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ON FINITE DIMENSIONALITY OF THE KERNEL

OF ELLIPTIC OPERATORS GIVEN IN

NON-DIVERGENT AND DIVERGENT FORM

Abstract

In the paper, the theorems on finite dimensionality of the kernel of some

quasielliptic operators given in divergent and non-divergent forms are proved.

The proof is carried out for the operators in the non-divergent form and then

by means of Fourier transformation in the sense of distributions. The proof

scheme is carried over the case of the operators in divergent form.

Some classes of quasielliptic equations in Rn were considered in [1], [2] and etc.

We’ll consider a class of such equations that differ from the appropriate equations

in [1], [2].

The case of a quasielliptic equation in the domain not coinciding with Rn, was

considered in [3].

Consider in Rn the equation

Lu =
∑

(α,λ)≤1

aα(x)D
αu = f(x), (1)

where x = (x1,...,xn) ∈ Rn, Dα =
∂|α|

∂xα1
1 ...∂xαn

n
, α = (α1,...,αn) , |α| =

= α1+...+αn, λ = (λ1,...,λn) , λj > 0, j = 1, j, λ−1
j is a integer, (α, λ) =

= α1λ1 + ...+ αnλn, f(x) ∈ L2(R
n).

It is assumed that the coefficients of equation (1) aα(x) are bounded measurable

functions in Rn, moreover aα(x) are continuous for (α, λ) = 1 and there exists lim
x→∞

aα(x) of all aα(x). Therewith∑
(α,λ)≤1

aα (∞) (iξ)α ̸= 0, ξ ∈ Rn

and ∣∣∣∣∣∣
∑

(α,λ)=1

aα (x) (iξ)
α

∣∣∣∣∣∣ > c > 0

for

n∑
i=1

|ξi|
1
λi = 1, ξ = (ξ1,...,ξn) , ξα = ξα1

1 ...ξαn
n .

Define W λ (Rn) as a completion of
◦
C

∞
(Rn) by the norm

∥u∥2Wλ(Rn) =

∫
Rn

∑
(α,λ)≤1

|Dαu|2 dx, dx = dx1...dxn.
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Obviously, the operator L brings about continuous mapping of W λ (Rn) in L2 (R
n).

The main goal of the paper is to show that for this mapping dimKerL <∞.

At first we prove some lemmas.

Lemma 1. If u(x) ∈W λ (Rn) has a compact support, then

∥Dαu∥L2(Rn) ≤ C ∥L0u∥L2(Rn) , (α, λ) = 1, (2)

where L0 =
∑

(α,λ)=1

âαD
α, âα = const,

∑
(α,λ)=1

âα (iξ)
α ̸= 0, for ξ ∈ Rn, ξ ̸= 0.

This statement follows immediately after the Fourier transformation with respect

to x.

Lemma 2. If u(x) ≡ 0 for

n∑
1

x2ih
2λi ≥ 1, u(x) ∈W λ(Rn), then

∫
Rn

u2dx ≤ c · h2 ·
∫
Rn

∑
(α,λ)=1

|Dαu|2 dx, (3)

where c = const and is independent of h and u.

Proof. Let h = 1. Then inequality (3) coincides with the Friedrichs inequality

[4]: ∫
|x|≤1

u2dx ≤ c

∫
|x|≤1

∑
(α,λ)=1

|Dαu|2 dx (4)

Having made change of variables xi = hλiyi in (4), we get (3).

Lemma 3. If u(x) ≡ 0 for

n∑
1

x2ih
2λi ≥ 1, u(x) ∈W λ(Rn), then

∫
Rn

∣∣∣Dβu
∣∣∣2 dx ≤ c · h(α,λ)−1

∫
Rn

∑
(α,λ)=1

∣∣D2u
∣∣2 dx (5)

for (β, λ) ≤ 1.

The proof of this lemma is similar to the proof of lemma 2.

Lemma 4. There exists a ρ = const such that if u(x) ∈W 2(Rn), u(x) ≡ 0 for
n∑
1

x2ih
2λi ≥ 1, h = ρ−1, then

∥u(x)∥Wλ(Rn) ≤ c ∥Lu∥L2(Rn) (6)

Proof. Represent Lu in the form:

Lu =
∑

(α,λ)=1

aα(0)D
αu+

∑
(α,λ)=1

(aα(x)− aα(0))D
αu+

∑
(α,λ)<1

aα(x)D
αu

From lemma 1 it follows that∑
(α,λ)=1

∥Dαu∥L2(Rn) ≤ c ∥Lu∥L2(Rn)+

+c
∑

(α,λ)=1

∥(aα(x)− aα(0))D
αu∥L2(Rn)+

+c
∑

(α,λ)<1

∥aα(x)Dαu∥L2(Rn) .

(7)
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From (7) and continuity of aα(x) for (α, λ) = 1 it follows that∑
(α,λ)=1

∥Dαu∥L2(Rn) ≤ c ∥Lu∥L2(Rn) + c · ε (ρ)
∑

(α,λ)=1

∥Dαu∥L2(Rn)+

+
∑

(α,λ)<1

∥aα(x)Dαu∥L2(Rn)

(8)

where ε (ρ) → 0 as ρ→ 0. From (8) for small ρ we get:∑
(α,λ)=1

∥Dαu∥L2(Rn) ≤ 2c ∥Lu∥L2(Rn) + c1
∑

(α,λ)<1

∥Dαu∥L2(Rn) . (9)

From (9), using (5) for sufficiantly large h, we get (6).

Lemma 5. If u(x) has a compact support, u(x) ∈W λ(Rn), then

∥u(x)∥Wλ(Rn) ≤ c ∥Lu∥L2(Rn) + c
∑

(α,λ)<1

∥Dαu∥L2(Rn) . (10)

Proof. Let Supp u(x) = K, x0 ∈ K. From lemma 4 it follows that there exists

the Ux0 vicinity of the point x0 such that

∥θ(x)u(x)∥Wλ(Rn) ≤ c ∥L (θu)∥L2(Rn) (11)

if only Suppθ(x) ⊂ Ux0 , θ(x) ∈
◦
C

∞
(Rn). Choose from the covering K with vicini-

ties Ux0 the final subcovering Ux1 ,...,Uxm and consider the partitioning of the unit
m∑
1

θi (x) = 1, x ∈ K subject to the covering {Ux1 , ..., Uxm}.

From (11) we have

∥u∥Wλ(Rn) =

∥∥∥∥∥∑
i

θiu

∥∥∥∥∥
Wλ(Rn)

≤

∥∥∥∥∥∑
i

θiu

∥∥∥∥∥
Wλ(Rn)

≤

≤
∑
i

∥L (θiu)∥L2(Rn) ≤ c1 ∥Lu∥L2(Rn) + c1
∑

(α,λ)≤1

∥Dαu∥L2(Rn) .

Lemma 5 is proved.

Lemma 6. Let Ω be a finite domain, Ω′ ⊂ Ω, u(x) ∈W λ(Ω), then

∥u∥Wλ(Ω′) ≤ c ∥Lu∥L2(Ω) + c
∑

(α,λ)<1

∥Dαu∥L2(Ω) (12)

For the proof we must consider the function σ (x) ∈ C∞(Rn) σ(x) ≡ 1 for

x ∈ Ω′, σ(x) ≡ 0 for x∈Ω and to the function u1(x) = σ(x) apply the statement of

lemma 5.

Lemma 7. If f(x) ≡ 0 for |x| > 1, u(x) ∈ W λ(Rn) u(x) is the solution of

equation (1), then there exists a δ = const > 0 such that exp (δ |x|)u ∈ W λ(Rn)

and

∥exp (δ |x|)u∥2Wλ(Rn) ≤ c ∥f∥2L2(Rn) + c

∫
Ω

∑
(α,λ)<1

|Dαu|2 dx, (13)
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where Ω is some compact independent of f .

Proof. The operator L∞ =
∑

(α,λ)≤1

aα(∞)Dα brings about isomorphism of

the spaces W λ(Rn) and L2(R
n). Let

∥∥L−1
∞

∥∥
L2(Rn)→Wλ(Rn)

= k0. Let for |x| >
R |aα(x)− aα(∞)| ≤ δ(R), δ(R) → 0 as R→ ∞.

Extend the coefficients of aα(x) from the domain |x| > R on Rn having assumed

aα(x) = aα(∞) for |x| < R and denote the new coefficients by a∗α(x), the operator∑
(α,λ)≤1

a∗αD
α by LR.

IfR is sufficiantly large, the operator LR brings about isomorphism ofW λ(Rn) and

L2(R
n), moreover

∥∥L−1
R

∥∥
L2(Rn)→Wλ(Rn)

≤ k0
2
.

Consider the function

exp (δω(x))u = υ,

where ω(x) = |x| for 1 < |x| < N , N = const, N > R + 1, ω (x) = N + 1 for

|x| > N + 1, ω (x) ∈ C∞ (Rn) , |Dαω| < cα, for N < |x| < N + 1, cα = const is

independent of N . The function υ satisfies the equation:

Lυ + δL′υ = 0, |x| > R

L∞υ + δL′′υ = exp (δω(x)) f +
∑

(α,λ)≤1

cα(x)D
αu = f1, |x| < R,

where

L′υ =
∑

(α,λ)<1

bα(x)D
αυ, |bα(x)| ≤ β = const,

L′′υ =
∑

(α,λ)<1

b′α(x)D
αυ,

∣∣b′α(x)∣∣ ≤ β = const,

|cα(x)| ≤ c = const.

Thus, LRυ+δL
◦υ = f1, where L

◦ is an operator with bounded coefficients. Since LR

is uniquely invertible L2(R
n) → W λ(Rn), then for sufficiantly small δ the operator

LR + δL◦ is also uniquely invertible and υ is determined in a unique way, and

∥υ∥Wλ(Rn) ≤ c
(
∥exp (δω(x)) f∥L2(Rn) + ∥u∥Wλ(Rn)

)
≤

≤ c1 ∥f∥L2(Rn) + c1 ∥u∥Wλ(|x|<R) .
(14)

From (14) it follows that

∥exp (δω(x))u∥Wλ(Rn) ≤ c2

(
∥f∥L2(Rn) + ∥u∥Wλ(|x|<R)

)
(15)

Since the constant c1 is independent of N , from (15) we have

∥exp (δ(x))u∥Wλ(Rn) ≤ c1 ∥f∥Lα(Rn) + ∥u∥Wλ(|x|,R) . (16)

Having applied lemma 6 for estimating ∥u∥Wλ(|x|,<R), we get the necessary estima-

tion (13).
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Lemma 8. For f = 0 the space of solutions of equation (1) from W λ(Rn) is

finite dimensional.

Proof. Consider any set of the solutions normed by the condition

∥um∥Wλ(Rn) = 1.

It is enough to prove compactness of the family {um(x)} in W λ(Rn).

From (16) it follows that whatever were ε, there will be found T such that∫
|xi|>T

∑
(α,λ)≤1

|Dαum|2 dx ≤ ε,

where T is independent of m.

From the imbedding theorem [5] and lemma 5 it follows that the family {um}
is compact in W λ(QT ), where QT = {x: |x| < T}. Let um(x) be ε−net, of the set

{um} in W λ(QT ). Then the sequence um0(x) = θ
( x
T

)
um(x), where θ(x) ≡ 1 for

|xi| ≤ 1, θ(x) ≡ 0 for |xi| > 2 will be the 2ε-net of the set {um} in W λ(Rn).

Existence of the ε-net provides compactness.

Theorem. For f = 0 the space of the solutions of equation (1) from L2(R
n) is

finite dimensional.

The statement of this item is some amplification of the statement of lemma 8.

Its proof is similar to the proof of the statement of lemma 8, but only inequality

(12) must be used in a more exact form:

∥u∥Wλ(Ω′) ≤ c ∥Lu∥L2(Ω) + c ∥u∥L2(Ω) . (17)

We don’t give the proof of inequality (17) because of its bulky form. Finite dimen-

sionality of the space of solutions of equation (1) belonging to L2 (R
n) follows from

(17).

Further, the similar matters will be considered for the equation in divergent form,

i.e. ∑
(α,λ)≤1, (β,α)≤1

Dαaαβ(x)D
βu =

∑
(α,λ)=1

Dαf (18)

The continuity of aαβ(x) for (α, λ) = (β, λ) = 1 is required. The results for equation

(1) are found valid for equation (18) if aαβ(x) are bounded measurable functions

in Rn, aαβ(x) = aβα(x), aαβ(x) are continuous if (α, λ) = (β, λ) = 1. There exits

lim
|x|→∞

aαβ(x) = aαβ(∞) of all the coefficients aαβ(x). Therewith

∑
(α,λ)≤1, (β,λ)≤1

aαβ(∞) (iξ)α+β ̸= 0, ∀ξ ∈ Rn\ {0} , (19)

∑
(α,λ)=1, (β,λ)=1

aαβ(x) (iξ)
α+β ̸= 0, ∀ξ ∈ Rn\ {0} , x ∈ Rn (20)
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The generalized solution of equation (19) is the function u(x) ∈W λ(Rn) such that∑
(α,λ)≤1, (β,λ)≤1

∫
Rn

(−1)|α|aαβ(x)D
βuDαϑdx =

=
∑

(α,λ)=1

∫
Rn

(−1)|α|fαD
αϑdx

(21)

whatever were ϑ(x) ∈ W λ(Rn) having a compact support. Quasielliptic equation

in the form (18) was investigated by Giusti [2]. The local smoothness property

of solutions was investigated in this paper. In the paper [3], the estimates of the

derivatives of the solution in Lp norms were obtained.

Mainly, the considerations remain if equation has the form (18). For example,

we formulate an obvious analogue of lemma 1 that is easily proved by the Fourier

transformation method.

Let aαβ(x) ≡ aβα(x) = const for (α, λ) = (β, λ) = 1, aαβ = 0 if (α, λ) < 1

or (β, λ) < 1, (3) be fulfilled, u(x) ∈ W λ (Rn) have a compact support and be a

generalized solution of equation (18) in the sense of identity (21). Then∑
(α,λ)=1

∥Dαu∥L2(Rn) ≤ c
∑

(α,λ)=1

∥fα∥L2(Rn) ,

where c is a constant independent of u. Prove this.

Let u be a generalized solution of our equation (18), i.e. u ∈ W λ (Rn) and

satisfy relation (21). Consider u (ψ) =

∫
Rn

u(x)ψ(x)dx. This is a distribution. From

the fact that u(x) is a generalized solution we get∑
(α,λ)=1, (β,λ)=1

(−1)|α|+|β|
∫
Rn

aαβuD
α+βψ dx =

∑
(α,λ)=1

∫
Rn

(−1)|α|faD
aψ dx. (∗)

By definition of the derivative of the distribution

Dα+βu(ψ) = (−1)|α|+|β|
∫
Rn

uDα+βψ dx.

Then (∗) means that∑
(α,λ)=1, (β,λ)=1

aαβD
α+βu(ψ) =

∑
(α,λ)=1

(−1)|α|
∫
Rn

fαD
αψ dx

or ∑
(α,λ)=1, (β,λ)=1

aαβD
α+βu ≡

∑
(α,λ)=1

DαFα, (∗∗)

where Fα is a distribution of Fα (ψ) =

∫
Rn

fαψ(x)dx.
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From (∗∗) we get ∑
(α,λ)=1, (β,λ)=1

aαβ(iξ)
α+βũ =

∑
(α,λ)=1

(iξ)αF̃α.

Hence

ũ =
∑

(α,λ)=1

(iξ)α∑
(α,λ)=1, (β,λ)=1

aαβ (iξ)
α+β

F̃α. (∗∗∗)

Denote |ξ1|
β1 · |ξ2|

β2 ... |ξn|
βn = |ξ|β .

Multiply the both hand sides of (∗∗∗) by
∑

(β,λ)=1

|ξ|β:

∣∣∣∣∣∣
∑

(β,λ)=1

|ξ|β · ũ

∣∣∣∣∣∣ =
∑

(α,λ)=1

(iξ)α
∑

(β,λ)=1

|ξ|β

∑
(α,λ)=1
(β,λ)=1

aαβ (iξ)
α+β

F̃α.

It is easy to prove that the function Φ (ξ) =

(iξ)α
∑

(β,λ)=1

|ξ|β∑
(α,λ)=1
(β,λ)=1

aαβ ·(iξ)α+β
is bounded in Rn.

Therefore ∥∥∥∥∥∥
∑

(β,λ)=1

|ξ|β ũ

∥∥∥∥∥∥
2

L2(Rn)

≤ c
∑

(α,λ)=1

∥∥∥F̃α

∥∥∥
L2(Rn)

Since ∣∣∣∣∣∣
∑

(β,λ)=1

(iξ)β ũ

∣∣∣∣∣∣ ≤
∑

(β,λ)=1

|ξ|β |ũ|

then ∣∣∣(iξ)β ũ∣∣∣2 ≤ c
∑

(α,λ)=1

∣∣∣F̃α

∣∣∣2 , (β, λ) = 1,

∥∥∥Dβ̃u
∥∥∥2
L2(Rn)

≤ c
∑

(α,λ)=1

∣∣∣F̃α

∣∣∣2
L2(Rn)

or ∥∥∥Dβ̃u
∥∥∥
L2(Rn)

≤ c

√√√√ ∑
(α,λ)=1

∥∥∥F̃α

∥∥∥2
L2(Rn)

≤ c
∑

(α,λ)=1

∣∣∣F̃α

∣∣∣
L2(Rn)

hence ∑
(α,λ)=1

∥Dαu∥L2(Rn) ≤ c
∑

(α,λ)=1

∥Fα∥L2(Rn) ,

where c is a constant independent of u.
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