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Rauf V. HUSEYNOYV, Vidadi S. MIRZOYEV

ON FINITE DIMENSIONALITY OF THE KERNEL
OF ELLIPTIC OPERATORS GIVEN IN
NON-DIVERGENT AND DIVERGENT FORM

Abstract

In the paper, the theorems on finite dimensionality of the kernel of some
quasielliptic operators given in divergent and mon-divergent forms are proved.
The proof is carried out for the operators in the non-divergent form and then
by means of Fourier transformation in the sense of distributions. The proof
scheme is carried over the case of the operators in divergent form.

Some classes of quasielliptic equations in R™ were considered in [1], [2] and etc.
We'll consider a class of such equations that differ from the appropriate equations
in [1], [2].

The case of a quasielliptic equation in the domain not coinciding with R™, was
considered in [3].

Consider in R™ the equation

Lu= Y ao(z)D"u = f(x), (1)

(a,N)<1

[e%
where x = (z1,...,x,) € R", D% = 8:51"1&6:3%"7 a=(ay,..,ap), |af=
= a1t..tap, A=A, ), A >0, j=1, 7, )\j_l is a integer, (a, A) =
= Q1AL + ... +apdn,  f(x) € Lo(R™).
It is assumed that the coefficients of equation (1) a,(z) are bounded measurable
functions in R", moreover a,(x) are continuous for (a, A) = 1 and there exists lim

T—r00
aq(x) of all an(z). Therewith

D aa(00) ()% #£0, E€R"

(a,N)<1

and

> aa(x) (i) > e >0

(a,N)=1

n

for SUIEIN =1, €= (), € = LGN,

=1

Define W* (R™) as a completion of 8’00 (R"™) by the norm

||U||124/A(Rn) = Z !Dau|2dx, dx = dxq...dxy,.
R™ (a,)\)gl
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Obviously, the operator L brings about continuous mapping of W* (R™) in Lo (R").
The main goal of the paper is to show that for this mapping dim KerL < oo.
At first we prove some lemmas.
Lemma 1. If u(x) € W* (R") has a compact support, then

||D°‘u||L2(Rn) <C ”L0U||L2(Rn) o () =1, (2)
where Ly = Z aa D%, @, = const, Z Qg (1) #0, for £ € R™, € #£0.
(a,N)=1 (a,N)=1

This statement follows immediately after the Fourier transformation with respect
to x.

Lemma 2. If u(z) =0 for Zm?h”‘i > 1, u(z) € WNR"), then
1

/u2d:c <c-h%. / Z |D%u|* da, (3)

Rr R (A)=1

where ¢ = const and is independent of h and u.
Proof. Let h = 1. Then inequality (3) coincides with the Friedrichs inequality

[4]:
/ udr < c / Z |D%ul? dz (4)
ol <1 jal<1 (0M=1
Having made change of variables x; = h*iy; in (4), we get (3).
Lemma 3. If u(z) =0 for Zw?h”‘i > 1, u(x) € WAR"), then
1
2
/ ’Dﬁu’ dx <c- h(a’)‘)_l/ Z ‘D2u|2da: (5)
Rn Rn (a,)\)zl
for (B,3) < 1.

The proof of this lemma is similar to the proof of lemma 2.
Lemma 4. There exists a p = const such that if u(x) € W2(R"), u(z) =0 for

n
Zx%h”i >1, h=p!, then
1

[w(@) by gy < ¢l Lull gy mmy (6)
Proof. Represent Lu in the form:
Lu = Z ao(0) D% + Z (aa(x) — aq(0)) DY + Z ao () D%
(a,A)=1 (a,\)=1 (a,N)<1
From lemma 1 it follows that
> D%y ey < Ll gy +
(a,N)=1

+e D [(aa(®) = aa(0) DUl gny + (7)
(a,N)=1

+e Y laa(@) Dl g, oy -
(a,N)<1
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From (7) and continuity of a,(z) for (a, A) =1 it follows that

> D%l ) < clllullyny + e (o) D 1D Ul gy my +
(a,N)=1 (a,M)=1

o (8)

+ > laa(@) Dul| 1, gy

(a,N)<1

where € (p) — 0 as p — 0. From (8) for small p we get:

> D%y rey < 2¢ [ Lty + 1 D (1Dl pyeny - (9)
(a,2)=1 (a,N)<1
From (9), using (5) for sufficiantly large h, we get (6).
Lemma 5. If u(z) has a compact support, u(z) € WA(R™), then

@) gy < el pyrm +¢ 32 1Dl - (10)

(a,N)<1

Proof. Let Supp u(z) = K, xy € K. From lemma 4 it follows that there exists
the Uy, vicinity of the point xg such that

10 )u(@) s sy < € 1L 0] (11)
if only Suppf(x) C Uy, 0(x) € c” (R™). Choose from the covering K with vicini-
ties Uy, the final subcovering Uy, ,...,U,,, and consider the partitioning of the unit
291- () =1, = € K subject to the covering {Uy,, ..., Us,, }.

1

From (11) we have

[ullyrmny = ‘ <

WX (R™)

<

<Y (0) |y grny < el Lull ey + 1 Y 1Dl gy (g -
i (a,M)<1

WA (Rm)

Lemma 5 is proved.
Lemma 6. Let Q be a finite domain, Q' C Q, u(z) € WNQ), then

lulliaorny < elllullpye +¢ Y 1Dl (12)
(a,N)<1

For the proof we must consider the function o (x) € C*(R") o(z) = 1 for
z e, o(x) =0 for z€Q and to the function ui(x) = o(x) apply the statement of
lemma 5.

Lemma 7. If f(z) =0 for |z| > 1, u(x) € WNR") wu(x) is the solution of
equation (1), then there ewists a 6 = const > 0 such that exp (§|z|)u € WA(R®)
and

Jexp 8 ol) sy < €1y + [ 30 IDPuPde(13)
Q (<1
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where ) is some compact independent of f.
Proof. The operator Lo = Z aq(00)D® brings about isomorphism of
(a,N)<1
the spaces W*(R") and Ly(R™). Let ||Lg IHL
R laa(x) —aq(o0)] <6(R), (R) —>0as R— oo
Extend the coefficients of a,(z) from the domain |z| > R on R" having assumed

SWARY) = ko. Let for |z| >

ao () = aq(o0) for |z| < R and denote the new coefficients by a}(x), the operator

> aiD® by Lg.
(@N)<1
If R is sufficiantly large, the operator L brings about isomorphism of W*(R") and
ko
Ly(R™), moreover HLR HLQ(R”)HWA(R") < — 5
Consider the function

exp (dw(x)) u = v,

where w(z) = |z| for 1 < || < N, N = const, N >R+1, w(z)=N+1 for
x| > N+ 1, w(z) € C®(R"), |D| < ¢y, for N < || < N+ 1, ¢4 = const is
independent of N. The function v satisfies the equation:

Lv+d6L'v=0, |z|]>R

Loov + 6L"v = exp (dw(z)) f + Z co(x)D = f1, |x| <R,
(a,N)<1

where

> ba(x)D,  |ba(x)| < B = const,

(a,N)<1

Z b, (z) D%, |V, (z)| < B = const,
(a,N)<1

|ca(x)] < ¢ = const.

Thus, Lrv+JdL°v = f1, where L° is an operator with bounded coefficients. Since Lg
is uniquely invertible Lo(R"™) — W*(R™), then for sufficiantly small § the operator
Lr + dL° is also uniquely invertible and v is determined in a unique way, and

lolhrqany < e (llexp (6(@) fllyam + lulls ) < "
< e [fll ey + 1 lullws(jzj< ) -
From (14) it follows that
lexp (dw(@)) ullya gy < c2 (HfHLQ(R”) + HUHWA(\xKR)) (15)
Since the constant ¢; is independent of N, from (15) we have
lexp (6(2)) wllys () < €1 1 L ey + Nl oy - (16)

Having applied lemma 6 for estimating Huuw)\(‘xL <R)» We get the necessary estima-
tion (13).
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Lemma 8. For f = 0 the space of solutions of equation (1) from W*(R") is
finite dimensional.

Proof. Consider any set of the solutions normed by the condition

HUmHWA(Rn) =L

It is enough to prove compactness of the family {u,,(z)} in W*(R™).
From (16) it follows that whatever were e, there will be found 7" such that

Z | D%y | dzz < €,

|z >T (@A)<1

where T is independent of m.

From the imbedding theorem [5] and lemma 5 it follows that the family {u,,}
is compact in W*(Q7), where Qr = {z:|z| < T}. Let u™(z) be e—net, of the set
{um} in WA(Qr). Then the sequence u™ (z) = 6 (%) u™(z), where §(z) = 1 for
lz;| < 1, 6(x) = 0 for |z;] > 2 will be the 2e-net of the set {u,,} in W*(R").
Existence of the e-net provides compactness.

Theorem. For f =0 the space of the solutions of equation (1) from Lo(R™) is
finite dimensional.

The statement of this item is some amplification of the statement of lemma 8.
Its proof is similar to the proof of the statement of lemma 8, but only inequality
(12) must be used in a more exact form:

lullws @y < ellLull @) + cllull L@ - (17)

We don’t give the proof of inequality (17) because of its bulky form. Finite dimen-
sionality of the space of solutions of equation (1) belonging to Ls (R™) follows from
(17).
Further, the similar matters will be considered for the equation in divergent form,
ie.
> D%qp(x)DPu= Y D°f (18)
(N1, (B,a)<1 (a,M)=1
The continuity of a,g(x) for (a, A) = (8, A) = 1 is required. The results for equation
(1) are found valid for equation (18) if aqs(x) are bounded measurable functions
in Ry, ans(x) = aga(x), aap(x) are continuous if (a, A\) = (8,\) = 1. There exits

| l|im aa3(x) = aqp(00) of all the coefficients aqg(x). Therewith
T|—00

> aas(0) (i) #£0, V&€ R\ {0}, (19)

(,N)<1, (B,2)<1

Y. aap(@) (i) #£0, ¥ee RM{0}, z€R" (20)

(a,N)=1, (B,\)=1
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The generalized solution of equation (19) is the function u(z) € W*(R™) such that
> / z)DPuD*Vdz =
(@N)<1, (BN fon

= > /(—1)la|faD%9dx

(O¢7>\):1Rn

(21)

whatever were 9¥(z) € W*(R") having a compact support. Quasielliptic equation
in the form (18) was investigated by Giusti [2]. The local smoothness property
of solutions was investigated in this paper. In the paper [3], the estimates of the
derivatives of the solution in L, norms were obtained.

Mainly, the considerations remain if equation has the form (18). For example,
we formulate an obvious analogue of lemma 1 that is easily proved by the Fourier
transformation method.

Let anp(x) = aga(x) = const for (a,A) = (B,A) =1, agp = 01if (o, A) < 1
or (8,\) < 1, (3) be fulfilled, u(x) € W (R") have a compact support and be a
generalized solution of equation (18) in the sense of identity (21). Then

Z ||DauHL2(Rn S & Z ||f04”L2(Rn)’

(a,N)=1 (a,N)=1
where c is a constant independent of u. Prove this.
Let u be a generalized solution of our equation (18), i.e. u € W*(R") and

satisfy relation (21). Consider u (¢) = /u(:z;)d;(:r:)d:v This is a distribution. From

Rn
the fact that u(x) is a generalized solution we get

Z ( |a+ﬁ|/a ﬂuDa+B¢ dCC_ Z / |Oé‘f Daw dl‘ (*)
(O@)\):L (ﬁ?A): (Oc A) an

By definition of the derivative of the distribution

DBy, () = (—1 |a|+'8|/uDa+5¢ dz.
Rn

Then (%) means that
> awD )= 3 (D [ D% s
(@ N)=1, (BN)=1 (aN)=1 Fn

or
a0 D u = Z D°F,, (")
(a,N)=1, (B,A\)=1 (a,\)=

where F,, is a distribution of Fy, (¢)) = /faw(x)da:
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From (**) we get

aop(i€)* = " (i€)*Fa.

(a,M)=1, (B,2)=1 (a,N)=1
Hence e
U= (25) . aJﬁBﬁa‘ (***)
(@n)=1 aap (i€)
(a,\)=1, (B,\)=1
Denote [&|7 - [&,]% ... 6,7 = [¢]7.
Multiply the both hand sides of (***) by Z 3
(BN)=1
G
~ (B, )=1 ~
Z |£|ﬁu - Z . oz+ﬁFa-
(B.1)=1 et D Gap (i)
(a,N)=1
(B,A)=1
o > lel?
It is easy to prove that the function @ (&) = Z EA=1 = is bounded in R™.
aaﬁ'(ig)a
(a,N)=1
(B,M)=1
Therefore )
siwd <o JBl,,
(B 2=1 gy (N1 2R
Since
> oala < > Il
(B:A)=1 (B,\)=1
then ) )
@@’ <c 3 |R]. G-
(a,N)=1
=12 -2
< T I
I N P
or
~ ~ 2 -
HDBU‘ <c Z ‘Fa <c Z ’Fa
La(R™) (o=l Ly(R™) (ol Ly(R™)
hence

Z ||Dau||L2(Rn)§C Z ||FaHL2(Rn)a

(a,N)=1 (a,N)=1

where ¢ is a constant independent of w.
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