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RENEWAL OF A MULTI-PARAMETRIC SPECTRAL
PROBLEM WITH GIVEN EIGEN VALUES AND

EIGEN ELEMENTS

Abstract

In the paper, the inverse multi-parametric problem is investigated in the fol-
lowing form: for the given sequence of eigen values {(λ1,n, λ2,n, ..., λm,n)}n=1,2,...⊂
Rm with real coordinates and the sequences of appropriate given eigen elements

{Φn}n=1,2,... =
{
φ1,n ⊗ φ2,n ⊗ ...⊗ φm,n

}
n=1,2,...

⊂ H = H1 ⊗H2 ⊗ ...⊗Hm

(where ⊗ is a tensor product sign) we look for a family of compact self-adjoint
permutation operators Ki,1,Ki,2, ...,Ki,m in the Hilbert space Hi, i = 1; 2; ...;m
for which the given sequences {(λ1,n, λ2,n, ..., λm,n)}n=1,2,... and {Φn}n=1,2,...

are the complete sequences of eigen values and appropriate eigen elements of
the problem 

m∑
j=1

λjKi,jφi = φi, φi ∈ H

i = 1; 2; ...;m
.

In the paper, the inverse multi-parametric problem is investigated in the following
form: for the given sequence of eigen values {(λ1,n, λ2,n, ..., λm,n)}n=1,2,... ⊂ Rm with
real coordinates and the sequences of appropriate given eigen elements

{Φn}n=1,2,... =
{
φ1,n ⊗ φ2,n ⊗ ...⊗ φm,n

}
n=1,2,...

⊂ H = H1 ⊗H2 ⊗ ...⊗Hm (1)

(where ⊗ is a tensor product sign) we look for a family of compact self-adjoint
permutation operators Ki,1,Ki,2, ...,Ki,m in the Hilbert space Hi, i = 1; 2; ...;m for
which the given sequences {(λ1,n, λ2,n, ..., λm,n)}n=1,2,... and (1) are the complete
sequences of eigen values and appropriate eigen elements of the problem

m∑
j=1

λjKi,jφi = φi, φi ∈ H

i = 1; 2; ...;m

. (2)

Denote the linear span of the set of the first n elements of the sequence
φi,1, φi,2, ..., φi,n, ..., i.e. of the set

{
φi,1, φi,2, ..., φi,n

}
⊂ Hi, i = 1; 2; ...;n by

L
(
φi,1, φi,2, ..., φi,n

)
, the closure of the linear sub space L

(
φi,1, φi,2, ..., φi,n, ...

)
by

L
(
φi,1, φi,2, ..., φi,n, ...,

)
, i = 1; 2; ...;m. Introduce the denotation

(∆0Φ,Φ) = det ((Keri,jφi, φi))
⊗
i=1,2,...,m
j=1,2,...,m

,

(∆iΦ,Φ) =

= det

 (K1,1φ1φ1) ... (K1,i−1φ1φ1) (φ1φ1) (K1,i+1φ1φ1) ... (K1,mφ1φ1)
... ... ... ... ... ... ...

(Km,1φmφm) ... (Km,i−1φmφm) (φmφm) (Km,i+1φmφm) ... (Km,mφmφm)

⊗

,




