (gp a ) X =

a'Y C V'. One can prove that the mapping f~! is continuous in the same way.

Theorem 1.14. Let X,Y € L. If the semigroups Dx and Dy are isomorphic,

then it holds:
oc = fef 1 e e Dy,
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where f is a homeomorphism X onto Y induced by the isomorphism @ of the semi-
groups Dx and Dy .

Corollary 1.15. Let X € L. For every automorphism v of the semigroup Dx
it holds:
-1

e =geg~,c € Dy,

where g is a homeomorphism X onto itself induced by the automorphism of the
semigroup Dx .
Proof. Let £ be an arbitrary point of X, a be an element of Dg( such that
€ € aX, pa € DY and {a,}
conditions 1), 2).
The following equalities take place:

Na X =¢ () (pay)Y = f¢

~er be a system of all elements of Dg( under the

yel vyel
(Nea, X =, e (ca,)Y = (gc) fE,
el ~er

acy = a~,y € I'pa - pcy = pa,v €T,
cacy = ca~,vy € I o (ca) - pcy = SD(C‘W) v el
C'y S Dg(a ()D(C'Y) € DXO/

Since D% is an ideal of Dx and DY is an ideal of Dy, then ca € D%, ¢ (ca) =
pc - pa € Dg/.

Let us denote {bs}, g the system of all elements of DY% under the conditions 1), 2)
for the point ¢£ and the element ca. The system {caA,}WGF is a subsystem of the sys-

tem {ba},es. Since ()p(car)Y = (pc) f€, 50 fe€ = ) (pb) Y = () p(ea) ¥ =
~el seS ~yel'

(pc) f€, € € X. By virtue f~'Y = X for every point ¢ € X there exists a unique
point ¢ € Y, such that f~1¢ = £&. We obtain the equality

(pe) €' = fef ¢, € ey

Corollary 1.16. Let X,Y € L. If semigroups LH (X) and LH (Y) are isomor-
phic, then every isomorphism of the semigroups LH (X) and LH (Y') maps OH (X)
onto OH (Y).

Corollary 1.17. Let X € L. The semigroups LH (X) and OH (X) are not
isomorphic.
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