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SOME PROPERTIES OF THE 4-AND 5-MAJORITY
ALGEBRAS

Abstract

By using congruence schemes we present a new properties of 4-majority
algebras and 5-majority algebras (in other terminology, for algebras having 4-
ary (respectively, 5-ary) near unanimity operation among its term operations).

Congruence scheme is a very important idea in the study of congruence lattices
of algebras (see [1]-[5]); in particular in [6] we find some properties of varieties with
a finite number of congruence schemes and relationships with first order definable
principal congruences and in [7] we find some properties of congruence schemes and
compatible relations of algebras. In the present paper by using congruence schemes
we find some new properties of 4-majority algebras, in other terminology, algebras
having a 4-ary near unanimity term operation, and 5-majority algebras. General
information on algebras and terms may be found in [8].

A term function m (z1,...,x) of an algebra A = (A, F) is called a k-majority
term (or sometimes k-ary near unanimity term; see [9], p.34) if

m(y,x,....z) =m(z,y,z,....x) = ... =m(z,...,x,y) =x

holds for all z,y € A. Algebras with a k-majority term are called k-majority alge-
bras. Clearly, 3-majority term is exactly the majority term; for instance, any lattice
admits a majority term. We mention that various characterizations of majority alge-
bras are given in [5]. A quasiorder of an algebra A = (A, F') is a reflexive, transitive,
binary relation ( C A x A which is compatible with the operations of A. Let Quard
(A) stand for the set of all quasiorders of A.

19, 4-majority algebras. Let us consider the following conditions.

(I) Algebra A = (A, F) is an algebra with some 4-majority term function
m (t,u,v,w).

(IT) For every a,b,c,e € A and for every compatible reflexive relations «, 3,4,y
on A the following SCHEME-4 is satisfied:

if (a,b) € «, (a,c) € 8, (c,e) € 6 and (e,b) € v then there are z1,...,x6 € A such
that (a,z1) € anp, (z1,¢) € B, (x1,22) € B, (x2,¢) € B, (x1,23) € 9, (e,24) € 7,
(e,z6) € 7, (z4,76) € 7, (v5,26) € 0, (v6,b) € aN~; next (x1,b) € a, (z3,b) € a,
(x5,b) € a, (a,23) € a, (a,z5) € a, (a,r6) € a; moreover there is x € A such that
(x2,z) € 0& (x3,2) € B and (x,x4) € 0& (x,x5) € 7.

(III) All compatible reflexive binary relations «, 3,9,y C A x A satisfy

an(Bodoy)Cl((anpB)o(BodNdoB)o(doyNyod))Nalo(any)n
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N(anpB)o[((BodNdof)o(doyNyod)o(any))Nal (1)

(IV) For every quasiorders a, 3,0, of A we have:

anN(Bodoy)=[((anpB)o(BfodNdof)o(doyNyod))Nalo(any)N

N(anpB)of[((BodNdopB)o(doyNyod)o(any))Nal (2)

Propositionl. Let A = (A, F') be an algebra; then (I) — (II) — (III) — (IV).

Proof. (I) — (II). Let m (t,u,v,w) : A* — A be a 4-majority term function
of algebra A = (A, F). Suppose (a,b) € a, (a,c) € B, (c,e) € § and (e, b) € 7,
where a,b,c,e € A and «,5,0,7v C A x A are compatible reflexive relations of A.
Take = := m(a,c,e,b), r1 := m(a,a,c,b), xa :== m(a,c, ¢, b), x3 := m(a,a,e,b),
x4 :=m(a,e,e,b), x5 :=m(a,c,b,b) and g := m(a,e,b,b). Then we obtain:

(a,x1) = (m(a,a,a,b),m(a,a,c,b)) €.
And simultaneously
(a,z1) = (m(a,c,a,a),m(a,a,cb)) € a.

So, (a,z1) € an p.
Similarly, we get: (xg,b) = (m (a,e,b,b),m (b,e,b,b)) € a and
(x6,b) = (m(a,e,b,b),m(a,b,b,b)) € v, whence (x6,b) € an~. Also, it is clear
that
(z1,¢) = (m(a,a,c,b),m(c,c e b)) € p,

(x1,22) = (m(a,a,c,b),m(a,c,ecb)) € B,
)

(x2,¢) = (m(a,c,c,b),m(c,c,c,b)) € p,
(z1,23) = (m(a,a,c,b) ,m(a,a,e, b)) €
(e,z4) = (m(a,e,e,e),m(a,e e b)) €,

(67 xG) = (m (a7 67 67 e) 7m(a7 e) b7 b)) E ")/7
) €,

(x4,26) = (m(a,e,e,b),m(a,e, b,b)
(x5,26) = (m(a,c,b,b),m(a,e, b,b)) €9,

(x1,0) = (m(a,a,c,b),m(b,b,c,b)) € «,
(x3,b) = (m(a,a,e,b),m(b,b,e,b)) € a,
(z5,b) = (m(a,c,b,b) ,m(b,c,b,b)) € a,
(a,x23) = (m(a,a,e,a),m(a,a,ea)) € a,
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(x2,2) = (m(a,c,c,b),m(a,c,e,b)) €6
(x3,z) = (m(a,a,e,b),m(a,ceb)) € p,
(x,24) = (m(a,c,e,b,),m(a,e,eb)) €0,
(x,z5) = (m(a,c,e,b),m(a,c,b,b)) €~

(II) —(III). Let (a,b) € an(Bodoy). Then there are an elements c¢,e € A such
that (a,c) € B, (c,e) € 6 and (e,b) € . Also, (a,b) € a. By applying SCHEME-4
we obtain elements z, x1, ...,z € A such that (a,z1) € anN S, (z1,¢) € B, (v1,22) €
B, (x2,c) € B, (x1,23) € 9, (e,x4) € 7, (e,26) € 7, (v4,26) € 7, (v5,26) € I,
(xz6,b) € aN~y; next (z1,b) € o, (23,0) € a, (x5,0) € «, (a,23) € o, (a,25) € a,
(a,x6) € a; moreover, (x2,z) € 0& (z3,2) € B, (x,x4) € 0& (x,25) € v. So,
(a,0) € [((anB)o(BodnéoB)o(doynyod))Najo(any).
Similarly, we get:

(a,b) € (anB)o[((BodNdoB)o(doynyod)o(any))Nal.
Thus
(a,b) € [((anpB)o(BodNdoB)o(doyNyod))Nalo(any)n

N(ang)el((Bednédepf)o(doynyed)o(any))nal.

Hence, the inclusion (1) is proved.
(III) — (IV). If a, 8, 6,7 € Quord (A), then

((@anB)o(BodndoB)o(@oynyod)nalo(@ny)n

N(anpB)o[((BodNdoB)o(doyNyod)o(any))Nal C

Cl(anp)o(BodnNdopf)o(doynyod))Najo(any) Caocala

and
((anB)e(BodndeB)o(Foynyod)nale(@ny)n
N(anp)of((BodNdof)o(doynNyod)o(any))Nal C
Cl(anB)o(BodnNdoB)o(doyNyod))Nalo(any)C
CBofododoyoyC Bodon.
Thus

[(anpB)o(BodNdof)o(doynyod))Najo(any)n
N(anp)of((BodNdof)o(doynNyod)o(any))Nal] Can(fodon).

As the converse inclusion holds by the assumption, we obtain the relation (2).
Let 0 (a, b) stand for the principal congruence of an algebra A = (A, F') generated
by the pair (a,b) € A% Tt is well-known that if ¢ : A — B is a homomorphism
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of the algebra A into the algebra B then (u,v) € 6 (a,b) implies (¢ (u),p (v)) €
0 (¢ (a),p (b)) (see [8,Chapter II, section 6]).

Theorem 1. Let V be a variety of algebras. Then the following assertions are
equivalent.

(a) V has a 4-majority term.

(b) Any algebra A = (A, F) € V satisfies SCHEME-,.

(c) For any algebra A = (A, F) € V and any compatible reflexive relations
a,B3,6,7y C Ax A we have

an(fedoy) Cl((anp)o(BedndopB)o(doynyod))Nalo(any)n

N(anp)of((BodNdoB)o(doynNyod)o(any))Nal.
(d) For any algebra A € V, every «, 3,6, € ConA satisfy the equality

an(feodon)=[((anp)e(BedndopB)o(doynyod))Nale(any)n

N(anpg)ef((Bedndopf)o(deynyed)o(any))Nal.
Proof. In view of Proposition 1, (a) implies (b) and (b) implies (c). Proposition
1 also gets that (c) implies (d), as ConA C QuordA.
(d) implies (a). Consider now the free algebra Fy (z,y,2,t) € V. As (z,t) €
0 (z,t)N (0 (x,y) o0 (y,z)00(z,t)), the assumption of (d) implies
(z,t) € [(0 (z,8) N0 (z,y)) o (0 (x,y) 00 (y,2) N0 (y,2) 00 (x,y)) °
o0(0(y,z)00(z,t)NO(z,t)00(y,z)) NG (x,t)]o
o(0(z,t)NO(z,t))N(O(x,t)NO(x,y))o0
o[((0(z,y) 00 (y,2) N0 (y,2) 00 (z,y)) 0
o(0(y,z)o00(z,t)NO(2,t)00(y,2)) 0 (0(xz,t)NO(z1))NO(x,t)].

Hence there is a term m (z,y, z,t) € Fy (x,y, z,t) such that

z(0(x,t) N0 (z,y))m(x,z,y,t),

m ('CC? x? y? t) 0 ('CC? y) m (x7 y? y? t) 6 (y? Z) m (x7 y? Z? t) &
& m(z,,y,t)0(y,z)m(z,2,2,1) 0 (x,y) m (z,y, 2, 1)

and
m(z,y,z,t)0 (y,z) m(x,z,2,t) 0 (z,t) m (z,z,t,t) &

& m(x,y,z,t)0 (z,t)m(z,y,t,t) 0 (y,z) m(x, z,t,t);

next m(x, z,t,t) (0 (x,t) N0 (2,t)) t;
moreover, m (z,x,y,t) 0 (x,t)t & 0 (x,t)m(x,z,1t,t).
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Now, using a homomorphism ¢ : Fy (z,y, 2,t) = Fy (z,y, z,t) with
ex)=p(y)=x,¢(z) =zand ¢ (t) =t from (x,m (z,x,y,t)) € 0 (z,y) we obtain:

(m,m(az,,:n,x,t)) = ((10(1‘)7m(90($)790($)730(y)790(t))) =

= (go(:n),gp(m(a:,x,y,t))) 60(30(1')’90(3/)) ZG(JL‘,{L‘) = A.

Thus = m (x,z,z,t). The identities
r=m(z,z,y,x) =m(z,y,z,x) = m(y,z,z,x) can be proved in a similar way.

29, On 5-majority algebras. Let us consider the following conditions.

(V) Algebra A = (A, F) is an algebra with some 5-majority term function
m (s, t,u, v, w).

(VI) For every a,b,c,e,d € A and for every compatible reflexive relations «,
B, d, p, v on A the following SCHEME-5 is satisfied: if (a,b) € «, (a,c) € 5,
(c,e) € 4, (e,d) € p and (d,b) € =, then there are x,z1,...,212 € A such that
(a,71) € an B, x16c, x2fc, (x1,72) € B, (v1,73) € 0, (v2,74) € 6, (73,74) € B,
(x4,25) € 6, (x4,26) € p, (x5,2) € p, (v6,2) € 0; next xprrdry & xdrgpre and
x9yx10pT12 & T9pri1yTi2; next (x12,b) € a Ny, dyr1 & dyzie; moreover xjab,
xzab, aaxig, aaxis.

(VII) All compatible reflexive binary relations «, 3,0, p,v C A x A satisfy

an(Bodopoy) Cl(anp)o(BodndoB)o(podniop)e(podndop)o

o(yopnpoy)Nalo(any)n(anp)elan((Bodndop)o
o(podndop)o(dopnpod)o(yopnpoy)o(any))] (3)

(VIII) For every quasiorders «, 3,4,7, p of algebra A we have:

an(Bodopoy)=[((anB)o(BosndoB)o(podndop)o(posndop)o

o(yopNpoy)Najo(any)N(anB)ojan((BodNdof)o
o(podndop)o(dopnpod)o(yepnpoy)o(any)) (4)

Proposition 2. Let A = (A, F') be an algebra; then (V) — (VI) — (VII) —
(VIII).

Proof. (V) — (VI). Let m (s,t,u,v,w) : A> — A be a 5-majority term func-
tion of algebra A = (A, F). Suppose (a,b) € a, (a,c) € B, (c,e) € 6§, (e,d) € p
and (d,b) € v for the elements a,b,c,e,d € A and «,3,d,p,7v C A x A are com-
patible reflexive relations of A. Take x := m/(a,c,e,d,b), 1 := m(a,a,a,c,b),
x9 :=m(a,c,c e, b), x3:=m(a,a,a,eb), r4 :=m(a,c,c,eb), r5 :=m(a,c,e e, b),
x¢ :==m(a,c,c,d,b), z7 :=m(a,c,d,d,b), xs :=m(a,e,e,d,b), xg := m(a,e,d,d,b),
x19 :=m(a,e, b,b,b), 11 :=m(a,d,d,d,b) and x12 := m (a,d,b,b,b).
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Then we obtain: (a,z1) = (m(a,a,a,a,b),m(a,a,a,¢c,b)) € 5. And simul-
taneously (a,z1) = (m(a,a,a,c,a),m(a,a,a,c,b)) € a. So, (a,x1) € anf.
Similarly, we get: (x12,b) = (m(a,d,b,b,b),m(a,b,b,b,b)) € v and (z12,b) =
(m(a,d,b,b,b),m(b,d,b,b,b)) € a, whence (x12,b) € o N ~. Similarly, it is clear
that

(x1,¢) = (m(aya,a,c,b),m(c,c e, e, b)) € B,
(x2,¢) = (m(a,c,c,c,b) ,m(c,c, e, e, b)) € B,
)

b)) € B,

(
(a,a,a,e, b)) €0,
(x3,24) = (m(a,a,a,e,b),m(a,c,ceb)) € p,
(z4,25) = (m(a,c,c,e,b) ,m(a,c e e b)) €0,
(x4,26) = (m(a,c,c,e,b) ,m(a,c,c,d,b)) € p,
(x5,2) = (m(a,c,e,e,b),m(a,cedb)) € p,
(x6,z) = (m(a,c,c,d,b),m(a,c e d b)) €,
(x,z7) = (m(a,c,e,d,b),m(a,c,d,d,b)) € p,
(z,28) = (m(a,c,e,d,b),m(a,e,e,d,b)) €0,
(x8,29) = (m (a,e, e, d,b),m(a,e,d,d,b)) € p,
(x7,29) = (m (a,c,d,d,b),m(a,e,d,d,b)) €
(zg,210) = (m (a,€,d,d,b) ,m(a,e,b,b,b)) € 7,
(x9,211) = (m (a,e,d,d,b),m(a,d,d,d,b)) € p,
(z10,712) = (m (a,e,b,b,b) ,m (a,d,b,b,b)) € p,
(x11,212) = (m (a,d,d,d,b) ,m (a,d,b,b,b)) € ~,

)
(a,212) = (m (a,d, a,a,a),m (a,d,b,b,b)) € a,
b) = (m (a,a,a,c,b),m (b,b,b,c,b) € a,
(a,210) = (m (a,e,a,a,a),m (a,e,b,b,b)) €
(22,b) = (m (a,a,a,e,b),m(b,b,b,e,b)) € a.

(VI) — (VII). Let (a,b) € an(Bodopory). Then there are elements c,e,d € A
such that (a,c) € 3, (c,e) € 0, (e,d) € p and (d,b) € 7. Also, (a,b) € a. By
applying SCHEME-5 we obtain elements x, z1, ..., 212 € A such that (a,z1) € aNp,
(z1,22) € B, (z1,23) € 6, (x2,24) € 6, (23,24) € B, (T4,25) € 6, (¥4,26) € p,
(z5,2) € p, (w6,2) €0, (x,27) € p, (x,28) €I, (w8, 29) € p, (T7,29) € I, (T9,T10) €
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v, (x9,211) € p, (x10,212) € p, (T11,712) € 7, (212,0) € a N~y and (z1,b) € a,
(a,z12) € a. So,

(a,0) € [((anp)o(BodNdof)o(podndop)o

o(podndop)o(yopnpoy)najo(any)

Similarly, we get:
(a,b) € (anp)ofan((BodNdoB)o(podNdop)o

o(dopnpod)o(yopnpoy)o(any))]
Thus
(a,b) € [((anP)o(BodNdof)o(podNdop)o

o(podNdop)o(yopnpoy)Nalo(any)n
N(anp)ojan((BodNdoB)o(podndop)o
o(dopnpod)o(yopnpoy)o(any))].

Hence, the inclusion (3) is proved.
(VII) — (VII). If «, 3,0, p,y € Quord (A), then

[(enB)o(BodNdoB)o(podNdop)o(podNdop)o
o(vopnpo)Nalo(@ny)n(anf)e
olanN((fodNdoB)o(podNdop)o(dopnpod)o

o(yopnpoy)o(any))] Cl((anp)o(BodndoB)o(podndop)o

o(podndop)o(yopnpoy)Najo(any)CaocaCa

and
[((anB)o(BodNdoB)o(podNdop)o(podndop)o
olyopnpoy)Nalo(any)n(ansB)o
olan((BodndoB)o(podnéop)o(sopnpod)o
o(yopnpoy)e(any))]C(anp)efododopopoyoyC
CBoBodopoyC Bodopor.
Thus

[((anpB)o(BodNdof)o(podNdop)o(podNdop)o

o(yopnpoy)Nalo(any)n(anp)e
olanN((fodNdoB)o(podNdop)o(dopnpod)o

o(yopnpoy)o(any)Can(fodopoy).
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As the converse inclusion holds by the assumption, we obtain the relation (4).

Theorem 2. Let V be a variety of algebras. Then the following assertions

are equivalent.

(a) V' has a 5-majority term.

(b) Any algebra A = (A, F) € V satisfies SCHEME-5.

(c) For any algebra A = (A,F) € V and any compatible reflexive relations
a,B,0,p,v7vC Ax A we have

an(Bodopoy) Cl((anpB)o(BodNdéoB)o(podnNdop)o
o(dopNpod)o(yopNpoy))Nalo(any)N
N(anB)ofan((BodnéoB)o(podndop)o
o(dopnpod)o(yopnpoy)o(any))].
(d) For any algebra A € B, every o, 3,8, p,~y € ConA satisfy the equality
anN(Bodopoy)C[((anpB)o(BodNdoB)o(podNdop)o
o(yoepnpoy))Najo(any)n(anpf)o

olan((BodnNdopB)o(dopnpod)o(yopnNpoy)o(any))].

Proof. In view of Proposition 1, (a) implies (b) and (b) implies (c¢). Proposition
1 also gets that (c) implies (d), as ConA C QuordA.

(d) implies (a). Consider now the free algebra Fy (z,y, z,u,t) € V. As (x,t) €
0 (z,t)N (0 (x,y) 00 (y,z) 00 (z,u) 00 (u,t)), the assumption of (d) implies

(z,t) € [(0(z, 1) N0 (z,y)) o (6 (z,y) 00 (y,2) N0 (y,z) 00 (z,y))0
o(0(y,2) 00 (z,u)Nb(z,u)00(y,2)) o
o(f(z,u)o00(u,t)NO(u,t)ob(z,u)))NO(x,t)o
o (0 (z,t) N6 (u,t)) N (6 (z,t)N0(x,y))0
o [((0(z,y) 00 (y,z) N0 (y,2) 00 (z,y))o
0 (0(y,2) 08 (2,u)N0(z,u) 00 (y,2)) 0 (0(z,u) 00 (u,t) N0 (ut)ob(z,u))o
o(f(z,t)o0(u,t)))Nb(x,)].
Hence there is a term m (z,y, z,u,t) € Fy (z,y, z,u,t) such that
z (0 (z,t) N0 (z,y))m(z,z,2,y,1) 0 (x,y) m (2,y,y,y,t) 0 (y,2) (,y, 9, 2,1) &
& m(x,z,x,y,t)0 (y,z) m(z,xz,x,2,t)0 (x,y)) m(z,y,y, 2,t)

and

m(z,y,y,2,t)0 (y,z) m(x,y,z,2,t) 0 (z,u) m (z,y, z,u, t) &
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& m(x,y,y,2,t)0 (z,u)m (z,y,y,u, t) 0 (y,z) m(z,y, z,u,t).

Next,
m('r’y7z’u7t)0(y7z)m($7z7 z7u7t)9(z?u)m(x’ z7u7u7t)9(zﬂu)

m(z,u,u,u,t)0 (u,t)m(z,u,t, t,t) & m(z,y,z,u,t)0(z,u)m(z,y,u,u,t)b(y,z)

m(z, z,u,u,t) 0 (u,t)m(x, z,t,t,t) 0 (z,u) m (x,u,t,t,t),

and m (x,u,t,t,t) (0 (z,t) N6 (u,t))t.

Now, using the homomorphism ¢ : Fy (z,y,z,u,t) — Fy (z,y,2,u,t) with
o) =9y =z, ¢(2) =2z o) =u, p(t) =t and from (z,m (z,z,z,y,t)) €
0 (z,y) we obtain:

(x7m(x7x7xvx7t)) = (30(1‘) 7m(90 (33)7%0(95) 790(y) 790(75))) =

= (go(w),cp(m(a:,x,:n,y,t))) EQ(SO(IE),QO(ZJ)) :9(1‘,:17) =A.

Thus © = m (z,z,z,z,t). The identities v = m (z,z,z,y,2) = m(z,z,y,z,z) =
m (z,y,x,z,2) = m(y,z,z,x,z) can be proved in a similar way.

3°. Remarks. It is easy to see that under the conditions of Proposition
2(V)—(VI) we have the following relations also: z9dx13, £40213, 50213 and x13pxs,
x13pT9, T13px11; here x13 := m (a,e, e, e,b).
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