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Eldar Sh. MAMEDOV

RENEWAL OF A MULTI-PARAMETRIC SPECTRAL
PROBLEM WITH GIVEN EIGEN VALUES AND
EIGEN ELEMENTS

Abstract

In the paper, the inverse multi-parametric problem is investigated in the fol-
lowing form: for the given sequence of eigen values {(A1n, A2,ns s M) beg 0 C
R, with real coordinates and the sequences of appropriate given eigen elements

()i = {P1n® 02, ®..® <pm,n}n:172)m CH=H QH,®..® H,

(where ® is a tensor product sign) we look for a family of compact self-adjoint
permutation operators K; 1, K; o, ..., K; p in the Hilbert space Hy, i =1;2;...;m
for which the given sequences {(A1n,Aa2n, "")\m7”)}n=1,2,... and {q)”}n:1,2,..‘
are the complete sequences of eigen values and appropriate eigen elements of
the problem

m

Zl)‘jKi,j% =9, peH
j=
1=1;2;..;.m

In the paper, the inverse multi-parametric problem is investigated in the following
form: for the given sequence of eigen values {(A1,n, A2, ooy Amn) }g o C R with
real coordinates and the sequences of appropriate given eigen elements

{(I)n}nzl,l,,, - {wl,n ® SOQ,n ®...® (‘Omvn}n=1,2,... CH= Hl ® H2 ®..® Hm (1)

(where ® is a tensor product sign) we look for a family of compact self-adjoint
permutation operators K; 1, K; 92, ..., K;, in the Hilbert space H;,7 = 1;2;...;m for
which the given sequences {()‘1»”’)‘2%"'7)‘m,n)}n:1,2,... and (1) are the complete
sequences of eigen values and appropriate eigen elements of the problem
m
Zl)‘jKi,j%' =¢ p;€H
J:
1=1;2;..;m

(2)

Denote the linear span of the set of the first n elements of the sequence
DitsPis s Piny - 1. of the set {npi71,g0i72,...,<pi7n} C H;, i = 1;2;..;n by
L (goi,l, ©i 2y e gom), the closure of the linear sub space L (cpi’l, 052y s Pims ) by
L (goM, 5.2 s Pins ...,), i =1;2;...;m. Introduce the denotation

(Ap®@, @) = det ((Ker;jp;, @i))?:l,?,...,m ;
j=1,2,...m

EERA)

(A, B) =

((Kl,l%%) v (Kniciore)  (er01)  (Kriieren) oo (Kumere) ?

= det . ,
)

(K"hl(pm(pm) (Km,i—lgpmgpm) (me@m) (Kmﬂl-‘rl@m,(pm) (KWJTL()OWL()DM
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where ® = p; R ® ... Q ¢, € H=H @ Hy® ... ® Hp,. Ao, A1,..., A, are the
linear operators determined on the Hilbert space H = H1 ® Ho ® ... ® H,,.

Let ¢; (A1, A2, ...y Am) € Hiyi = 1;2;...;m be a solution of the i-th equation of
system (2), that analytically depends on the variables (A1, Ag, ..., Ap,). The following
theorem is known (see [2]).

Theorem 1. In order all the eigen elements ©; (A1, A2y ..., Ap) € Hiyi = 1;2;5..5m
analytically dependent on the parameters (A1, A2, ..., A ) were constants with respect
to the variables (A1, A2, ..., Am) it is necessary and sufficient that in problem (2) the
operators K; 1, K;2, ..., Kim,1 = 1;2;...;m be permutational. Therewith, the spectral
set consists of the totality of hyperplanes.

Theorem 2. If the operators K; 1, K; 2, ..., K; m are compact self-adjoint, permu-
tational operators in the Hilbert space H;,i = 1;2;..;m, and elements
©;i (A1, A2, ooy Am) € Hiyi = 1;2;...;m analytically dependent on the paremeters
(A1, A2y ooy A) are the eigen elements of the i-th equation of system (2), then
©; (A1, A2, ey A) € Hiyi = 1;2;...5m (a constant with respect to (A1, A2, ..., Am)
is a joint eigen element of each of the operators K;1, Ko, ..., Kim, and the spec-
tral hypersurface of the i-th equation of system (2), that corresponds to the eigen

m

element ¢; € H; is of the form Y ANjo;; = 1, i = 1;2;...;m, where the non-
j=1

zero values of the numbers a;1,;2,...,04m are the eigen values of the operators
Ki1,Kio, ..., Kim,i = 1;2;...;m respectively, and the zero values of the numbers
a;jit,J = 1;2;...;m, means that for the appropriate operator K; jp; = 0.

Proof. Let for the fixed values of the index i = 1;2;...;m the element ¢, € H;
is an eigen element of the i-th equation of system (2), and according to theorem 2
some spectral hypersurface in the form

m
> Aecip =1, i=12..5m. (3)
r=1

corresponds to this eigen element.
Taking into account equalities (3) in the system of equation (2), i. e. excluding
parameter \; we get

m
cijip; — K jp; = Z)\r (cijKirp; — cnKi i), @i € Hi i=1;2;..5m. (4)

=
For each fixed value of the index i, the appropriate equality in system (4) is
true for any value of the parameters A,,r = 1,...,m;r # j. Here the elements ¢,
are independent on the parameters A\.,r = 1, ..., m, consequently, for any collection
of parameters \,,r = 1,...,m, equalities (4) are true iff the following equalities are

fulfilled simultaneously:

m
cijp; — Kijp; =0, Z)\r (€ijKirp; — CirKjp;) =0, i=1;2;..;m.
r=1

r#j

Hence we get the equalities K; ;p; = ¢; jp;, © = 1;2;...;m. Thus, it is proved
that the coefficients ¢;1,¢i2,....¢im @ = 1;2;..;m in equation (3) are the eigen
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values of the operators K; 1, K; 2, ..., K; », corresponding to the joint eigen element
©;, 1=1;2;..;mor K; jo;, =0, (in the case ¢; ; = 0), respectively. The theorem is
proved.

Theorem 3. Let set (1) consist of all the eigen elements of problem (2) where
Ki1,Ki2, ..., Kim, i = 1;2;...;m are the compact, self-adjoint, permutational opera-
tors in the Hilbert space H;, i = 1;2;...;m, and in problem (2) the right determinacy
condition be fulfilled in the form

(Ag®@, ®) = det ((Ki jo;, 9:))5 >0, (5)

)
m

veey

then the closure of the linear subspaces L (901-71, D25 Pins ), i1 =1;2;...;m coin-
cide with the spaces H;,i = 1;2;...;m, respertively, i.e. L (©;1, Qo Piny---) = Hi
1=1;2;...;m.

Proof. Let, vice versa, even if for one value of the index i the equality L
(cpm,goi,z, vy Pi s ) = H; be not fulfilled, i.e. for this value of the index ¢ there
exists a subspace E; # @ for which the following equality holds:

L (‘Pz’,b Vi 25 Pins ) ® F; = H;.

The elements of the sequence @; 1,¢; 9, ..., ¥; ,, ... are the eigen elements of the i-
th equation of problem (1). It is known that the Hilbert space H; may be represented
in the foom H; = ImK; ; ® KerK;j, i,j = 1;2;...;m. Taking into account this

m

relation, we can write ; , L ﬂK erK; ;. The last relation means
j=1

m
L (@15 Pi2s s Qi ) L ﬂKeTKz‘,j-
j=1

m
Consequently, F; D ﬂK erK; ;. By theorem 2, each element of the sequence
=1
i1y Pi 2 s Pipere 18 afjoint eigen element of the operators K1, K;2,..., Kipm,1 =
1;2;...;m (consequently, is an element of all the subspaces Im K; ; C H;) or K; jip; , =
0 in some values of the index j (in the cases when ¢;; = 0 in equality (3)) (con-
sequently, in the cases when ¢;; = 0 is an element of the appropriate subspace
KerK;; C H;, and in the cases when ¢;; # 0 it is an element of the appropriate
subspace Im K; ; C H;). From relation (3) It follows that the equalities ¢; 1 = 0,
ci2 = 0,...,¢i;m = 0 may not be true simultaneously. Consequently, the equalities
K19, =0, Kipp;, =0, ..., K; m@;, = 0 may not be true simultaneously. There-
m

fore, ﬂKerKM =0, =1;2;...,m. By the permutation property of the operators
=1

Ki71,%i’2, ..., Kj m the subspace E; is an invariant subspace for all the operators

Ki1,K;2,...,K;m. Therefore, the equality ¢ is fulfilled for the appropriate value

of the index K;1E; = K;2F; = ... = K; ,J5; = E;. Consequently, there exists an

element ¢, € E; for which the equalities K; jo, € 1, are fulfilled, where even if

one of the numbers 7,7y, ...,7,, doesn’t equal zero, i.e. n? + 73 + ... + n2, # 0.

m
According to theorem 1, the spectral hypersurface in the form >’ A.c;,, where
r=1
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¢ir = (Kirpg, o) = 0, (g, o), corresponds to the element ¢, € E;. Consider
the weakly connected (i.e. connected only with the parameters A,.,r = 1,...,m)

system of equations
m

ATKi7T()0i,TL = Soi,nv

r=1

i=1;2;..;5— 1,5+ 1j...5m (6)
m

Zl)‘rKj,r‘PO = ¥o-

r=

This system of equations may not have a solution, since otherwise the element
(I)n,() = P1n ® Y2.n ®...® Pi-1n ® P @ Pj+1,n ®...® Pmn C H=H ®H®..Q Hy,
is an eigen element of problem (2). This means that ¢y € L (©;1, @i, Pins ---)
since the set (1) consists of all the eigen elements of problem (2). This contradicts
the condition ¢, € E;. Therefore, system of equations (6), and consequently the
system of equations

m

Zl)‘T (Ki,T(Pi,na (pi,n) = (Spi,na Soi,n) ;
r=

1=12;..55—1L54+1..5m

m

Zl)\r (Kjr#0, o) = (0, Po)

r=

has no solution. Then the principal determinant of the last system of equations
equals zero, i.e. (Ag®p0,Pn0) = 0. This contradicts condition (5). The obtained
contradiction shows that the subspace FE;, may not contain a non-zero element,
consequently, L (‘Pz}la 5.2 3 Pin> ) = H;. The theorem is proved.

Corollary. If in problem (2) the right determinacy condition in the form (5) is
fulfilled, then the closure of the linear subspace L (®1,®Po,..., Py, ...) coincides with
the space H = H1 @ Hy ® ... ® Hy, i.e. L(®1,Po,...,Pp,...) = H.

If the set {e;1,€2,...,€in,...} C H;is an orthonormed basis of the space H;,i =
1;2;...;m consisting of all the joint eigen elements of the family of compact, self-
adjoint, permutational operators K; 1, Kj 2, ..., K; , corresponding to the eigen val-
UES O 1n;, O 2mi» s Xiymyn; (1€ K jem, = 0jn,€in;) then the all possible ex-
pandible tensors of the form E, n,  n, = €in @ €2py @ ... R €pm,, € H =
H ®Hy®...Q Hp,, n1,n2, ...,y = 1,2, ... are the eigen elements of problem (2) that
correspond to the eigen values (Ain; no...mms A2.01,m9,70m s s Amnima,...mm ). HETE
the coordinates A; n; ns,...n,, are the solutions of the system of equations

m

m
2 A, = 1,
j=1

1=1;2;..5m
whose solutions are found by the Kramer method in the form

by _ Div”l:”Zn--,”m (7)
,M1,N2,... s im )

DO,nl,nmm,nm

Doy na,...onm = det (i jn;)i=1,2,..m
§=1,2,...m

goooy
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Qiln; o Qii—ip; 1 Qiitin; o Qimpn,
Di,nl,ng,...,nm = det
Qiln; o Qii—1p; 1 Qiitin; o Qimpn,
1=1,2,....m

And vice versa, an arbitrary eigen element ® € H = Hy ® Hy ® ... ® Hy, of
problem (2) is an expandible tensor ® = ¢; ® 3 ® ... ® ,,, where ¢; € H; is a joint
eigen element of the operators K; 1, K; o, ..., K; mi = 1;2;...;m, i.e. if all the eigen
values of the permutational operators K; 1, K; o2, ..., Kimi = 1;2;...;m, are known,
then the eigen values (A nino.....nms> A2m1.m2,mms - Mmonina,...mm) Of problem (2)
are found by means of equalities (7).

Using the above motioned facts, we formulate the inverse problem. Let the
following four conditions be fulfilled:

1) {(A1n, A2ins -y Amon )}z o, © R™ is a sequence of collections of real numbers.

2) {(I)n}nzl,z... = {@1,11 ® P2,n ®..0 C’Om’"}nzlz,... CH= Hl & H2 @...® Hm is
some sequence corresponding to the elements of the sequence
{(Al,n; )\Z,na ceey )\mvn)}n:LQ,...’

3) the following equality holds: (Ag®,,, ®,) = det ((Ki;©; <pi7n))® >0,
j

4)

{Sol,p ® @2,p ®..0 @m,p € {(I)n}nzl,2,..., N 901,q ® 302,(1 ®..® Som,q € {(I)N}nzlﬂ,.‘.,} =

= P D P, @ .. Qg € {‘I)n}n=1,2,...,
where ry =porr;,=¢q,1=1;2;..;m.

By condition 4), the elements of the sequence of eigen elements {(I)"}n=1,2,m =
{o1,® Do ® ... ® ¢m7n}n:1727... of problem (2) consist of all possible tensor prod-
ucts of the form @y, r, . k., = Pling, @ P2y, @ o @ Py where the sequence
{%’,nk2} ;4 = 1,2,...,m consists of all linearly independent eigen elements of the

i-th equation of problem (2). From the sequence {®,} = {91, ® v9, @ ... ® ¢, }
(consequently from the sequence

(I)kl,kg,...,km — gpl,nkl (%) @277%2 R...R (pmmkm CH=H I H®..Q® Hm)

we choose the subsequence

{®@m_1)k,@m—1)k, . @2m—1)k | = {9017”1@1 ®Q Pony, @ Q@ Py }k:1 -

in the following way:
a) Dam_1) (2m_1),.,2m-1) = P11 QP21 Q. Q@1 1€ @i =511 =1;25..5m
b) @(9m 1) (k1),(2m 1) (ke 1),y (27— 1) (k41) = Plingrs @ Pomprs @ @ Py, ., Where
Pingi1 ¢ L ((pi,np(pi,ngv ey (Pi,nk) 1 =1;2;...5m.
The eigen values corresponding to the eigen elements

Qam 1)k, 2m 1)k, 27— 1)k = Pl @ Pong @ - @ Oy

denote by (Amm_l)k, N2 1yps oo Am,n(gm)k).
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The eigen values corresponding to the eigen elements
P om_1)kt+1,2m—Dk,... @1k = Plingis @ Pong @ - @ Prnny

Qom 1)k, @ —1D)k+1,.., 2~ 1)k = Pl © Lo, @ - @ Prypnys o

@(Qm_1)k7(2m_1)k7.._7(2m_1)k+1 = Solvnk ® SOQ»”IC ® ® (pmznkJrl

denote by
(Alyn(zm—l)lﬁ-l? >‘2:”(2m—1)k+17 ] Am,”@m—l)m—l) ’
(Al,n(gmfl)kﬂ,Q? )\2,7’1(27n,1)k+27 AR )\m,n(2m,1)k+2> LS
()\1’”(2m71)k+m’ )‘2,71(2m71)k+m’ Tt )\mvn(?’"fl)lw}m) ’
respectively.

Now, we can state a theorem that answers to the question on the inverse problem.

Theorem 3. Let conditions 1)-4) be fulfilled, then there exists such a subsequence
{”k}k:1,2,..., C N that {gomk} C H;, i = 1;2;...;m is a complete system of joint
eigen elements of permutational compact operators

o)
K@l,Ki’g, veey Ki’Qi = 1; 2; ceey where Ki,j = E Oéi,j,nkjji,k;
k=1

e Di,jynk (8)
1,7,k — D ’
7‘707nk
here
Diom, =
Al,n(sz1)k+1 /\]'—17”(2"”71)k+1 Aj»n(sz1)k+1 )‘j+17n(2"'L71)k+1 )\mvn(Z"'L—l)k+1
)\11"(2m—1)k+i—1 )‘jflm(szl)kﬂfl )\jan(2m—1)k+i—l )\j+1vn(2m—1)k+i—1 >\m1n(2"l—l)k+i—1
= det )\1’”(27"—1)k : J—1n@m_ 1)k )‘J}n(2m—1)k )‘j+1’n(2m—1)k )\m’n(27"—1)k
)\17"(2m—1)k+i+1 )‘j*17n(2m—1)k+i+1 Jym2em — 1) k+it1 J+Lnem _1yktite MM (2m _1)k4it1
)\17n(27n71)k+7n >\j_17n(27n71)k+7n )‘j7n(2m71)k+m >\j+17n(27"71)k+7n )\mvn(27"71)k+1n
Dijni =
>‘1»"(2m71)k+1 Aj—lvn(szl)wﬂ 1 )‘j+17n(2"'r71)k+1 )\mvn(27"—1)k+1
)\11”(2m—1)k+i—1 )‘jflﬁnmmfl)kﬂ:fl 1 )\j+17n(27n—1)k+i—1 >\m7n(27n—1)k+i—1
= det )\17”(27"—1)19 J—1,n@m 1)k 1 )‘j+1’n(2m—1)k )‘m’n(2m—1)k
/\1;n(2m—1)k+i+1 )\j_lxn(Qm—l)k+i+1 1 )\j+17n(2m—1)k+i+l MM (2m _1)k4it1
>‘1,"(2m71)k+m Aj_lvn(mel)kﬁ»'m. 1 )\j+1vn(27”—1)k+1n Am,"(2m71)k+m

a'nd ()\1,77/(27n,1>k7 )\27n<2m,1)k7 AR )\m,n@m,l)k) ) (Al,n(27n,1)k+17 >\2,n(27n,1)k+17 bR >\m7’n(2m,1)k+1) )

/\17n(2m71)k+2 ) /\27"(2m71)k+2 > e

) Am,n(Qm,UkJrg IARRS Al,n(gmfl)kjbﬂﬂ )‘2,n<2m,1)k+m7

are the eigen values of problem (2) that correspond to the eigen elements

Pom 1)k, 2m— 1)k, 2m =1k = Pl @ P2y @ o @ Py

A

m,n(szl)iwm)



Transactions of NAS of Azerbaijan 85
[Renewal of a multi-parametric spectral...]

P om_1)kt1,2m Dk, @ -1k = Plingys @ P2y @ - @ Py
@(2m_1)k’(2m_1)k+1"(2m_1)k = solvnk ® (702»71/64*1 ® ® (pmvnk’ Y
@(2m_1)k7(2m_1)k’,(Qm_l)k_i_l - (’Ol)nk ® gp2znk ® ® (pmvnk+1

respectively. P; ; is an operator of projection onto one-dimensional space L {@i,nk } -
H;,i=1;2;....,m.

Proof. The sequence of eigen elements {®,} = {‘Pl,n QYo ®...Q gom,n} of
problem (2) consists of all possible tensor products of the form ®x, , . ., = P, &

P2y, @ @ Py where the sequence {gpi,nkz }, 1 =1,2,...,m consists of linearly
independent eigen elements of the i-th equation of problem (2). From the sequence
{®n} = {@1.0 © P2, ® ... @y, .} (consequently from the sequence

q)kl,kg,...,km = gol,nkl X @Q,nkQ ®X...Q gommw CH=HIH®..® Hm>
we choose the subsequence

{‘I’(Qm—1)k,(2m—1)k,...,(2m—1)k} = {901,nk X Py, @ @ SOm,nk}k:LQ,“_

in the following way:
a) Dam_1) (2m_1),.,2m-1) = P11 QP21 Q. Q@1 1€ Q5 = 51,1 =1;2;..5m
b> (I)(Qm—1)(k+1)7(2m—1)(k+1)7-~-7(2m—1)(k+1) = Plng ® P2, 41 ®...® Pm,ngi1 where

Ping 11 ¢ L (‘Pi,m’ Di s+ ‘pi,mc) 1=1;2;...;m.
The eigen values corresponding to the eigen elements

Q2m 1)k, 2m—1)k,..., 2" —1)k = Pl @ Pony @ - @ Py

denote by ()‘Ln(zm_lw )\Q’n(zm_l)k, s )‘m,n(zm_l)k>~ The eigen values corresponding
to the eigen elements

Qom_1)k+1,2m 1)k, @ -1k = Pl @ P2y @ - ® oy,

P om 1)k, @2 —1)k+1,...2m 1k = Pl @ Ponpy @ - @ Py s

Pam_1)k,@m—1)k,...,@m ~Dk+1 = Pl @ P2y @ - @ Py 1y

denote by
)\l,n(Qm_l)]H_l 9 )\2,n(2m_1)k+17 bR} )\m,n(gm_l)k+1> 9
<>‘17n(2m—1)k+2’ )‘27n(2m—1)k+2’ s Am,”(Qm—l)k+2> LR
(Alvn(Qm—l)k+m’ )‘27”(2m—1)k+m’ ) )‘m:”(zm—1)k+m)
respectively.

m
One spectral hypersurface m;,, of the equation of the form ) a;jn, A; = 1,
=1

i = 1;2;...;m corresponds to each eigen element ¢, ,, of the i-th equation of system
(2). Consequently, to each eigen element

Qom 1)k, 2m—1)k,..., 27— 1)k = Pl @ Pong @ - @ Py



86 TS Mamedov] Transactions of NAS of Azerbaijan
E.Sh.Mamedov

of system (2) there corresponds a family of spectral hypersurfaces 7y, T2 iy ..., Ty k-
The intersection of the hypersurfaces m1 g, T2k, ..., Tim1 ks Ti k15 Wik 1 ks - Tk Wil
be (Alan(Qm—l)k+i7 )\27n(2m_1)k+i, e )‘m,n(zm—1)k+i> , 1=1;2;...;m.

Then the follosing family of the system of m equations hold:

m
Zai,jmk )‘j»n(zm—nk =1,
i=1

m

Zo‘i,j,nk)‘j,n(zm_l)kw =1, forr=1;2;..5r #1

Jj=1

From the last system of equations we get a; jn, = D o , where D, ; ,, and
4,0,np

D; o.n,, are found in the form (8).
Consequently, for the compact self-adjoint operators K; i, K;o2,...,K;m, ¢ =
1;2;...;m the following expansions hold:

o0
Ki;= E iy, P
k=1

where P, j, is an operator of projection onto one-dimensional subspace L {cpmk} C
H;,i=1;2;...;m.

The completeness of eigen elements {gomk} C H;,©=1;2;...;mis easily obtained
from the condition L (®1, ®3, ..., ®,,...) = H. The theorem is proved.
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